AN ANNOTATED LOGIC DEFINED BY A MATRIX
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ABSTRACT. Of special interest in abstract algebraic logic currently is the problem of ex-
tending the general theory of algebraization to logical systems that fail to be structural.
The annotated logics Pr were introduced in the late eighties as a logical framework to
deal with deductive databases that contain inconsistent, conflicting or contradictory in-
formation. Like many paraconsistent logics they are non-structural, and for this reason
they do not have an algebraic semantics in the usual sense. In this paper a structural and
algebraizable annotated logic P A¢(z) is constructed that simulates the deductive process of
Pr in a natural way. Unlike Pz, P o) is semantically defined by a single matrix M(L).
The matrix is simpler than other matrix semantics of similar kind that have appeared
in the literature. If M(L) is finite, a sound and complete axiomatization of Paqg) is
given and this is used to prove that the equivalent algebraic semantics of Pq(z) is the
quasivariety generated by the Leibniz reduction of the underlying M (L) of M(L), and
to find an equational axiomatization for this quasivariety.

1. INTRODUCTION

Abstract algebraic logic can be viewed as the study of the process of associating with a
logical system an algebra or class of algebras whose equational deductive process faithfully
simulates the deductive process of the logical system. This is called the algebraization of
the logical system. At this time a satisfactory theory of algebraization is available only for
so-called structural logics. A logic is structural in this sense if the set of theorems and more
generally the consequence relations of the system are closed under simultaneous substitution
of compound formulas for atomic subformulas. One of the more interesting problems of
abstract algebraic logic is that of extending the general theory of algebraization to logical
systems that fail to be structural. The first-order predicate logic in its usual formulation is
the prime example of a non-structural logic. Many paraconsistent logics, in particular the
annotated logics we consider here also fail to be structural. The standard way of algebraizing
first-order logic is to first reformulate it as a structural logic to which the general theory
of algebraization can be applied. In this paper we take this approach to algebraize a large
class of annotated logics that have been considered in the the literature.
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Artificial intelligence, computer generated proofs, and databases have brought about an
increased interest in logic programming based on non-classical logics. A database is said
to be deductive if, besides the set of facts that make up a database, there is also a set of
rules from which one can infer new facts that were not originally part of the database. The
inference mechanism of a deductive database is normally supported by a logic programming
system. A distributed database is one whose basic set of facts may be collected from many
different sources and thus it may contain inconsistent (conflicting) information, that is, the
database may contain both a fact and its logical negation. Assume that from one source
we get the information that p is true while some other source tells us that —p is true. Now
consider a statement ¢, unrelated to p. If the database is supported by classical, two-valued
logic, then since p and —p are both true we can deduce that ¢ is true. But, from the limited
amount of information given by p and —p, we do not want to be able to draw a conclusion
about ¢. Our goal is to have a database with the capability of containing inconsistent
information in a non-destructive fashion. So in the logic that underlies a formalization of
reasoning about distributive databases, evidence of the truth of both p and —p cannot be
construed as evidence that an unrelated formula is true. As we know, this is a characteristic
feature of paraconsistency. A logic with this property called annotated logic and designed
specifically for reasoning about distributive databases was introduced by Subrahmanian
[13]. In fact he defined an annotated logic P, for each complete lattice L. The elements of
the lattice L are called annotation constants.

Much work has been done on annotated logics, both on its theoretical aspects and in
application to problems in artificial intelligence. Blair and Subrahmanian [2] showed that
the P are paraconsistent and applied them as the basis of a programming language for
reasoning about databases that contain inconsistent information. A complete study of
annotated logics, from both the model theoretical and proof theoretical points of view has
been done by Abe [1] and da Costa, Subrahmanian and Vago [5]. They show that almost
all the basic results of classical model theory can be adapted to these systems. In this paper
we follow the axiomatization of P, given in [5] and refer to this paper for the properties of
P, that we use. Kifer and Lozinkii in [9] introduce a first-order annotated logic (APC) with
a sound and complete proof procedure, and apply it to several non-monotonic reasoning
arguments.

Like most, but not all, paraconsistent logics Py, fails to be structural. The source of
this difficulty is the dichotomy between the formulas for which negation acts classically,
and the formulas for which it acts in a non-classical, paraconsistent fashion; the latter
class is not closed under substitution. This implies that the consequence relation of Pp,
cannot be simulated in standard equational logic in the same way, for example, that the
consequence relation of the classical propositional logic can be simulated in the equational
logic of the two-element Boolean algebra. In abstract algebraic logic the various ways that a
particular class of algebras is attached to a logical system has been studied for the purpose
of abstracting a general process for algebraizing logic. There are various proposals for
capturing formally the notion of an algebraizable logic. All these notions of algebraizability
can be characterized in terms of the existence of a bisimulation in some form between the
consequence relation of the logical system and the equational consequence relation of an
specific class of algebras called its equivalent algebraic semantics. But the structurality
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of the logic is a necessary condition in all cases. We get around the problem in the case
of P by constructing a (logical) matrix M(L) whose associated logic P ), which is
necessarily structural, naturally simulates Pr. We then show that, if L is finite, P )
is finitely algebraizable (in the sense of [4]) and its equivalent algebraic semantics is the
quasivariety generated by a special quotient M™*(L) of the underlying algebra of the matrix
M(L). The simulation of P, by P (g is then composed with the bisimulation between
P yq(z) and the equational logic of M*(L) that arises naturally from finite algebraization.

1.1. Connections with previous work and outline of paper. Lewin, Mikenberg, and
Schwarze [10] introduce for each P, a new, structural, annotated system SP, that is closely
related to Pr in the sense that it simulates its deductive process in a natural way. They
prove SPp, is finitely algebraizable in the sense of [4] just in case the lattice L is finite.
In [11, 12] they consider another finitely algebraizable annotated logical system SALp,
called structural annotated logic based on L, that is an axiomatic extension of SPr. They
investigate its equivalent algebraic semantics and a matrix semantics for SALy. This
matrix semantics is closely related to the one proposed in this paper.

There are some advantages of the systems Pz over the closely related logics and ma-
trices introduced in [10, 11, 12]. P aq(z) is defined by a single matrix, which is much simpler
than the ones that arise through the algebraization process in [11, 12]. The axiomatizations
of SPy, (or of SALL) and P gy are equally complex, but the simulation of the original
system Pr, by the logic P gy is simpler than the one proposed in [10].

In Section 2 we summarize the main facts about the annotated systems Pr and its
semantics. In Section 3 we define the matrices M(L) and the logics P y(z). We show that
Pz are algebraizable and that it naturally simulates the deductive properties of Pr.
In the last section we give an axiomatization of Py and prove that it is is sound and
complete. Finally, we make use of this axiomatization prove that, in the case the lattice
L is finite, the equivalent algebraic semantics of Py,(g) is the quasivariety generated by a
quotient of the underlying algebra of the matrix M(L).

2. THE Locics Pg,

This section will introduce the annotated logics Pz,. For proofs of theorems in this section
please refer to [5].

2.1. Logics Py. By an annotation lattice we understand an algebra L = (L, V, A, ~), where
(L,V,A) is a complete lattice with largest element T and least element L, and ~:L — L
is an arbitrary unary function.

Let L be a fixed annotation lattice. The language of Pr, contains the connectives V, A,
—, 7, a set Va of propositional variables p, ¢, r, ... , annotation constants A, u, K, p, ...,
one for each element of the annotation lattice L, and various punctuation and delimiting
symbols. If p is a propositional variable and A is an annotation constant, then the pair
(p, A), which we denote by py, is an annotated variable. The set Fmy, of formulas of Py, is
recursively generated as usual, from the set of annotated variables by the connectives.

The formulas ——-- - —p,, where there are k negation symbols, k > 0, will be denoted by
ﬂkpu, and will be called hyperliterals. A formula that is not a hyperliteral will be called a
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complex formula. Formulas are represented by upper case Latin letters from the beginning

of the alphabet, A, B, C, ..., and complex formulas by F, G, ... .
2.2. Axioms and Rules. The axioms and inference rules of Py, are as follows. For all
A,B,C € Fmp,.

(1) A— (B A),

(—2) (A= (B—C))— ((A— B) — (A—C)),

(—3) ((A—B)— A)— 4,

(—>4) AvA — Bv

B

(A1) (AAB) — A,

(/\2) (A /\B) — B,

(N3) A— (B— (ANB)),

(Vi) A— (AV B),

(\/2) B — (A\/ B),

(V3) (A—=C)—=((B—-C)—((AVB)—C0)),

For all complex formulas F, G and every A € Fmp,

(F = G) = (F — ~G) — ~F),

(—1)

(m2) F — (0F — A),

(‘\3) FvVv—F,

(Ll) Pl

(L) ﬂkpu — ﬂk_lpw,“ for k > 1,

(L3)  pu — pa, for p = A,

(L4) if A— py, for each j € J # 0, then A — p,, where p =\, p;.
Theorem 2.1 ([5]). ¥, Atp, B iff ¥ +p, A — B.

2.3. Semantics for Py. An interpretation I for the logic Py, is a function I: Va — L.
For each interpretation we define a valuation vr: Fmy — {0,1} as follows.

(i)
(i)

(iii)

If p € Va, then vi(p,) =1 iff I(p) > p .

(a) UI(_‘kplt) = UI(_‘k_leM)v for k > 1,

(b) If A is complex, then vy(—A) =1 iff v;(A) = 0.
If A, B € Fmp, then

(a) vi(A— B)=1iff v;(A) =0 or v;(B) =1,

(b) vi(AV B)=1iff v;(A) =1o0rv;(B) =1,

(c) vi(AAB)=1iff v;(A) =1 and v;(B) =1.

The concepts of satisfaction, semantical consequence, etc, are defined in the usual way.

Definition 2.2. Let I be an interpretation.
(i) I is —-inconsistent if and only if there exists p € P and p € L such that vr(p,) =

vr(—pu) = 1.

(ii) I is non-trivial if and only if there exists p € P and p € L such that v;(p,) = 0.
(iii) I is paraconsistent if and only if I is both —-inconsistent and non-trivial.
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Notice that if I(p) = T, then v;(pyx) = vr(—px) = 1 and thus Pr always has a —-
inconsistent interpretation. If |L| > 2, let I(p) = k # T. Then v;(pt) = 0, and thus there
exists a non-trivial, —-inconsistent, that is, a paraconsistent interpretation

We have the following soundness theorem and the weak completeness theorem.

Theorem 2.3 ([5]). Assume I'U{¢} C Fmp,.

(i) If ¥ Fp, A then ¥ Fp, A.

(ii) For X finite, if ¥ Fp, A then ¥ tp, A.
Theorem 2.4. For any L, Py, is paraconsistent in the sense that there is a ¢ € Fmp, such
that Fp, ¢ and Fp, —p but it is the not the case that Fp, v for all i € Py,

Theorem 2.5 ([10]). If|L| > 2, Py, is not structural in the sense that there are ¢, € Fmp,
and annotated variable py such that Fp, ¢ and ¥p, ©(pr/1).

3. THE Loacics P )

As indicated in the introduction Py, is not algebraizable, in particular there is no bisimu-
lation in the usual sense between the consequence relation p, of Pr and equational conse-
quence relation Fk of any class of algebras K. However we show that Py, is algebraizable in a
weaker sense by constructing an algebra M*(L) and a natural simulation of Fp, by Fpz+(r)-
This is done in three stages. In this section construct a matrix M(L) = (M(L), D) and
show that the deductive system P r¢(z) defined by M(L) is algebraizable (finitely algebraiz-
able if L is finite) and that Fp, is simulated by Fp,, ()i unlike Pr, Pz is semantically
defined and structural. Later, in Section 4, we will show that its equivalent quasivariety is
generated by a quotient M*(L) of M (L), the underlying algebra of M(L). The desired
simulation of -p by Fpz+(r) is then obtained by composing the simulation of Fp, by Fp (L)
with the standard simulation of Fp M) by Far(r) that comes from the algebraization.

3.1. The Matrix. The language of P ) contains all the connectives of Pr, that is the
Boolean connectives —, A, V together with paraconsistent negation —. In addition it
contains a unary connective # and a unary connective f) for each A € L. Because P ()
is structural, no distinction is made between hyperliterals and complex formulas in the
metalanguage. Rather, this is done, virtually, in the objective language by means of the
connective #. Thus, for any formula ¢, # ¢ may be thought of as the “Boolean content” of
¢; hopefully this will become clear when we define the semantics of P4z shortly. Since
P ap(rp) is a structural logic, the propositional variables used to construct its language are not
annotated. The formula fy p plays essentially the same role for Pz that the annotated
variable py plays for Pz.. The set of propositional variables is again denoted by Va and they

are again represented by the letters p,q,r.... Formulas are constructed recursively from
the propositional variables in the usual way. They are represented by lower case Greek
letters ¢, 4,7, .... The set of formulas is denoted by Fmy,(r,).

P () is defined by a particular matrix M(L), which is finite just in case L is finite.
Let
M(L) = L x (L\{T}) U {0,1,T}),
where T is a special element. Let M (L) be the algebra

M(L) = (M(L)j_>M(L),/\M(L),\/M(L)7ﬁM(L),#M(L)jf,J{VI(L)%eL'
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The operations of M (L) are defined as follows. Let
D={(\k)eLx(L\{T}H : A<r}U{1,T},
where T is the largest element of L. It is helpful to think of T as representing the elements
of the set L x {T}. Let M(L) be the matrix
M(L) = (M(L), D).

In the sequel write -M(L) 4 M(L) and —M(L) regpectively for AME) | yM(L) apnd -M(L),
We also sometimes omit explicit reference to L when it is fixed and write M, M, and M
respectively for M(L), M (L), and M (L); this is done systematically in superscripts.

For any a € M, #M a =1 if a € D and #™ a = 0 otherwise, i.e.,

1 ifa=(\ k) with A <k,
#Ma=<1 ifae{0,T},
0 otherwise.

Note that #M 0 =0 and #M 1 =1.

Let 2 = ({0,1},—2,-2, 42, —2) be the two-element Boolean algebra with the standard
operations. For all a € M,

(AR o=\ k) € Lx (L\{T},
Mg =2 if a € {0,1},
T ifa="T.

Note that —™0 =1 and —M1 = 0.

For all a € M,

e, _ [k i a=(um) € Dx (N (T
A T otherwise.
For all a,b € M,

a—»Mb:#Ma—>2#Mb
a-Mb:#Ma~2#Mb
a+Mb:#Ma+2#Mb.
Note that, for each x € {—, -, +}, #M(a xM b) = #M a «2 #Mb. Thus #M is a homo-
morphism from (M, —M .M M) onto 2. It does not preserve negation however. For
example, if (\,k) € L x (L\ {T}), and if both A < x and ~ X < &, then #M —M()\ k) =
#M (N k) =1, but =2 #M(\ k) = —21 =0.
Lemma 3.1. Let a,b e M.
(i) a—=MbeDiffag¢g D orbec D.
(i) a-Mbe D iffac D and b D.
(iii) a+Mbe D iffac€ D orb e D.

Proof. (i). a—Mbe Diff gMa—-24Mb=1if gMa=00r #Mb=1ifa¢ Dorb e D.
(ii) and (iii) are proved similarly. O
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We take P (g to be (Fmpy(r), Faqr)), the logic determined semantically by the matrix
M(L) = (M(L),D). This is defined as follows. For any assignment u:Va — M of
elements of M (L) to the variables, let u*: Fm gy — M (L) be the unique extension of
u to a homomorphism from the formula algebra Fm v ) = (Fmuqr), —, A, V, =, #, fx)rel
into M (L). Then, for all wo,...,¢n 1,9 € Fm (g,
©0, s Pn-1 Famqpy ¥ ME upo,...,utp,1 € D implies u* € D for every u: Va — M (L).
We note that Fp Mz = Far; osince it is semantically defined, it is structural. We also

note that Py, ) is paraconsistent: the set A = {frp,~frxp} € Fmy is non-trivial and
—-inconsistent.

3.2. The simulation of of Fp, by I—pM<L). The translation of the language of Pr, into
the language of Pz is defined as follows.

Definition 3.2 ([10]). Let A be in Fmy. The translation of t(A) € Fm ) of A is defined
by recursion on the structure of A as follows.
(i) If A =p,, then t(A) = f\p.
(ii) If A = =B, then t(A4) = —t(B).
(i) If A= B*C, for x € {—, A, V}, then t(A) = t(B) * t(C).
Lemma 3.3. Let I: Va — L be an interpretation. Then there exists a function u: Va —
M such that, for every formula A € Fmy, vi(A) =1 iff u*(t(A)) € D.

Proof. For every p € Va define

1,1 it I(p) # T,
“(p):{< T(p)> in%ir.

The proof is by induction on the structure of the annotated formula A.
Base step: If A =p, then vi(A) =vi(ps) =1 iff K < I(p).

u*(t(A4)) = u*(t(ps))

= u*(fx p)

= tM (u(p))
(L, I(p) if I(p) #T }

£M(T) if I(p)=T
(r,I(p)) ifI(p)# T }
T if I(p)=T [~

So u*(t(A)) € D iff kK <I(p) iff v;(A4) =1.
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If A= —Ip, then vr(A) = vi(~/ps) = vi(pes ) = 1iff ~7 K < I(p).
u*(t(A)) = u*(t(~"px))

*("J f/{p)

= (=M) tM(u(p))

MM (L I(p))) i I(p) AT

B (-M)7 £M(T) ifI(p)=T

(=M)/(k,1(p)) ifI(p)# T
(=M)'T if I(p) =T

(MR, I(p)) if I(p) #T

T ifI(p)=T [~
So u*(t(A)) € D iff ~ k < I(p) iff v;(A4) = 1.

Induction step: A a complex formula.
Let A= BV C, B and C annotated formulas, then

u
u

vi(A)=v(BVC)=1 iff vi(B)=1 or v(C)=1

iff w*(t(B)) e D or u*(t(C)) € D by induction hyp.
iff [u*(t(B)) +M u*(t(C))] € D by Lemma 3.1

iff w*(t(B)Vvt(C)) € D

iff uw*(t(BVC))eD

iff u*(t(A)) € D.
Similarly we prove that for A= BAC and A= B — C, vi(A) =1iff u*(t(A)) € D.

Claim: u*(t(C)) € {0, 1} for every complex formula C' € Fmp,.

We prove the claim by induction on the structure of C'. Note that C' is complex if and
only if C = B E with x € {—,A,V} or C = =B with B complex.

Let C = B x E with x € {—, A, V}, then

u*(t(C)) = w*(4(B % B)) = u*(t(B)) «M u*(t(E)) = #™ u*(t(B)) «* #M u*(¢(E)) € {0,1}.
Let C' = =B for B complex, then
u*(t(C)) = u*(t(=B)) = u*(=t(B)) = —2u*(t(B)) € {0,1}

since by the induction hypothesis v*(t(B)) € {0, 1}.
This ends the proof of the Claim.
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If A= -C for C' complex then

’U[(A) =1 iff ’U[(C) =0
iff w*(t(C)) ¢ D by the ind. hyp.
iff w*(t(C)) =0 by the Claim

iff -My*(t(C)) =1

iff w*(—t(C)) =1
iff w*(t(—=C)) =1
iff w*(t(=C)) € D by the Claim
iff u*(t(A)) € D.

O

Lemma 3.4. Let u: Va — M. Then there exists an interpretation I: Va — L such that,
for every formula A € Fmy, vr(A) =1 iff u*(t(A)) € D.

Proof. Define
A it u(p) = (k, N,
I(p) = { S
if u(p) € {0,1,T}
The proof is by induction on the structure of the annotated formula A.
Suppose A = p,. There are two cases.
Case (1): u(p) = (k,A). Then v;(A) =1 if and only if p < I(p) = A, so
u*(8(A)) = u*(6(pp)) = u* (£, 0) = £ (u(p)) = £ (K, A)) = (p, N),
and thus
u (t(A) e D iff p<A=1I(p) iff v;(A)=1.
Case (2): u(p) € {0,1,T}. Then

u*(8(A4)) = u* (8(p,)) = u* (£, p) = £ (u(p)) = T,
and thus
u'(t(A)eD iff I(p)=T2>p iff vi(4)=1.
For A = —J p, there are also two cases.
Case (1): u(p) = (k,A). Then

SO
u*(t(A)) € D iff ~p<A=1I(p) iff vi(pes,) =1 iff v;(A)=1
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Case (2): u(p) € {0,1,T}. Then
u*(t(A)) = (M) ut(t,p) = (M) £ (ulp)) = (M) T =T,
SO .
u*(t(A)) e D iff I(p)=T >~ p iff v;(A) = 1.
The induction step is the same as in Lemma 3.3. U
Theorem 3.5. Let Aq,..., A, B be annotated formulas in Fmy,. Then
A, A, ':pL B iff t(Al), - ,t(An) ':PM(L) t(B)

Proof. =. Let Ay,..., A, Fp, B.

Assume u*(t(A41)),...,u*(t(A4,)) € D for some u: Va — M. Then by Lemma 3.4 there
exists an interpretation I such that v7(A;) = --- = v7(Ay) = 1, so by hypothesis v;(B) = 1.
Again by Lemma 3.4 this gives u*(t(B)) € D. Therefore t(A1),...,t(Ay) Fp,,,, t(B).

. Let t(41),...,t(An) Ep,, t(B).

Given an interpretation I: Va — L such that v;(A;) = --- = v;(A,) = 1, by Lemma 3.3
there exists a function u: Va — M such that u*(t(41)),...,u*(t(4,)) € D. So u*(t(B)) €
D by hypothesis. Hence, again by Lemma 3.3, v7(B) = 1. Therefore Ay,..., A, Fp, B. O

Theorem 3.6. For Ay,..., A, B annotated formulas in Fmy, the following are equivalent:
(i) Ai,...,Aptp, B
(ii) Aq,..., A, Fp, B
(iii) t(A41),...,t(4n) FP ) t(B)

Proof. (i) <= (it) is Theorem 2.3.

(1) <= (iii) is Theorem 3.5. O
3.3. The algebraizability of P ). By the Leibniz congruence of D, in symbols Qg D,
we mean the largest congruence @ on M (L) that is compatible with D in the sense that

a=b (mod @) and a € D implies b € D. It is well known that a = b (mod Qps D) iff, for
every ¢(p,qo, - - -,qn—1) € Fm ) and every sequence co, . .., c,—1 of elements of M,

oM(a,co,...,cn1) €D iff pM(beo, ..., ca 1) €D.
Let k, A € L. By the r-signature of A we mean the set sig, A\ = {j < w:~J <k}

Lemma 3.7. For all ks, \\\ € L, (\,k) = (N, k) (mod Qs D) iff X and N have the same
K-stgnature.

Proof. Suppose A and A have the same r-signature. Let ¢(p, qo, - .., qn—1) be any formula,
and let a = ag,...,a,—1 € M. We prove the following result by induction on the structure
of .
(1) Either oM((\5),a) = M((V,),a), or 9M((A,k),a) = (~iA k) and

oM (N k),a) = (~' N k) for some i < w.

This is obvious if ¢(p,q) € {p,qo,---,qn-1}. Suppose ¢(p,q) is of the form ) (p,q)
with O € {—, #, fu}uer. I YM((\ k), a) = pM((N, k), a), then obviously M ((\, k),a) =
oM ((N,K),a). So we assume that ¢M(<)\, Kk),a) = (~*\, k) and wM(O\’, K),a) = (~' N, k).
IF 00 = -, then M ((\, k), ) = (~1 X, k) and $M((V, k),a) = (~ X, k).
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If O = #, then vM((\ k),a) = #M(~" A k) = #M(~' N, k) = YM((N,K),a), since
~' A <k iff ~* X <k by the assumption that A and A" have the same x-signature.
I 0 = £, then M ((\, ), ) = £M (~ A, ) = {11, ) = EM (i N, 1) = G (N, ), ).
We now assume ¢(p, q) = ¥(p, q) *9(p, q) for x € {—, A, V}. By the induction hypothesis
and the premiss that A and X’ have the same k-signature we have that #™ vM((\ k), a) =
#MPM (N, k), a) and #M M (X, k), @) = #M IM((X', k), @). Thus
DM k), a) = #M DN k), @) <2 #MO((A k), @)
= #M (N, k), a) 2 #MI((N, k), a)
= ¢M((N, k), a).

So (1) holds. It follows immediately that o™ ((\,x),a) € D iff M ((N,k),a) € D and
hence that (\, k) = (N, k) (mod Qpg D).

'If A and ) do not have the same k-signature, then for some i < w, ~*\ < k and
~t X' £ K, or vice-versa. In this case take ¢(p) = —p. Then either @™ (()\,x)) € D and
oM ((N,K)) ¢ D or vice-versa. Thus (), k) Z (N, k) (mod Qs D). O

As an easy consequence of this result we have that
Qm D = { {((\ k), (N,r)) : \, N,k € L,sig, A =sig, X' } Ulda;

to see this we observe that 1,T # 0 (mod Qpr D) since 1,T € D and 0 ¢ D; 1 # T
(mod Qps D) since —MT € D while —M1 ¢ D; for all k,A\ € L with k # T, we have
0,1,T # (A, k) (mod Qpg D) because fr0=fr1=frT=Te€ D and fr(\, k) = (T,K) ¢
D.

Let M*(L) = M(L)/ Qar D, D* = D/ Qs D, and

M*(L) = (M*(L), D*).

M*(L) is the reduced form of M(L). In the sequel we write [(\, x)] for the (Qar)-
equivalence class of (A, k); we denote the equivalence classes of 0,1, T by the same symbols
however because they are singletons.

Let org be the smallest natural number 7 such that for every x € L there exists a j < i
such that ~*x = ~J k. org, is called the ~-order of L. Let cfr be the smallest natural
number i such that, for every x € L, ~°"L k = ~' k. cfy, is called the cycle-free length of L.
Then ~°'L i = ~fL g for every k € L, and clearly cfz, < org.

We define some special terms that will be used in the axiomatization. For any x € L
and any formula ¢ let

Sn@:fﬁ@/\ /\ “# P
)\ﬁn
Note that St = ft . For all (\,x) € L x (L\ {T}) let
Tome= \ “en N -#7e

Jj<org j<org,
~ A<k ~I ALK

Lemma 3.8. For all a,b € M,

(i) a€ D iff #Ma € D,
(i) a ¢ D iff -M M a e D.
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(iii) a =M be D iffa¢ D orbe D,
For every finite system ag, .. .,an—1 of elements of M,
(iv) TIM a; € D iff a; € D for every i < n.

i<n
(v) Zf\fn a; € D iff a; € D for some i < n.
Proof. (i). a € D implies #M a=1¢€ D; a ¢ D implies #M a =0 ¢ D.
(ii). a ¢ D implies M M q=-M0=1€ D; a € D implies M 4Mq=-M1 =0 ¢

D.
(iii). a =M be Diff #Ma -2 4Mbp=1if #Ma=00r #Mb=1ifa¢ D or b € D.
(iv). Hf\gnai € D iff H?<n#Ma,; =1iff #M q; = 1 for every i < n iff a; € D for every
1 < n.

(v). The proof is similar to that of (iv). O

Lemma 3.9. For anya € M,
(i) fMa € D iff a € {0,1,T},
(i) if s # T, SMa € D iff a = {u, k) for some p € L.

Proof. (i). If a ¢ {0,1,T}, i.e., a = (u,k) € L x (L\ {T}), then fMa = (T,k) ¢ D. If
a €{0,1, T}, then fMa=T € D.
(ii). Assume k # T. Then

SMaeD iff fMacDand -MpMtMacDforall \ £k
iff tMae DandfMa¢ D forallall A £ k.
If a = (p,v) € L x (L\{T}), then for all A\ £ &,
SMaec D iff (k,v)€Dand (k,v)¢Dforall \£r
iff k<vandALvforall A<k
iff v==x by Lem. 3.7.
If a € {0,1, T}, then M a € D by (i). Since T £ &, have have SMa ¢ D. O

Lemma 3.10. Leta € M and (\, k) € L x (L\{T}). Then SMa, T, na € D iff a = () k)
(mod QM D)

Proof. Assume SMa € D. Then by Lem. 3.9, a = {(u, k) for some p € L. Thus
T?){K>a €D iff ~J{(u,k) € D foreach j < org, ~/ A <k and
~(u, k) ¢ D for each j < orp, ~ X £ Kk
iff  (~7 p, k) € Diff ~9 X < g, for all j < orp,
iff ~7p < kiff ~ N <k, for all j < org,
iff p and A have the same x-signature
iff a=(\k) (mod QD) by Lem. 3.7.

If SMq ¢ D, then a € {0,1,T}; thus a # (\, &) (mod Qas D) for all (\,x) € L x (L \
{Th. O
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As usual, 1 is an abbreviation of (¢—1) A (1) —¢). We also use 1 for an abbreviation
of T — T. Note that 1™ = 1.

Lemma 3.11. Assume L is finite. For all a,b € M(L), a = b (mod Qpg D) iff the
following hold.

(i) a=Mbe D,

(i) —Mq M _Mp c D,

(iii) M a M Mp e D,

(iv) SMaq M SMpy c D for allk € L\ {T},
)

(v TM a<—>MT€VI b€ D for all (M k) e Lx L\{T}.

Proof. <=: ;From f-r a—M ij b e D we get fTM a € D iff f%VI b € D by Lem. 3.8. Thus by
Lem. 3.9 either a,b € {0,1,T} or a,b € L x L\{T}. Assume first of all that a,b € {0,1, T }.
JFrom a <M b € D get that either a = b = 0 or a,b € {1,T}, and in the latter case we
can conclude from -Ma < =M} € D that either a = b =1 or a = b = T. Now suppose
a,be L x L\{T}. ;From (iv) and (v) we have by Lems. 3.9 and 3.10 that a = b = [(\, k)]
for some (\,k) € L x L\ T.

=—>: The proof is similar and is omitted. O

JFrom the lemma we get that, if L is finite,

Az, y) ={z =y, ~r =y frezefryt U{Sw < Sy ke L\ {T}}

U{ Tz = Ty (A k€ L\{T}}.
is an finite equivalence system for P ) in the sense of [4]. Furthermore, from the fact
that #M a = 1 iff a € D, we have that

6(x) n(z) =#r~1

is a defining equation for P 4 (r), also in the sense of [4]. Hence P (g is algebraizable in the
sense of [4]; in the current standard terminology P g is said to be finitely algebraizable.

It follows that for a unique quasivariety Q there is a bisimulation in the usual sense
between Fp ML) and the consequence relation Fq of the equational logic of Q. Moreover,
the simulation }—pr) by Fq is given by the defining equation #z ~ 1, that is, for all
$05 - @n—law € FmM(L)7
(2) 900""’307171'_13/\4@)1# iff #(po%l,...,#(pn_lzli:Q#@Z)zl.

We will show in Section 4.1, as a consequence of the the axiomatization of P ) given
in the next section, that Q is the quasivariety generated by M™*(L).

If L is not finite, then Syz <> Sy and Ty ,x < Ty 4y are infinitary formulas. They
can however be replaced respectively by the infinite sets of finitary formulas

{fex o feytU{-~#hoo#hy: A Lrl,
{(Fr e Ty ~IA<Kj<wlU{-~gTzeo gty AL rj<wl

A(z,y) with these replacements is a (infinite) equivalence system for P y(r), and Pz

is algebraizable in the sense of [7, 8].
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4. AN AXIOMATIZATION OF P (g

In this section we give a set of axioms and rules for P ) and prove that this axioma-
tization is sound and complete.

The axioms for P consist of the following formulas, for all ¢,%,9 € Fm ). In
the sequel k, A, i, v are assumed to range over all elements of the lattice L except where
otherwise indicated. For formulas of the form ¢ — 1 — ¥ association is assumed to the
right.

The positive Boolean axioms of Pr,:

(—0) p—=(—).

(—=1) (p=@W—=9) = (p—19)—(p—17).
(—2) ((p—=9)—¢)— .

(No) @AY — 0.

(A1) @AY —p.

(N2) =P —(pA).

(Vo) ¢—p V.

(V1) ¢ — @V

(Va)  (p—=1) = (b —=9) = (pVip—9).

The aziom of paraconsistent negation:
(=#)  (C#e—#Y) = (Cre—#Y) = #e.
The azioms of the lattice L:
(Lo)  fafap e fre.
(L1) fL ¢, where L is the least element of L.
(L)  fop— o, if A< k.
(L3)  fu@ Afrp — feanp, for all kK, A € L, where k + X is the join of k, A € L.
The axioms of the annotation lattice L.
(anng) =/ f\p £\, for all j < org.
(anni)  fA o < fr .
(anng)  —#fr e — (27 e =lrg).
(ann3) Sk = Vier Toum e
The axioms of Boolean content:
(#0) @eo#ep
(#1)  fT#e.
(#2) fro—(0#e— ).
(#3) fro—(peoo)
(#4)  fT(p— ).
(#5)  fr(pAP).
(#6) fr(p V).
(#7) (=) = =#(p— ).
(#s) (@ AY) = #(pAY).
(#9) (V)= #(p V).



AN ANNOTATED LOGIC DEFINED BY A MATRIX 15

Let S(L) = (Fm L), s(r)) be the deductive system defined by the preceding axioms

with
o=y
(G

as the only rule of inference. Fg(r) is the consequence relation of S(L). Thus, for any
I' C Fmpyg) and any ¢ € Fmpyg), I" Fsr) ¢ iff there is a finite sequence vy, . .., ¢y, of
formulas such that 1, = ¢ and, for each i < n, either ¥; € I', v; is an axiom, or ¢; is a
direct consequence of previous formulas in the sequence by modus ponens. When L is fixed
we write S for S(L).

The deduction theorem holds in S, i.e., for all I'U {¢, ¥} C Fm (g,

I ptsi)v implies I'tgpy o — .
This is an immediate consequence of Axs. (—¢) and (—1) and the fact that modus ponens
is the only inference rule.
By a theory of S(L) we mean any set @ of formulas that is closed under the consequence
relation sz, i.e., I' C © and I' -5z ¢ implies ¢ € 6.
We first prove the soundness of S(L) (with respect to Fp ).
Lemma 4.1. For each of the axioms v of the lattice L, u*y € D for every u: Va — M.

Proof. (Lo): ¥ = fafe < fr .
If u'p € {0,1,T}, then u*(frfrp) = MtMup = tMT = T = tMurp. If u'p =
(yv), then u*(fxfs @) = M M (u,v) = tM(k,v) = (\v) = M (u,v). So, in both cases,
u* (fx fx ) and u*(fy @) are the same element of M, say a. Hence u*y) = #M q 2% M q =
leD.

(L1): ¥ =fL e
If u*¢ € {0,1, T}, then u*yp =T € D. If u*¢ = (u,v), then u*p = (L,v) € D.

(L2): ¥ = f o — fr @ with A < k.
If u*p € {0,1, T}, then u* f\ o =T € D. So u*t) € D by Lem. 3.8(iii). If u*p = (u,v), then
u fo o = (k,v) and u* fr o = (\,v). If u*f, o € D, then k < v. Thus A < v and hence
u*fy € D. So u*y € D by Lem. 3.8(iii) again.

(L3): ¥ =t Ao — fuir p.
If u*o € {0,1, T}, then u*foine =T € D. So u*y € D. If u*p = (u,v), then u*f, ¢ =
(k,v) and u* £\ o = (\,v). If u* f, p,u* £\ ¢ € D, then k, A < v, and hence k+ A < v, which
implies u* f,1) ¢ € D. So u*y) € D by Lem. 3.8(iv). O

modus ponens

Lemma 4.2. For each of the axioms v of the annotation lattice L, u*p € D for every
u: Va — M.

Proof. (anng): ¢ = =7 £ ¢ <> f.; y @ with j < org.
If j =0, then ~/ £, o = f_j @ = f ¢. So assume j > 0.
If u*o € {0,1, T}, then u*—~/ f\ o = u*f_; ¢ = T.
If u*p = (u,v) € L x (L\ {T}), then u*~7 fy o = —MI(\ v) = (~I A 0) =u £\ .

(anny): ¥ = £~ < fr .
If u*p € {0,1, T}, then u*—fyp = —M f)]\VI u'o=-—MT=TMT = f/]\VI u*p = u*fy .
If u*o = (u,v), then u* fy =p = £ (~ i, v) = (A, v) = u* 1 .
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(annp): ') = = #fr @ — (=T p & ~Trp).
Assume u*—#fr p € D. Then u* fT ¢ ¢ D by Lem. 3.8(ii), and hence u*p € Lx (L\{T}) by
Lem. 3.9(i). Let u*¢p = {u,v). Then u*—"Lp = —MOTL () 1) = (~OL 1) = (~CIE gy 0) =
w* =Ly, So u*(—"rp s —frp) € D.

(anng): ¥ = Sxp — V,\GL T(A,n>§0-
If u*Skp € D, then u*p = (u,r) for some p € L by Lem. 3.9. Thus u*T, ¢ € D by
Lem. 3.10, and hence u*(\/ ¢ T<,\7,.i><,0) €D. O

Lemma 4.3. For each of the axioms v of Boolean content, u*yp € D for every u: Va — M.

Proof. (#0): ¥ =@ — #p.
u*p € D by Lem. 3.8(i).
(#1): Y =fr#e.
u*#p € {0,1}. Souy =My 4o =Te€ D.
(#2): b =fro— (m#o —~p).
Assume u* fT ¢ € D. Then u*¢ € {0,1, T} by Lem. 3.9(i). If u*¢ € {0,1}, then u*—~# ¢ =
M Mg = Myrp =yt If up = T, then u*~p = —MT =T € D. So in both
cases we have u*(—# ¢y — —p) € D.
(#3): v =fro—(p =)
Assume u* T p € D, i.e, u*p € {0,1,T}. Then u*——p = —M M y*p = y*¢.
(#4)-(#6): ¢ = fr(p* 1) with x € {—, A, V}.
u*(px0) = #Murp 2 M y*9 € {0,1}. So u*p = M u*(px9) =T € D.
(#1)-(ho): = (5 9) = ~#(p# D), with x € {—, A, V}.
Then u*(p x 1) € {0,1} and hence u*(p x¥) = u* #(¢ x 9). O

Theorem 4.4 (soundness of S(L)). For all I'U {¢} € Fm (g,
I'tspy ¢ implies I’ I—pM(L> ®.

Proof. Assume I' Fg(r) ¢ and let u: Va — M such that u*¢y € D for each ¢ € I'. Let
Jo, . .., Uy with ¥, = ¥ be an S(L)-derivation of ¢ from I'. Consider any i < n. If ¥; € I',
then u*9; € D by assumption. If ¥; is an axiom of S(L), then u*¥; € D by Lems. 4.1-4.3. If
¥; = Uy, — v; for some j, k < ¢, then u*J;, —M y*9;, u*Y;, € D by the induction hypothesis,
and hence u*J; € D by Lem. 3.1(i). So ™ € D and thus I'Fp,, . ¢. O

We now turn to the proof of the completeness of S(L).

Lemma 4.5. (i) Let o(po,...,pn—1) be a positive Boolean tautology, i.e., a Boolean
tautology that contains only the connectives —, A, and V. Thentsgy ¢(Yo, .-, ¥n-1)

for all g, ..., p_1 € FmM(L)
(ii) Let o(po,-..,pn—1) be any Boolean tautology (possibly containing the connective —).

Then I_S(L) QO(# Py, -, #wn—l) fO’I” all Yo, ..., ¢p_1 € FmM(L)

Proof. Tt is well known that axioms (—q)—(V2) axiomatize all positive Boolean tautologies.
When (=p — 1)) — (—p — 1) — ¢ is adjoined, we get all Boolean tautologies. O

Lemma 4.6. For any theory © of S(L), o x ) — #@*#1) € O.
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Proof. (p—#p)—(Y—#1))— (oxth—# px#1)) is a positive tautology and hence is in © by
Lem. 4.5. And by Ax. (#¢) ¢ <> # ¢ and 1) <> # 1 are both in ©. Thus p*«—#px#1) € O
by modus ponens. Il

Lemma 4.7. Let O be a theory of S(L). Then for all ¢,v € Fmyy(r)

(i) peO iff #p € O.
For every finite system g, ..., pn—1 of elements of O,
(i) Ajenwi € O iff pj € O for all j < n.
Proof. (i): by Ax. (#o)-
(ii). By Lem. 4.5(i), A,.,, ¢i — ¢j € © for each j < n. So A,_, yi implies p; € O for
each j <n. @9 — - pn_1 = N\, vi € O, again by Lem. 4.5(i). So ¢; € © for all j <n
implies A,;_,, i € O. O

Definition 4.8. A subset I" of formulas is Boolean inconsistent if there exists a ¢ € Fm (g,
such that I"Fgz) ¢ and I' Fg(z) = # . If no such ¢ exists, I" is Boolean consistent.

Lemma 4.9. I' is Boolean inconsistent iff I' bg(ry ¥ for all ¢ € Fm ).

Proof. Suppose I' bgr) ¢ and I' Fgpy ~#¢ for some ¢ € Fmpyg). Then I' Fgpy #¢
by Lem. 4.7(i) and Fgr) # ¢ — (n# @ — #1)) for every ¢ € Fm ) by Lem. 4.5(ii). So
Fs(z)y # % by modus ponens, and hence gz ¥ by Lem. 4.7(i). This proves the implication
from left to right. The reverse implication is obvious. U

Lemma 4.10. For all 'U{p} C Fm g, I Fsr) @ iff 'U{=# @} is Boolean inconsistent.

Proof. The implication from left to right is obvious. Suppose I'U{—# ¢} is Boolean incon-
sistent. Then I', ~# ¢ Fg(r) # ¢ and hence I' Fg(r) = # ¢ — # ¢ by the deduction theorem.
We also have bgp) = # @—=# ¢ by Lem. 4.5(1) and Fs (m# p—m# )= (m#p—# ) —# ¢
by Ax. (=#). By two applications of modus ponens we get I' Fg(z) # ¢ and hence finally
I'tsry @ by Lem. 4.7(i). O

Every maximal Boolean consistent set of formulas is a theory of S(L).
Lemma 4.11. Let © be a maximal Boolean consistent set of formulas. For all p,v €
Fmpr),
(i) o ¢ O iff " #¢p € O.
(i) p =Y eEB iff ¢ O or € 6.

For every finite system o, ..., pn—1 of formulas,
(iii) Vicn i € O iff ¢ € O for some j <n.

Proof. (i). Suppose —# ¢ ¢ 6. Then © U {—# ¢} is inconsistent by the maximality of
©. Thus O gy ¢ by Lem. 4.10, and hence ¢ € © since O is a theory. This proves the
implication from left to right.

For the reverse implication, if —# ¢ € ©, then ¢ ¢ © because O is consistent.

(ii). If p > € O and ¢ € O, then ¥ € © by modus ponens. So ¢ — 1 € @ implies
p&OoryeB. p—(p—1) € O because it is a positive tautology. So, if ¢ € O, then
p—1 €. Ifp ¢ O, then ~#p € O. ~#¢p — (¢ — #1) € O by Lem. 4.5(ii). So
#@ — #1 € O, and hence ¢ — 1 € @ by Lem. 4.6.
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(iii). ¢j = V,cpwi € O for each j < n by Lem. 4.5(1). Thus ¢; € © for some j < n
implies \/,_,, ¢; € ©. Suppose ; ¢ O for every j < n. Then ~#¢; € O for each j < n,
and hence \;_, ~#¢; € © by (ii). (A;jcn, 7 #@i) = (7 # V,;<n @i) € © by Lem. 4.5(ii). So
—#\cp @i € © and hence \/,_, i ¢ O. O

In the sequel © is assumed to be a maximal Boolean consistent set of formulas.
Lemma 4.12. For any ¢ € Fm ), Sxp € O for exactly one k € L.

Proof. Let K ={Ae€ L :fhp O} L e KbyAx. (L1). If p <)X e€ K, then u € K by
Ax. (Lg). A\, p € K implies A + u € K by Ax. (L3). Thus K is an ideal of L, and since L
is a finite lattice, K is a principal ideal. Let x = ) K. Then, for all A € s, fy ¢ ¢ © and
hence = #f\ ¢ € O by Lem. 4.11(i). So Sy = fxp A /\/\jén - #f\p € O. Suppose A\ # k. If
A £ K, then A ¢ K and hence f\ ¢ ¢ ©. So Sxp ¢ O. If k £ A, then -~ #f, ¢ is a conjunct
of Sxp, and hence Syp ¢ © because f,, ¢ € 6. O

The following lemma is an immediate consequence of the preceding proof.
Lemma 4.13. If S,p € O, then for every p € L, f, 0 € O iff p < k. O

Lemma 4.14. If Sqp € © with k # T, then Ty .yp € O for at least one A € L. And, for
every p € L, Ty, oy € O iff p has the same r-signature as A.

Proof. Assume S, € ©. By Ax. (ann3) and Lem. 4.11(iii), Ty 5y € O for at least one
X\ € L. Suppose 1 and A have the same r-signature, i.e., ~' u < & iff ~* X\ < &, for every
i <w. Then Ty, ¢ and Ty )¢ have exactly the same conjuncts and hence are identical.
Suppose now that A and p do not have the same k-signature. Then, for some j < org,
~X<kand ~p £k or M X £k and ~p < ke IE Ty, 09 € O, then in both cases
—Jp, = #—Jp € O, contradicting the Boolean consistency of @. Thus Tiurye & 6. 0

Lemma 4.15. Assume Sgp and Ty 0 € © with k # T. Then ¢ € O iff A < k.
Proof. Ty .y € © implies ~Jpc @iff ~I N < k. Taking j =0weget pc Oiff A<k O
Lemma 4.16. If Sty (= f1 @) € O, then either ¢ € O or ~p € 6.

Proof. By Lem. 4.11(i), either p € @ or =# o € O. lf fT ¢ € O, then by Ax. (#3), "#p € O
implies ~¢ € 6. O

Lemma 4.17. For every ¢ € Fm (), exactly one of the following conditions holds.

(i) There exist A,k € L with k # T such that Sxp, Ty . € O with A <k and ¢ € 6.
(ii) There exist A,k € L with k # T such that Sxp, Ty € © with A £ Kk and ¢ ¢ O.
(iii) Ste (=fr¢9), @, ¥ € O.

(iv) Stp,p € O and —p ¢ 6.
(V) ST €6, p¢ O, and —p € 6.

Proof. By Lem. 4.12 either Sxp € © with k # T or STy (= fT ) € O. In the first case, by
Lem. 4.14, T() .y € O for some A € L. Either A <k or A £ k. In the first case ¢ € © and
in the second ¢ ¢ © by Lem. 4.15. This gives (i) or (ii).

Assume now that fT ¢ € @. Then by Lem. 4.16 either ¢ € © or —¢ € 6. This gives (iii),

(iv), or (v).
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Thus as least one of (i)—(v) holds. By Lems. 4.12 and 4.14, (i), (ii), and any one of
(iii)—(v) are pairwise inconsistent. Clearly (i)—(v) are pairwise inconsistent. O

Corollary 4.18. If Stp € O, then ¢ € @ or ~p € 6. O
Lemma 4.19. For any k € L, Sx—p € O iff Spp € O.

Proof. By Ax. (anoj) we have f,—p € O iff f,o € ©. Also for all X £ &, £y € O
iff £\ p € O; equivalently, by Lem. 4.11(i), m# - fp € O iff =#fyp € O. Thus f, "¢ A
\//\g,ﬂﬁ#fkwp € O iff f,{go/\\//\jéﬁﬁ#f,\go €0, ie., S, e O iff Syp € 6. O
Lemma 4.20. Assume k # T. Sx=¢, T\ 7@ € O iff Jcrsig, ~u=sig, A(Sk®, Ty €
o).

Proof. <=. Assume Syp, T, 0 € O with sig, ~u = sig, \. Then S,—p € O by
Lem. 4.19.

T(N,u,/ﬁ_'gp = /\ _'j_‘(p A /\ _‘#_‘j_'so

j<ory, j<org,

N-]NHSH N]NM%H

— /\ 4+1(p/\ /\ ﬁ#ﬁyﬂcp
Jj<org j<org

~Jt+1 u<K ~J+1 Mf"f

1<j<oryg, 1<j<org,

~Ip<k leui,ﬁ

=( A Fer A ee)aw
1<j<ory, 1<j<org,
~I psk ~ pgr

where

a# =L if O LR,
Recall that ~°"% g = ~f2 1 and that cfy, < org. Also, by Ax. (anny),
(3) Ly c@ iff -ty eo,

since ~# f1 p € O because S, € © and T £ £ by assumption.

If ~°fz 1y < K, then ¢ = ="y and =L is a conjunct of Turyp- Thus —“fLy € © and
hence also ¢ € © by (3). If ~cfL gy £ K, then 1) = = # "Ly and — #—°Lp is a conjunct
of Ty, .- Thus —# -y € O and hence =Ly ¢ O. So =L ¢ O by (3), and hence
=—#="Lp € 6. We conclude that T (., .y —¢ € O. Finally, we get T, ,y7p € O by
Lem. 4.14.

=. Assume S;—p, T() 7 € O. Then Syp € O by Lem. 4.19. Thus, by Lem. 4.14,
Tiryp € O for at least one p € L. By the first part of the proof T, .,—¢ € ©, and by
Lem. 4.14 again ~ p and X\ have the same signature. ]

Lemma 4.21. (i) ST, ~@, == € O iff ST, ¢, ~p € O.
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(ii) ST, " € O and ~—p ¢ O iff STp € O, p ¢ O, and —p € O.

(iii) ST €O, =p & O, and =~ € O iff STp, p € O and —p ¢ O.
Proof. By Lem. 4.19, St—¢, ¢ € O iff Stp, ¢ € 6. Thus (i) and (ii) follow from
Ax. (#3). Again by Lem. 4.19, St—p € © and —¢ ¢ O iff St € © and —¢ ¢ O. Thus (iii)
also follows from Ax. (#3). O

Lemma 4.22. For all k, p € L, Scf, 0 € O iff Scp € 6.

Proof. Sy fup = fufue A /\)\ﬁﬂ—'#b\f“cp. By Ax. (L) we have f.f, o € O iff f,o € ©
By the same axiom, fyf, o ¢ O iff frp € O, ie., 7%\ f, 0o € O iff ~#f\p € O, for every
A€ L. SoS.f,pecO ifff,itp/\/\)\ﬁn—'#b\we O, i.e., iff S,p € 6. O
Lemma 4.23. For every p € L, if Sf, 0 € O and k # T, then Ty, .y £, p € O.

Proof. Assume S, f, ¢ € © and k # T. Then S,p € © by Lem. 4.22, and by Ax. (anng)
and Lem. 4.13

~Mpu<k if fu,p€0 iff fpe0.
Thus ~/ p £k iff =7 £, ¢ O iff ~#—If,p € O by Lem 4.11(i). Thus

Tl fup = /\ ~ 0 A /\ 4%~ f,p€O.

j<org, J<org,
~ u<k ~J Mf“

As an immediate consequence of these last two lemmas we have.
Corollary 4.24. If k # T, then Sy £, p, Ty . £ 0 € O iff Spp € 6. O
Lemma 4.25. For every p € L, Stf, ¢, fup, ~fup €O iff Stp € 6.

Proof. The implication from left to right follows immediately from Lem. 4.22. For the
reverse implication assume Sty € ©. Then St f, ¢ € © by Lem. 4.22 again, and f, ¢ € ©
for every p € L by Lem. 4.13. In particular, f., ¢ € © for every p € L. Thus —f, o € O
by Ax. (anng) with j = 1. O
Lemma 4.26. (i) St#peO.

(i) #p €O iff ~#p ¢ 6.
Proof. St# ¢ € © by Ax. (#1). #¢ € O iff ¢ ¢ O (by Lem. 4.11(1)) iff #p ¢ O (by
Lem. 4.7(1)). O
Lemma 4.27. Let x € {—, A, V}.

(i) St(pxy) €O.

(ii) px1 € O iff ~(p*1p) ¢ 6.
Proof. (i): Immediate by Axs. (#4)(#¢). (ii). By Lem. 4.7(i), ¢ x ¢ € O iff #(px 1)) € O.
And by Axs. (#2),(#7)—(#9) and part (i), =(e*) € O iff # —(p*1) € O. The equivalences
of (ii) now follow directly from Lem. 4.26(ii). O

We now apply the previous lemmas to prove the main lemma used in the proof of the
completeness of S(L).
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Lemma 4.28. Let © be a mazimal Boolean consistent set of formulas. Assume u: Va —
M* such that, for each p € Va,

[N\ &)] if Sep, Tpamp € 6,

T if Stp, p,~p € O,

1 if Stp,pe®,p¢o,

0 if StTpeO,pd O, peb.

up =

Then, fm“ every ¢ € Fmy(r),

() [< >L withﬁ#—r lﬁ SH@; T(x\,/{>90€97
(ii) uw T iff Ste, ¢, =9 €6,

(il) w'o =1 iff Stp, €O, ~p &0,

(iv) u* o =0 iff STp €O, p¢ O, ~pcb.

Proof. The proof is by induction on the structure of ¢. The conclusions (i)—(iv) hold by
hypothesis if ¢ is a propositional variable.

="
(i) u*ap = [(Av ’{>] iff EI,uEL,sigk ~ p=sigy, A(U*¢ = <:U” H>)
iff 3uersigy, ~ u=sig, A (Sk¥, Ty € @), by ind. hyp.
it Sp—, Ty €6, by Lem. 4.20
iff Sk, T<)\7H>90 €06.

(ii) we=T if w¢=T
ifft Stv, ¥, ¢ €O, by ind. hyp.
iff St—, "p, =p € @, by Lem. 4.21(i)
iff ST, @, Tp e O.

(iii) uwep=1 iff u'p =0
iff St e€eO,¢¢6, and ¢ 6O, by ind. hyp.
iff ST, mp € O, and =) ¢ O, by Lem. 4.21(ii)
iff Sty,p €6 and —p ¢ O.

(iv) uwp=0 iff uwyY=1
iff STy, € O and ) ¢ O, by ind. hyp.
iff Stped, )¢ O, and - € O, by Lem. 4.21(iii)
iff StpeB, ¢ O, and —p € 6.
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o =1,

(i) u o =[(\, k)] with kK # T
iff sig, A =sig, p and 3pern (v Y = [(v, K)]), by Lem. 3.7
iff sig, A = sig, p and 3,1 (Sk¥), Ty )Y € @), by ind. hyp.
ift sig,. A =sig, p and Sy € O, by Lem. 4.14
iff sig, A =sig, pand Sk £, ¢, Ty 0 £ €6, by Lem. 4.24
it Sefu, Toe fu €6, by Lem. 3.7.

(ii) uwe=T iff w*ye{0,1,T}

iff Sty €O, by ind. hyp. and Cor. 4.18

i ST, £, 0, £, €O, by Lem. 4.25
it Ste, 0,7 €6.
u*p never equals 0 or 1, and by Lem. 4.25 St € @ implies ¢, 7p € 6. So the equivalences
(iii) and (iv) hold vacuously in this case.

For x € {—,A,V} we have u*(p x¥) # [(A\, k)] for all (\,k) € L x (L\{T}), and
Sk(p*1) ¢ O for all kK # T by Axs. (#4)—(#6) and Lem. 4.12. Thus the equivalence (i)
holds vacuously.

Again for x € {—,A,V} we have u*(p x 1)) # T and —(p x ) € O iff px1) ¢ O by
Axs. (#2),(#4)—(#9). Thus the equivalence (ii) also vacuously holds.

In order to verify the equivalences (iii) and (iv) we first show that, for every formula
such that the equivalences (i)—(iv) hold,

(2) uwgyp=1 iff o and uwap=0 iff ¢ ¢6.

gy =1 iff FocrIrcu(w Y =(\K))oru =T oru"y =1

iff Eln<T3/\§/<(Snwv T(A,I{>¢ € 9) or ST%% A O or Sva 1/} € 87 ﬂﬁ ¢ G
by hypothesis

iff EIR<T(SI€¢’1;Z) € @) or Sva¢a _'77[} €O or ST¢aw € @a _‘¢ ¢ &)

by Lem. 4.15
ift ¢ eo.
This gives the first part of (2); The second part follows from the first and the fact that

u*#1 €{0,1}.
We now return to the verification of (iii) and (iv) in the cases ¢ = xp with x € {—, A, V}.



=19 —7.
up=1

iff
iff
iff
iff
iff

=19 AU
uo=1

(iv) u*p =0

=19V
u'o=1
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iff w#y=0o0ru"#9=1
iff ¢ 6 andeoO, by (2) and the ind. hyp.
ifft v —9€0, by Lem. 4.11(ii)

iff St(p—0),h >0, ~(h—9) ¢ O, byLem. 4.27
iff ST907<)0€97 _‘90¢8

w#Yp=1and u*#9=0
€O and U ¢ O, by (2) and the ind. hyp.
v —19 ¢ 06, by Lem. 4.11(ii)

St —09)eO, v -9 ¢ 0O, =(v—139) €6, byLem. 4.27
Stp €0, 90¢87 —p € 6.

iff vw'#y=landu*#9=1
iff €6 and 9 €O, by (2) and the ind. hyp.
iff YADEO, by Lem. 4.7(i)

iff ST(WAY),WAYEO, =(pAVY) ¢ O, by Lem. 4.27
iff Stp,peB, ~p¢o.

iff w#Y=0o0ru"#9=0

iff v¢Oordd¢o, by (2) and the ind. hyp.
iff YAD¢O, by Lem. 4.7(ii)

iff ST(pAY) €O, YNNI EO, ~(1p NJ) €O, by Lem. 4.27

ifft StpeB, pg O, 7peBb.

iff wgyp=1loru"#9=1
iff YeBorvyed, by (2) and the ind. hyp.
iff YVvIeoO, by Lem. 4.11(iii)

iff ST(pVI),YyVIeO, =(p Vi) ¢O, byLem. 4.27
iff Stp,p €0, np¢go.
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(iv) w'o=0 iff v'#yp=0andu"#9=0
iff ¢ 6 and¢oO, by (2) and the ind. hyp.
iff YV e, by Lem. 4.11(iii)
iff St(yVvI)eO, Y VI¢O, 2(pVI)eO, byLem. 427
iff StpeB, pg O, 7peco.
p=#Y.

u*#1 € {0,1} while ST#¢ € O and #¢ € O iff =y ¢ O by Lem. 4.26. So the
equivalences (i) and (ii) hold vacuously.

(iii) uwp=1 iff ¢ €O, by (2)
iff #¢ €0, by Lem. 4.7(i)
iff St#,#¢9 €O, a#1 ¢ 6O, by Lem. 4.26
iff Stp,peB, 7p ¢ 6.

(iv) u'p=0 iff ¢ ¢0, by (2)
iff #¢ ¢ 0, by Lem. 4.7(i)
ifft St#vY, #19 ¢ 6, ~#1 €6, by Lem. 4.26
iff Stpe®, pd O, npecob.
U

Corollary 4.29. Let © be a mazimal, Boolean consistent set of formulas. Assume u: Va —
M* as in the hypothesis of the lemma. Then, for all ¢ € Fm L), we have u*¢ € D* iff
p€OB.

Proof. =>. Suppose u*1p) € D*. Then u* = [(\, k)], with A < k < T or u*¢ = T, or
uwo = 1. If u*p = [(\, k)], with A <k < T, then Sip, Ty )9 € O by the lemma. Thus
p € O by Lem. 4.15. If u*p =T, then Stp, ¢, = € @, again by the lemma,; in particular,
¢ € O. Finally, if u*¢ = 1, then by the lemma Stp, ¢ € O, =p ¢ O; in particular ¢ € 6.
<. Suppose ¢ € @. Then by Lem. 4.17 exactly one of the following conditions holds.
e Su, T €O with A<k <T.
® STy, v, 7p € 06O.
e STp,pEBO, ¢ O.
Thus by the lemma, u*p = (A, k), with A <k < T, u*o =T, oru*p = 1, ie.,u*p € D*. O

Lemma 4.30. Assume I V/sry p. Then there exists a u: Va — M* such that u*¢ € D*
for every ¥ € I' and u*¢ ¢ D*.
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Proof. I' U {—# ¢} is Boolean consistent by Lem. 4.10. Let © be a maximal Boolean
consistent set of formulas that includes I" U {=# ¢}; such a © exists by Zorn’s lemma.
Since O is consistent, ¢ ¢ @. Let u: Va — M™* be defined as follows for every p € Va.

[<)" K)] if Sp, T()\,n)p €0, withk # T,
if STpapa p e 87
if STp,p € ® and —p ¢ O,
if Stpe @, p¢ O, and —p € 6.
u* is well defined by Lems. 4.14 and 4.17. By Cor. 4.29 we have that, for all ¥ € Fm ),
w9 € D* iff ¥ € ©. Thus u*y € D* for all ¢p € I', and u*p ¢ D*. O

Theorem 4.31 (Completeness of S(L)). For any I' U {¢} C Fm g,

up =

(=l

Fl—pM(L) ¢ implies I'tgry ¢.
Proof. Assume I |7(S(L) . By Lem. 4.30 I VPM(L) ®. O

4.1. The equivalent quasivariety of P, ). In this section we show that, under the
assumption L is finite, the equivalent quasivariety of Pyr) is generated by M *(L) and
obtain an axiomatization for it. For the rest of the section we assume L is finite, unless
explicitly indicated otherwise.

We begin by reviewing some results from abstract algebraic logic that we shall need; in
particular, we apply a general result from abstract algebraic logic to obtain an intermediate
characterization of the equivalent quasivariety in terms of matrix models of P (g

JFrom the completeness and soundness theorems of the previous section we have that
P () and S(L) coincide in the sense that Fp,, = Fsr).-

Let A be an arbitrary algebra (of the same language type as M (L)). A subset F' of
the universe A if A is a P)-filter if it is closed under FP vz, In the sense that, if
D0y - -5 Pr—1 }—pM(L) 1, then, for every h: Fm ) — A such that hpg,...,hpn_1 € F,
we have hy € F. Equivalently, F' contains the h-image of every axiom of P ) and,
if ho,h(p — 1) € F, then hy € F. The Leibniz congruence of F, in symbols Q4 F,
is the largest congruence on A compatible with F' in the sense that, if a € F and a = b
(mod 24 F), then b € F.

Lemma 4.32. Let A and B be algebras and h: A — B a surjective homomorphism. Let F
be a P rqr)-filter of B. Then h=Y(F) is a Py (r)-filter of A and 24 LY F)=h"1(QpF).

Proof. It is straightforward to check that h™'(F) is a P qp)-filter of A and that h~(Qp F)
is a congruence on A that is compatible with A= (F). Hence h=1(Qp F) C Q4 h~1(F). For
the inclusion in the other direction, note that the relation-kernel h=!(Idg) of h is compatible
with A~!(F) and hence is included in Q24 h™!(F). So h(£24 h~(F)) is a congruence on B,
since h is surjective, and it is easy to check that it is compatible with F'. So h(QA h1 (F)) C
Qp(F), and then Qa h™ 1 (F) = h 'h(Qah™ ! (F)) C b1 (QB(F)). a
Lemma 4.33. Let A be an algebra. If a congruence relation o of A is compatible with a
Par)-filter F' of A, then it is compatible with every P qr)-filter of A that includes F.
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Proof. Let a be a congruence compatible with F' and G a P g)-filter that includes F'.
Let a,b € A and assume a = b (mod ) and @ € G. Then a -4 a =a —4b (mod ) and
a—Aa€F. Soa—Abe F C G by compatibility. Together with the assumption a € G
this implies that b € G. So « is compatible with G. O

In the terminology of abstract algebraic logic this lemma says that P,z is protoalge-
braic.

A (matriz) model of Py is a pair (A, F)) where A is any algebra and F' is a Py (r)-
filter of A. The model (A, F) is reduced if Q4 F = Idy, the identity relation on A.
The class of all models of Py is denoted by Mod P vy and the class of all reduced
models by Mod* P ). AlgMod™ Pz is the class of underlying algebras of all reduced
models of Ppyg). Thus A € AlgMod™ P g iff there exists a Py g)-filter of A such
that Q24 F = Id4. As a consequence of the finite algebraizability of P ) we have that
AlgMod* P rqr) is a quasivariety and in fact the equivalent quasivariety of Py ([4,
Corollary 5.3]).

For any class K of algebras, SK and P K denote the classes of all algebras isomorphic
respectively to a subalgebra of a member of K and a direct product of a system of members
of K.

Lemma 4.34. Assume L is a finite annotation lattice. For every mazimum, Boolean
consistent theory © of Py, Fmpqr)/ Qrm,, © € S{M™ (L)}

Proof. Let © be a maximal, Boolean consistent set of formulas. Assume u: Va — M™* as in
the hypothesis of the Lem. 4.28. Then, by Cor. 4.29, u* is a homomorphism from Fm )

into M*(L) such that v*~}(D*) = ©. Then by Lem. 4.32,
QFmM(L) e = QFmM(L) u*—l(D*) — U*_l(QM*(L) D*) — u*fl(IdM*(L)),

is isomorphic to a subalgebra of M (L).
U

the relation kernel of u*. Thus Fm )/ QFm 1)

In the following theorem we prove that M*(L) generates the equivalent quasivariety of
Theorem 4.35. Assume L is a finite annotation lattice. Then
AlgMod" P vy = SP{M™*(L)}.

Proof. The inclusion from right-to-left is straightforward. To prove the inclusion in the
opposite direction consider any A € Mod* P (). Then there is a P y(g)-filter F' of A such
that Q4 F = Id4. Let a be any infinite cardinal such that A has a set of generators of
cardinality less than or equal to «, and let Fm‘/’(/l( L) be the algebra of formulas over a set of
« propositional variable symbols. Let h: Fm‘j‘w( L)~ A be a surjective homomorphism, and
let © = h~1(F);Oisa P q(r)-theory. Moreover, by Lem. 4.32, meaM(L> O=h"YQaF)=
h=t(Id4), the relation-kernel of h, and hence Fm?\A(L)/QFmL(L) = A Let{®;:iel}
be the set of all maximal Boolean consistent P (r)-theories on me‘w( L that include 6.
Then © = (,.; ®;.- We claim that

QFm?‘\A(L) ﬂ@' = ﬂQFm‘j‘W(L) ;.
icl iel

icl
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The inclusion from left to right follows from Lem. 4.33, and the opposite inclusion from the

definition of the Leibniz congruence. We conclude from this that Fm?‘w( L) / QFm%(L) O,

and hence A, is isomorphic to a subdirect product of the algebras Fm%[( L) / QFm?A(L) D,

for ¢ € I. Consequently, A is isomorphic to a subdirect product of subalgebras of M*(L)
by Lem. 4.34. O

The axiomatization of P ) gives rise automatically to the following axiomatization of
the quasivariety generated by M™*(L) (see [4, Theorem 2.17] and [6, Theorem 1.13]): the
identities

¢ ~ 1 for each axiom ¢ of P )
and the two quasi-identities

#r~1&#(rx—y)=#y~1 and /\ #0(zy)=l=>x~y.
5(z,y)eA(z,y)

The two quasivarieties cannot be replaced by identities, that is to say, S P{M™*(L)} is not
a variety. To see this observe that the equivalence relation that identifies 0 and 1, and
no other distinct pairs of elements of M*(L), is a congruence whose associated quotient
algebra in not a member of SP{M™* (L)}, so SP{M™*(L)} is not closed under homomorphic
images.

Combining Theorems 4.35 and 3.6 with (2) we get the desired simulation of p, in
Farep): for all Ao,..., Ap—1, B € Fmyp,

AQ,... ,An_1 |_PL B iff #t(AQ) ~ 1,. . .,#t(An_l) ~1 ':M*(L) #t(B) ~ 1.
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