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We study the algebraizability of the logics constructed using literal-paraconsistent and literal-paracomplete
matrices described by Lewin and Mikenberg in [11], proving that they are all algebraizable in the sense of Blok
and Pigozzi in [3] but not finitely algebraizable. A characterization of the finitely algebraizable logics defined
by LPP-matrices is given.

We also make an algebraic study of the equivalent algebraic semantics of the logics associated to the matri-
ces M%,g, ngl, ./\/l‘i’yl, M?,:g, and M* appearing in [11] proving that they are not varieties and finding the
free algebra over one generator.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction and preliminaries

Literal paraconsistent-paracomplete matrices, or LPP-matrices, were introduced in [11] in an attempt to give a
meaningful semantics, via the classic method of matrices, to a large family of paraconsistent and paracomplete
logics. The main characteristic of these logics is that paraconsistency and/or paracompleteness occurs only in the
most elementary levels, that of propositional letters and their (iterated) negations, called literals, but more com-
plex formulas behave classically with respect to negations. The idea behind these matrix semantics arose in [13]
and [4]. Needless to say many of these logics have appeared in the literature under different names and formali-
zations.

In Section 2 we give a summary about LPP-matrices and the logics defined by classes of LPP-matrices.

In Section 3 we prove that any logic which is defined by a set of these matrices is algebraizable in the sense of
Czelakowski [6] and Herrmann [8, 9] but that, in general, they are not finitely algebraizable in the sense of Blok
and Pigozzi in [2] and [3]. We then give a characterization of the logics that are finitely algebraizable (or alge-
braizable in the latter sense). For a thorough study of the differences and relations between these two approaches,
the reader is advised to consult [6], where broad references to these topics can also be found.

Finally, in Section 4, we study the classes of algebras that arise in the process of algebraization of logics
defined by single matrices M3 5, M3 |, M3 |, M3 5, and M* appearing in [11]. All these are well known, most
notably M;”Q defines Sette’s logic P'. The algebraic counterpart of this logic was studied in [12] as P!-algebras
and later in [16] under the name of Sette algebras. In this section we will carry out a study similar to that of [12]
for the logics defined by the other four matrices.

Except for the proofs of the background on LPP-matrices, the paper is self contained. Nevertheless some con-
cepts, like the negation structure of a matrix, are not explained in detail here. The reader will find them in [11].
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1.1 Matrix logics

An L-matrix is a pair A = (A, F'), where A is an L-algebra and F is a subset of the universe A of A, the ele-
ments of F are called the designated elements of A. A valuation into a matrix A is a function v : Var — A.
A valuation v can be extended recursively to ¥ : Fm — A in the usual way. We will also write o for o(«).

Given a matrix .4, we define the relation F 4 between a set I' of formulas and a formula ¢ as follows: I' F 4 ¢ if
and only if for any valuation v, if ¥ € F forall ¢ € I, then ¢* € F.

For a class M of matrices we define the relation Fyy as follows: I' Fyp ¢ if and only if I F 4 ¢ for all A € M.

Given a deductive system S = (£,Fs) in the usual sense (see for instance [2]), a matrix A is a matrix model
of SifT' ks pimplies ' E 4 . Then F is called an S-filter. We observe that if T is an S-theory, then (Fm, T is
a matrix model of S. These matrices are called Lindenbaum matrices for S, but these are not the kind of matrices
that we will study here.

Let S = (L,Fs) be a deductive system. Then a class of matrices M is said to be a matrix semantics of S if for
allTU{¢} C Fm,T ks pifand only if T Fyy .

On the other hand, it is easy to check that for any class M of matrices, the relation Fy; given above defines a
consequence relation. It is also immediate that if Ml C L, then F, C Fyy.

For more on this topic, consult [6].

1.2 The Leibniz congruence and reduced matrices

We recall an important concept in algebraic logic.
Definition 1.1 [2, Definition 1.4] Let A be an algebra and F' C A. We define the binary relation on A:

QAF = {{a,b) : pA(a,¢) € F & ¢A(b,¢) € F,forall o(p,qi,...,q,) € Fmandallé € A"},

where 4 is the interpretation of the formula o(p,q1, .., qn) in Areplacing the propositional letters p, q1, . . . , qn
by a,ci,...,cy, as usual.

A congruence © on A is called compatible with the subset F of Aif forall a,b € A, ifa € F and (a,b) € O,
then b € F.

Theorem 1.2 [2, Theorem 1.5] Given an algebra A and any F' C A, QA F is the largest congruence on A
compatible with F'.

The congruence 2 o F' is the Leibniz relation on A over F'. The corresponding operator on the power set of A,
denoted €2 4, is called the Leibniz operator on A. If A is the formula algebra of Fm, the Leibniz operator is sim-
ply denoted (2.

The following lemma is a slight generalization given in [13] of [2, Lemma 1.6] and is usually the easiest way
of characterizing €2.

Lemma 1.3 Let A be an algebra and F C A. Let © be a binary relation on A that is definable by a set of for-
mulas over the matrix (A, F') with parameters and without equality.

(1) If © is reflexive, then Q4o F C O.
(ii) If, in addition, © is a congruence on A that is compatible with F, then Qo F = O.

We say that the matrix M is a reduced matrix it Q@ o F = 1d. It is easy to see that

Mla,r = (Alar, Flar,~)

is a reduced matrix.

It is a well known fact (see for instance [6]) that M and M|q , r define the same deductive system, so if
the matrices M and M’ are such that both contain elements with the same negation types, they have the same
reduction, so they give rise to the same deductive system. It is enough then to study reduced matrices.

2 The logics

All concepts in this section were introduced in [11]. The reader is referred to that paper for details and for the
proofs of all theorems mentioned here. A more comprehensive bibliography can be consulted there.
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2.1 Language

Let Fm be the set of formulas built in the usual recursive way from a denumerable set Var = {p1, pa, ...} of
propositional variables and the connectives, A, V, —, and —.

The literals of Fm is the set of all formulas of the form —=*p, where -°p = p and ~*+1p = =(=*p), p € Var.
Formulas that contain a binary connective will be called complex.

We will use letters p, g, 7, etc., as metalinguistic variables for propositional variables, roman capital letters
P, Q, R, etc., as variables for complex formulas, and Greek letters «, /3, 7, etc., as variables for general formulas.

2.2 Literal-paraconsistent-paracomplete matrices

Let Abeasetsuchthat {0,1} C A, F asubsetof Asuchthatl € Fand0 ¢ F,and ~ : P — P afunction such
that ~ 1 = 0 and ~ 0 = 1. We define the literal-paraconsistent-paracomplete matrix, or LPP-matrix, (A, F, ~)
with the following operations:

1 ifae Forbe F,
aVb= )
0 otherwise,

1 ifae Fandbe F,
aNb= .
0 otherwise,

1 ifa¢ Forbe F,
a— b= ]
0 otherwise.

We observe that the LPP-matrix (A, F', ~) is just a matrix in the usual sense of the previous paragraph, where
the algebra over the universe A has three binary operations defined as above and one unary operation ~, which
we want to distinguish because of its relevance in the definition. Observe, too, that the name “literal-paraconsis-
tent-paracomplete” is slightly misleading since not all these matrices are both paraconsistent and paracomplete.
An LPP-matrix is paraconsistent if for some a € A both a € F and ~ a € F; it is paracomplete if both a ¢ F
and ~ a ¢ F. As amatter of fact, the matrix ({1,0}, {1}, ~), where ~ 0 = 1 and ~ 1 = 0, defines classical logic
and is neither paraconsistent nor paracomplete. As an example, the matrices I™ P* introduced in [7] are LPP-ma-
trices.

2.3 Axiomatization of LPPL

The following is a sound and complete deductive system for the logic defined by the class of all LPP-matri-
ces (A, F, ~), with no conditions on A, F', or ~. This system will be called literal-paraconsistent-paracomplete
logic, or LPPL.
Define the deductive system LPPL with Modus Ponens (MP) as its only rule and the following axioms:

(Al) a — (8 — «).

(A2) (a = (B —=7)) = (@ = P) = (@ = 7).

(A3) (aAfB) — a.

(A4) (a A ) — 3.

(A5) (@ = ) = ((a = 7) = (@ = (BA7)))

(A6) a — (a V).

(A7) B — (aVp).

(A8) (@ =) = ((6 =) = ((aVB) =)

(A9) Axiom for negation: (=P — —@Q) — (Q — P), where P and () are complex formulas.

We observe that this system was proposed by Puga and da Costa in [15] as an axiomatization of an imaginary
logic of Vasiliev. The matrix proposed in that paper (denoted M) is not an LPP-matrix.

Theorem 2.1 (Deduction theorem) The following holds in LPPL: If T, o FippL 9, then T 1 ppL ¢ — 1.

www.mlg-journal.org © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Theorem 2.2 Let ¢(p1,pa, .- ., pn) be a classical tautology. Then
1. FrppL w(A1, Aa, ..., Ay), for complex formulas Ay, As, ..., Ay,

2. if  does not contain negations, then Fipp. (a1, Qa, ..., Qy), for formulas ay, as, ..., an (which may
include negations).

2.4 Completeness
Definition 2.3
1. A set X of formulas is non-trivial if there exists a formula that is not deducible from X.

2. A set of formulas ¥ is satisfiable if there exists a valuation v into an LPP-matrix (P, F', ~) such that ¥ € F
forallo € 3.

Theorem 2.4 If ¥ is a non-trivial set of formulas, then it is satisfiable.
Theorem 2.5 If for any LPP-matrix M, I Exq @, then T FppL .

2.5 Negation structures and the Leibniz congruence

We will characterize the Leibniz operator in the context of LPP-matrices.
Let M = (A, F, ~) be an LPP-matrix. The negation structure of M is a function

nstrpg : A — {0, 1}

such that nstrr(a)(k) = 1if and only if ~* @ € F.

The negation type of a € A is the sequence nstr ¢ (a). If M is finite, then each negation type is eventually pe-
riodic, one can think of it as a finite sequence of 0’s and 1’s. For more details about these concepts see [11], par-
ticularly Section 7.

Theorem 2.6 (a,b) € QaF if and only if nstr g (a) = nstraq(b).

Remark 2.7 Notice that in a reduced LPP-matrix there is a single element for each negation type present

inM = (A, F,~).

3 Algebraization

In this section we will study the algebraizability of the deductive system LPPL and various other deductive
systems defined by sets of LPP-matrices. The theoretical framework is that of the extensions of Blok and Pigozzi’s
theory, presented in [2] and later in [3], to broader classes of systems developed by, among others, J. Czelakowski
in [6] and B. Herrmann in [8, 9].

Theorem 3.1 The deductive system LPPL is algebraizable.

Proof. For formulas ¢, let 6(p) =~ £(p), where d(¢) = ¢ A ¢ and £(¢) = ¢ — ¢, be the defining equa-
tion and let

@0 Ag1p = 1P, OApth ==Fp - =Fp  fork > 1.
We must show that §, €, and A satisfy conditions of [2, Theorem 4.7], but without the finiteness of A as suggested
in [9].
1. FLppL @ A ¢ holds by Theorem 2.2.
2. o A FLppL ¥ A o holds by the definition of A.
3. o A, A€ FppL ¢ A€ holds by Theorem 2.2.
4. We must prove:
(@) ¢ A FLppL —p A —p. This holds by the definition of A.
(b) ©1 A1, 02 Abs FrppL (91 * p2) A(11 * 1s), Where * is any binary connective.

i 1 Ag b1, 02 Ag the FrppL (91 % ©2) Ao(th1 *1)2) holds by Theorem 2.2 since these are tautological
consequences that do not involve negations.
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ii. Also, since (1 * o) and (1 * 13) are complex formulas, by Theorem 2.2, negations behave clas-
sically in LPPL, so we get (1 * p2) Ao (11 % a) FrppL (1 % p2) Ak (11 x 2), for k > 1.

5. We must prove ¢ —1ppL 6(0) Ae(p), i.e. ¢ d-LppL (0 A @) A(p — ¢). We first prove that this holds
for Ag.

From right to left, (¢ A ¢) Ag( — ¢) FLppL @ is obvious since ¢ — ¢ is a theorem of LPPL, so by MP we
get (p A ). Also, ((¢ A ¢) — ) is an axiom of LPPL, so by MP we get .

From left to right we must prove ¢ FippL (0 A @) Aol — ©).

Since (p — () is a theorem, ¢ 1 ppL (9 A @) — (¢ — ¢) holds by axiom (A1) and MP.

On the other hand, ¢ Fpp. ¢ A by (A5) and MP, so by (A1) and MP, ¢ FippL (¢ — @) — (@ A p).

Finally, for k > 1, (¢ A @) Ag(¢ — ¢) FrppL (0 A @) Ag(e — ), as both (¢ A ¢) and (¢ — ) are com-
plex formulas, and thus ¢ FippL (0 A @) Ak — ©). O

Corollary 3.2 Let M be a set of LPP-matrices and let Sy be the deductive system defined by M. Then Sy is
algebraizable.

Proof. If ¥ i ppL ¢, then 3 k1 ¢, so the same defining equations and equivalence formulas used for LPPL
will work for Sy. O

The previous theorem and corollary prove that all deductive systems defined by a class of matrices are alge-
braizable but we do not know if they are finitely algebraizable. The next theorem gives us necessary and sufficient
conditions for this to happen. We need two lemmas first.

Lemma 3.3 Let T be a theory in LPPL and define © = {(p,¢) : ¢ Aty CT}. Then QT = ©.

Proof. By the proof of Theorem 3.1, © is a congruence in the formula algebra.

It is obvious that © is compatible with T, for if ¢ € T and (p, ) € O, then ¢ At C T, so in particular,
@ <> 1 € T and by Modus Ponens, ¢ € T'.

Finally, since © is reflexive and defined by a set of formulas, by Lemma 1.3, Q7T = O. O

Lemma 3.4 Let M be a reduced LPP-matrix with an unbounded negation structure. Then
{=Fp = =Fq : k< n} ¥y (2"p o ).

Proof. Let M be a reduced LPP-matrix with an unbounded negation structure, that is, for every m € N
there is an element @ € A such that the non-periodic part of nstr(a), the negation type of a, is longer than m.
Intuitively this means that the chain of negations a, ~ a, ~~ a, ...,~* a, ... has length greater than m. Observe
that this does not mean that a single element has a negation type of infinite length, but certainly it includes that
case.

Recall that a finite partial negation type is a sequence t = (to,...,t,—1) of 0’s and 1’s (see [11]). A finite
partial negation type is realized in the matrix M if and only if there exists a € A such that ~* ¢ € F if and only

if £, = 1. The number of finite partial negation types of length n is 2.

In a chain a,~ a,~~ a,...,~™"! a, with n < m, there are m — n partial negation types of length n that
are realized, namely, those of a,~ a,~~ a,...,~™ " ! a. Soif m —n > 2", some partial negation type of
length n will be realized at least twice in the chain a,~ a,~~ a,...,~""! a. This means that there are two

elements b and ¢ € A such that nstra(b)(k) = t, = nstraq(c)(k), for 0 < k < n. Moreover, we can take the
first pair of elements b and ¢ such that nstr g (b)(n) # nstraq(c)(n), for if these do not exist, b and ¢ would have
the same negation types contradicting the fact that M is reduced.

All this implies that {=Fp < =*q : k < n} is satisfied in M interpreting p and q as b and ¢, respectively.
On the other hand, it implies that —="*p < —"¢ is not satisfied by b and c, so

{ﬁk‘.p — ﬁkq k< ’I’L} J"M (ﬁnp — ﬁnq)_ O

Remark 3.5 Observe that for a fixed n the previous lemma remains true if instead of “unbounded” we ask
that the negation structure of M contains a chain of length greater than 2" + n.

The following theorem gives necessary conditions for a logic defined by a class of LPP-matrices to be finitely
algebraizable.
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Theorem 3.6 Let M be a set of LPP-matrices and let Sy be the deductive system defined by M. Then Sy is
finitely algebraizable if and only if the class M* of all reduced matrices in M is a finite set of finite LPP-matrices.

Proof. We begin by observing that the condition on the set M* of reduced LPP-matrices is equivalent to the
existence of an NV such that for every M € M and every a € A the negation type of a is eventually periodic and
the length T of the longest chain and the length P of the largest period are such that 7'+ P < N.

To prove the theorem from right to left, observe that if NV is a bound for all negation structures of the matrices
in M and n > N, then

{(=Fp o P k< N} by (M & =MY),

s0 p Ag Y, p A1, ..., An 1 generates all equivalence formulas in Theorem 3.1, so Sy is finitely algebraiz-
able.

Assume now that there is no bound to the negation structures of the matrices in M. Let n € N. Then there is
a reduced matrix M € M whose negation structure is as large as we need. In our case, it should be large enough
so that Lemma 3.4 holds.

For eachn € Nlet T, = Cn{—=Fp < =*q : k <n},and let T = Unen Tn- It is immediate that p Aq C T,
and thus by Lemma 3.3, (p, ¢) € QT.

Assume on the other hand that (p, ¢) € |,y ©27. Then for some m € N, (p, q) € QT),,, or what is the same,
p A q C T,,. This is clearly impossible by Lemma 3.4.

Since 2 does not preserve directed sets of theories, by [2, Theorem 4.2], Sy is not finitely algebraizable. [

Corollary 3.7 LPPL is not finitely algebraizable

Corollary 3.8 There is an LPP-matrix M such that the associated deductive system Sq is not finitely alge-
braizable.

Proof. Let M be a reduced matrix with a single infinite non-periodic, non-Boolean negation orbit such
that S is maximal. By [11, Theorem 26], any finite negation type s = (s, . .., S, ) that is realized in M is real-
ized infinitely many times. Nevertheless, there must exist two elements a and b that realize this type but they differ
in the next value of the type, otherwise these elements would have the same negation type and the matrix would
not be reduced. All this implies that {=*p < =Fq : k < n} ¥ (2"p < —"q).

The proof now proceeds as that of Theorem 3.6 using this result instead of Lemma 3.4. U

4 The systems 81’1, 81’3, 82,1, 82,2, and 84

In [11], the authors study carefully four systems defined by single matrices which are minimal in some sense.
Most of them have appeared in the literature under various names and formalizations.

In this section we will present the deductive systems S1.1, S2,1, S1,3, S22, and S 4 with their axiomatization
and the corresponding (weak) completeness theorems. The algebraizability of these systems was proven directly
in [10].

4.1 Three element matrices

There are three possible functions ~, namely, either ~; % = % or ~voy % =1or ~3 % = 0. Likewise, there are

two possible filters, namely, Fy = {1} and F;, = {1, 5 }. Of the six combinations only four of them are reduced:
M?,l :<{07%71}7F17N1>7 M§73:<{07%71}7F17N3>7
Mg,l :<{07%71}’7F2a'\’1>7 M%Q :<{O7%71}7F2,N2>'

The first two matrices are the smallest LPP-matrices that are paracomplete (but not paraconsistent); the second
two are the smallest LPP-matrices that are paraconsistent (but not paracomplete.)

4.1.1 Mil = <{O, %a l}a Iy, N1>
The following is an axiomatization for the logic &1 ; defined by this matrix. This system appears in [14] under
the name 72.

© 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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Welet a®* = a VvV —a.
(A1,1.1) The axioms of LPPL.
(A11.2) a® — ((a = B) = ((a = =) = ~a)).
(A1,1.3) B <= —p.
Modus Ponens is the only rule of inference.
Theorem 4.1 [11, Theorem 10] Let o be an Mi’,l-tautology. Thenin &1, F a.

4.1.2 Mi3 = <{0, %a 1}’ Fy, N3>

The following is an axiomatization for the logic S; 3 defined by this matrix. This system appears as I' in [7] and
in [14]. It was introduced in [18].
(A1,3.1) The axioms of LPPL.
(A132) a® = ((a@ = ) = ((a = =f) = —a)).
(A1)3.3) (ﬁOé)..
Modus Ponens is the only rule of inference.
Theorem 4.2 [11, Theorem 13] Let o be an Mi’,g-tautology. Then in S13, F a.
413 M3, = ({0, 3,1}, F2,~1)
The following is an axiomatization for the logic S ; defined by this matrix. This system appears in [5] and [14]
under the name P;.
We let a® = —(a A —a).
(Ag,1.1) The axioms of LPPL.
(A212) ° = ((a = ) = (@ — ~B) — —a)).
(A2’1.3) Q <~ Q.
Modus Ponens is the only rule of inference.
Theorem 4.3 [11, Theorem 16] Let o be an M%yl-tautology. Then in Sa.1, = o

414 M3, = ({0,5,1}, Fo,~2)

v 929

We will give an axiomatization for the system Sy > that is appropriate in our context. This system is Sette’s lo-
gic P!, see [17]. It appears in [5] as system P11 and in [7] as P'. See also [12] and [16].

(Ag,2.1) The axioms of LPPL.

(A22.2) 8° = ((a = ) — ((a@ = =) — —a)).

(Az2.3) (ma)°.
Modus Ponens is the only rule of inference.

Theorem 4.4 [11, Theorem 19] Let o be an Mg’g-tautology. Then in Sz 2, - o

4.2 A four element matrix

The matrix M* = ({0, L, T, 1}, F,~), where =T = T, =L = L, and F denotes the filter {1, T}, is the smallest
LPP-matrix that is both paraconsistent and paracomplete.
We define the system S* as follows.

(A4.1) The axioms of LPPL.
(As2) (a* A B°) = ((a@ = B) = ((a = =f) — ~a)).
(A4.3) a «— —a.
Modus Ponens is the only rule of inference.
Theorem 4.5 [11, Theorem 22] Let o be an M?*-tautology. Then in 8%, - o
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5 Algebraic properties

In this section we study two properties of the equivalent quasi-variety semantics of the deductive systems S; 1,
8271, 8173, 8272, and 84.

From now on we will use M:{’,l, Mg,l, M:i?,, M;Q, and M* for the algebraic reducts of the matrices ./\/l‘il,
M3, M3 5, M3 5, and M?, respectively.

The equivalent quasi-variety of each system is generated by the algebraic reduct of the corresponding LPP-ma-
trix. An algebra in the quasi-variety generated by M will be called an M -algebra.

If M is M?)l, M;’yl, M3 ,, or M*, the quasi-variety generated by M is ISPP,{M} = ISP{My}, because
any ultrapower of a single finite algebra is isomorphic to that algebra. So any M -algebra is a subalgebra of a
direct product of the corresponding generating algebra M. This has some consequences.

5.1 Free algebras

We will construct the corresponding free algebras over one generator for these quasi-varieties.

Remark 5.1 Let A be an M -algebra. If A is isomorphic to a subalgebra of a power M T of M, we will call
Boolean element the elements a € A such that for all ¢ € T either a() = 0 or a(i) = 1. We will denote by B1(A)
the set of all Boolean elements of the algebra A. It is easy to see that a € BI(A) if and only if a A @ = a and also
that for every a € A, a A a € B1(A).

Lemma 5.2 Let A and B be M -algebras and f : A — B. Then [ is a homomorphism if and only if f ve-
rifies the following conditions:

1. f restricted to B1(A) is a homomorphism between BI(A) and Bl(B).

2. a ¢ BI(A) implies f(~ a) =~ f(a).

3. a ¢ BI(A) implies f(a Na) = f(a) A f(a).

Proof.

(=) If f is a homomorphism, it is easy to see that f verifies the second and third items of this lemma. For the
first one we have that if x € B1(A), then A z = x, hence we have f(z) = f(x A x) = f(z) A f(z) and there-
fore f(z) € BI(B).

(<) For elements a,b € A we have to prove that f(a * b) = f(a) * f(b), where * is a binary connective (be-
cause f(~ a) = ~ f(a) is true by hypothesis). Since a * b is a complex formula, by an easy calculation we see
thataxb= (a Aa)* (bAD),so

flaxb) = f((ana)x(bAD))

= flana)x f(bAD) (since x Az € BI(A))
= (f(a) A f(a)) = (f(b) A f(b)) (by hypothesis)
= f(a)* f(b). O

Let b be an element of an M -algebra B. Since B is isomorphic to a subalgebra of a power M T of M, for some
set I, M= M7 x M¥ x ML,Where

J={iel:b;j=0}, K={i€l:b=1}, and L={iel:b =73}

In the most general setting, J # (), K # (), and L # (), but the cardinalities of these sets are irrelevant when it

comes to operations involving only b, that is, b can be regarded as the tuple (0, 1, %)

5.2 Free M i’,l-algebra over a single generator
Let F be the M i”l-algebra generated by z, it is easy to see that the elements of F are

z=(0,1,3), ~z=(1,0,3), x Az =(0,1,0), ~xz A~z =(1,00),
xA~2z=1(0,0,0), zV~z=(1,10), 2—~z=(1,0,1), ~z—xz=(0,11),
r—2z=(1,1,1), ~@V~z)=(@—>~z)A(~z—1x)=(0,0,1).
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Its diagram is in Figure 1.

xV~x ~NI—T

~TA~T ~(xV~)

TN~

Fig. 1 Free M z;”l-algebra generated by x

Theorem 5.3 F is the free Mil-algebra over a single generator x.

Proof. Letbbe anelement of an M ?,1 -algebra B, by the remarks at the end of the last subsection, we can say

thatb € M il T M il M ?71 " and since not all the sets J, K, L are empty, there are seven cases for this ele-
ment. In all these cases we present the M ?,l—algebra generated by b and the unique homomorphism between F
and the corresponding M i1’71—aIgebra generated by b such that f(z) = b.

I.L=0,7#0,and K # 0.

In this case we have

b=(0,1), ~b=(1,0), bA~b=(0,0), b—b=(1,1).
That is,

0
And the homomorphism f will be:

f@)=flzhe)=fl~ve—a)=b, fl~va)=flveh~a)=fle—~z)=~D,
f@n~a)=f~(@V~e) =0, flz—w)=flzv~z)=L1

2.L=0,J=0,and K # (.
In this case b = 1 and the algebra generated by b in B is the two element Boolean algebra. The homomor-
phism f will be:

f@)=farnz)=flz—-z)=fl~vz—z)=flzV~a)=1=0,
fiva)=fl~van~a)=flz—~a)=fleh~z) = fl~ (@V~z)) =0

3. L=10,J # 0, and K = (). This case is similar to the previous one with b = 0.

www.mlg-journal.org © 2008 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



162 E. Hirsh and R. A. Lewin: Algebraization of logics defined by literal-paraconsistent or literal-paracomplete matrices

4. L#Pand J = K = 0.
In this case we have

b=3 b—ob=1 bA~b=0.
That is,

0
And the homomorphism f will be:

f@)=fl~z)=b, flz—a)=flrvz—a)=flz—r~a)=f(~(xV~a)=1,
flan~z)=flanx)=fxV~z)=f(~xA~zx)=0.

5.L#0,J=0,and K # (.
In this case we have

b=(1,3), ~b=(0,1), bAb=(1,0),
b—~b=(0,1), bA~b=(0,0), b—b=(1,1).
That is,
b—b
~b—b
bAbD ~(bV~b) ° *
~bA~D
bA~D

And the homomorphism f will be:

f@)=b, fl~a)=~0,
flxnz)=fxaV~z)=bAD, fle—=r~z)=f(~(xV~z)=b—~b,
flan~z)=f(~axA~x)=bA~b, flz—x)=f(vx—z)=b—0b

6. L#0,J#0,and K = ().
In this case we have

b=(0,3), ~b=(1,3), ~bA~b=(1,0),

’2

~b—b=(0,1), bA~b=(0,0), b—b=(1,1).

That is,
b—b
b—~b
bV ~b ~b—b ? :Jb.
~bV~b ~ (bV ~b)
bAD
bA~D
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And the homomorphism f will be:

f(aj):bv f(Nx):Nba
flrzA~z)=flaV~z)=~bA~D,  f(vx—x)=f(~(xV~x)=b— ~b,
flan~z)=fx Ax) =bA~b, fla—=z)=flx > ~z)=b—b.

7. J#0, K #(),and L # (). This case is obvious.

Using Remark 5.1 and Lemma 5.2, it is easy to check that, in all cases, f is an homomorphism; obviously it is
unique. O

53 Free M g,l-algebra over a single generator

Let F be the M 3,1-algebra generated by z, it is easy to see that the elements of F are

T = (0,1,%), ~T = (1,0,%), xAz=(0,1,1),
y=~zA~z=(1,0,1), xA~z=1(0,0,1), xV~x=(1,1,1),
~(zAz)=(1,0,0), ~(~xA~zx)=(0,1,0), ~(xzA~z)=(110),

~ (xV~z)=1(0,0,0).

Its diagram is in Figure 2.

~(x Ax) TA~T

~(xV~)
Fig.2 Free M gﬂl-algebra generated by x

Theorem 5.4 F is the free M g)l—algebra over a single generator x.

Proof. Itis analogous to the proof of Theorem 5.3. O

5.4 Free M ‘;” s-algebra over a single generator

Let F be the M ‘;”3—algebra generated by z, it is easy to see that the elements of F are

T = (0717 %)’ ~T = (13070)7 ~~ T = (07 17 1)’
x Az =(0,1,0), A~z =(0,0,0), zV~z=(1,1,0),
r—~z=(1,0,1), z—2z=(1,11), ~(@V~z)=(x—~z)A(~~z)=(0,01).
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Its diagram is in Figure 3.

xV~x ~~

~ T ~(zV~)

T N\N~x

Fig. 3 Free M ‘;’ 3-algebra generated by x

Theorem 5.5 F is the free M ?73-algebra over a single generator x.

Proof. Itis analogous to the proof of Theorem 5.3. U

5.5 Free M g’z-algebra over a single generator
Let F be the M g’g—algebra generated by z, it is easy to see that the elements of F are

r= (0717%)7 ~ I = (17071)7 ~~ L= (07170)7
x Az =(0,1,1), xA~z=(0,01), ~ (xAx)=(1,0,0),
~(xzV~z)=(0,0,0), ~@xA~z)=(1,1,0), z—x=(1,1,1).

Its diagram is in Figure 4.

~(x A~ ) TAx

~(xAx) TA~T

~ (zVr~ o)

Fig. 4 Free M g’z—algebra generated by x

Theorem 5.6 F is the free M ;yg-algebra over a single generator x.

Proof. Itis analogous to the proof of Theorem 5.3. U
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5.6 Free M*-algebra over a single generator
Let F be the M*-algebra generated by , it is easy to see that the elements of F are
x:(071’T7J‘)7 Nx:(17O7T7L)7 y:x/\m:(071’150)7
v=~zA~z=(1,0,1,0), zA~2z=(0,0,1,0), zV~azxz=(11,1,0),
w=z—~z=(1,011), ~z—z=(0,1,11), z—z=(1,1,1,1),
u=(x—~z)AN(~z—2)=(0,0,1,1)
and its negations. Its diagram is in Figure 5.
~NT—T
U
T ~ T
° [ ]
~ (=)
Fig. 5 Free M *-algebra generated by
Theorem 5.7 F is the free M 4-algebra over a single generator x.
Proof. Itis analogous to the proof of Theorem 5.3. O
5.7 About the equivalent quasi-varieties
We will define the algebras A; and Ay as A; = ({b,c}, A, V, —, ~;) with
o fe] |~
blbl| b b , where xis any of the binary connectives A, V, and —.
c|b|b| b c

Theorem 5.8 The quasi-varieties generated by Mil, M;l, Mi?,, M:;Q and M* are not varieties.
Proof. Define f: {0,3,1} — {b,c} by f(0) = f(1) =band f(3) =c.
1. If M is Mig or M%}Q, then it is easy to see that f : M — A; is a homomorphism.

2. Similarly, if M is M?,p M;”l, or M, f: M — Asis a homomorphism.

In order to check that A;, Ao do not belong to any of the these quasi-varieties, recall that by [2, Theorem 2.17],
the quasi-variety that is equivalent to the algebraizable deductive system must satisfy the quasi-identity

dzAy)=clzAy) =z =Y.
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In our cases, d(x A y) = e(z A y) corresponds to the two equations

(zoy Aoy =@y —(@oy),
(vrxeo~vy ANz o~y = (v o~y = (oo ~y),

and all components are complex formulas, so after some elementary calculations, this reduces to
oy =@E-n)k~vr o~y =(r—1),

so the quasi-identity we need to check is simply
(tey=@—-x)&(~rxeo~y)=(—x)=>rryY.

Now it is just a matter of checking that evaluating x and y by b and ¢, respectively, this quasi-identity does
not hold neither in A; nor in Ao, thus proving that the quasi-varieties generated by M ‘;’71, M 3,1, M ?73, M 372,
and M* are not varieties. O
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