MATRIX SEMANTICS FOR ANNOTATED LOGICS
R. A. LEWIN, I. F. MIKENBERG, AND M. G. SCHWARZE

ABSTRACT. A matrix semantics for paraconsistent systems SAL, of
annotated logics is developed. Systems SAL., are extensions of the
systems PT 'S, previously proven algebraizable by the authors. The
results reported here will be useful in the study of the class of al-
gebras that arise in the process of algebrizing the systems.

1. INTRODUCTION

Annotated logics were introduced in [8] by V. S. Subrahmanian as
logical foundations for computer programming. Blair and Subrahma-
nian [1] proved that these systems were paraconsistent and showed that
they could form the basis of a programming language for reasoning
about data bases that contain inconsistent information. Subsequently,
numerous applications in Artificial Intelligence, like inheritance net-
works, object oriented data bases, etc. have been developed.

One of the intended meanings of an annotated formula p) is “p has
credibility greater or equal than A”, where A belongs to a complete
lattice T .

A complete study from the model theoretical and proof theoretical
points of view has been done in [4]. They show that almost all classi-
cal basic results in model theory can be adapted to the systems they
call PT. However, since there are several kinds of axioms (some for
complex formulas, others for atomic formulas and still others for arbi-
trary formulas), these systems are not structural in the sense that their
consequence relation is not closed under substitutions.

In [6], the authors introduce a structural version SPT of annotated
logics and proved that they are equivalent to the original P7 systems,
in the sense that everything provable in a system of one type has a
translation that is provable (using some additional premises) in the
corresponding system of the other type.

The main result of that paper is that for a finite lattice 7 of
annotation constants, the system SPT is algebraizable in the sense of
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Blok and Pigozzi, [2] and [3]. The sistems SPT are not complete with
respect to the semantics given in that paper. In this paper we propose
a matrix semantics for SAL, , structural annotated logic based on T
which are extensions of SPT.

Since any extension of an algebraizable system is itself algebraizable,
for finite T , SAL, is algebraizable. We think that this will be useful
to develop a theory of annotated algebras, i.e., the class of algebras
that arise in the process of algebraizing SAL, .

In [7] the authors develop closely related systems.

2. THE SYSTEMS SAL..

In this section we will define structural annotated deductive systems
SAL, that are extensions of the systems SPT introduced in [6].

Let T be a (fixed) finite lattice and ~: T +—— T an arbitrary
function. Let L, T denote the least and the greatest elements of the
lattice.

The function ~ | intended to act as a negation for annotated for-
mulas, is absolutely arbitrary.

Remark 2.1. Since the lattice 7 has finite cardinality n, for any A\ €
T,
{~™X:m € w},

where w is the set of natural numbers, is a finite set. So for any A,
there exists a least integer ¢, such that for some p

Of course there will also exist the least such an integer p. Call it p,.
Observe that if r > ¢, and s is a multiple of p,, then
NN =TT )
so defining
T = maz{tx: e T },
P = memA2}U{pr: e T }.
we have, for any A € T |
T\ = TP
In the definition of P above, we have included 2 in the minimum

common multiple for technical reasons which will become clear when
we state axiom —y.
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2.1. The Language. The language of SAL, will consist of the binary
logical symbols A, V,— and the unary symbols -, © and f,, for each
A € T , adenumerable set P = {p; : ¢ € w} of propositional letters and
parentheses. The set F of formulas is defined recursively as follows:

(1) Propositional letters are formulas.

(2) If A is a formula, then A° is a formula.

(3) If A is a formula and A is an annotation constant, then fyA is
a formula.

(4) If A is a formula, then —A is a formula.

(5) If A and B are formulas, then (AA B), (AV B) and (A — B)
are formulas.

(6) An expression is a formula if and only if it is obtained by finitely
many applications of the above rules.

The formulas of the form —* fy —Fn=1fy ..M f, —kop where for
0<i<mn, ki €wand \; € T , are called hyperliterals. Observe
that for n = 0, p and —*p are hyperliteral. A formula that is not a
hyperliteral will be called a complex formula.

The intended meaning for the formula A° is “A is well behaved”, in
particular, regarding negations.

2.2. Axioms and Inference Rules. The axioms and inference rules
for SAL, are as follows:

(1) Axioms for binary connectives.

(—1) A= (B—4),

(—2) (A= (B—=0C)—=(A—B)—(A—=0),
(—3) (A= B)— A)— A,

(A2) (AAB)— B,

(A3) A— (B— (AAB)),

(Vi) A— (AV B),

(Vo) B — (AV B),

(V3) (A—=C)— (B—C)— ((AVvB)—C0C)).

(2) Axioms for negation:
) (A9 A B°) — (A — B) = (A — ~B) — —~A)),
) A°— (A (~A — B)),
-3) A° — (AV-A).
) —T+P A — _|TA7
where T and P are the numbers defined in Remark 2.1.
They depend on the lattice and the function ~.
(3) Axioms for °:
01) A° (_'A)Oa

2
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03) A% = (L4)°,
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03)
(A°)° (AV B)°
(AN B)° (A — B)°.
(4) The axioms for annotated variables are:
) (A%) — fLA,
7)) (A°) — (P LA FTLE L\ A), for k> 1,
73)  (fuA — HLA), for p > A,
74) JuhA < fLA,
75) (A%) = (HhA < finA),
75) A% — (fid = A).
For the next two axioms we will need the following definitions.

= fAN N\ ~(HAN HA)
Af/{

St(A) = A° A frA
Towm(A) = N\ —"An N —(="AN="4),

m<N m<N
~MALK ~MALK

where N = max {n, P+ T}.

7'7)
- \/ Sk(A)
RET
Tg)
— \/ Tam(4)
AET
(5) Inference Rules
R1) Modus Ponens
AA— B
B
R2) If J#0 and forall j € J, \; € 7 and A = \/,_; \;, then

A= f\,B, for jeJ,
A—>f/\B
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2.3. Facts.

Remark 2.2. (1) The systems SAL, are structural since all ax-
ioms and the two rules of inference are closed under substitu-
tions.

(2) For each lattice T , SAL; is an extension of the corresponding
system SPT of [6]. More precisely, SAL, is obtained from SPT
by adding axiom 7 and Tg.

(3) In the axiomatization of SPT there is only a crude consideration
of the specific lattice 7 and the function ~ that we are
using. Since T and ~ are arbitrary, these axioms take a
rather cumbersome form, nevertheless they are not complicated
in spirit. Axiom 7, states that every hyperliteral formula has
a certain degree of credibility k. Axiom 73 codes some of the
finner aspects of negation of a hyperliteral formula with respect
to a degree of credibility .

Theorem 2.1. Let p(x1, 2, ...,x,) be a classical tautology. Then
(1)
AL A AL (A, Aoyl AL).
(2) If p(x1,9,...,2,) does not contain negations, then

F (p(Al,Ag, PN ,An)

Proof. Assuming A3S, A3, ..., Ay, by Modus Ponens, we obtain all ax-
ioms for classical negation, which together with those for —, V and
A, are all we need to prove any classical tautology. If negation is not
involved, the axioms for binary connectives suffice. 0

Lemma 2.2. (1) If A is hyperliteral with propositional letter p,
then

a)
A« p°.
b)
=(p°) F frAd < fop.
(2) If A is complex, then

= A°.
Proof. The proof is by induction on the complexity of A.
(1) a) — If A =p, then F p° — A°.
—If A=-B.

Then B has to be hyperliteral with propositional let-
ter p, so by induction hypothesis, = B° « p°.
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But then, by axiom oq, we get

F(=B)° < p°.
— If A= f,B. Similar to the previous case using axiom
O9g.
b) — If A=p, then F fyp < fLA.
—If A=-B.

By induction hypothesis,
—(p°) F aB < fap,
and since by axiom 73,
—(B°) F [xB < [rB,
using a) and a classical tautology,

=(p°) F famB < fap.
— If A= f,B. Similar to the previous case using axiom
73.
(2) -UfA=B°, A=BAC,A=BVCor A=DB — C, then
by axiom og,
H A°.

— If A = -8B, for some complex formula B. Then by induc-

tion hypothesis,

F B°.
By axiom o; and Modus Ponens,
F (=B)°.
- If A = f,B. This is similar to the previous case using

axiom os.

g

3. MATRIX SEMANTICS FOR SAL,

In this section we define a family EM of very simple matrices with

respect to which the system SAL. is sound. Based on these, we build
a family M of more complex matrices that is a matrix semantics for
system SAL, . We first give a few basic definitions. See [2], [3] or [5]
for details.

Definition 3.1. A valuation into the matrix M = (A, D) is the unique
homomorphism that extends a function

u:P — A
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to
u : F — A
We often call u a valuation since it totally determines the homomor-
phism.
The formula ¢ is a consequence of I' in M, in symbols I F ¢, if
for any valuation u : P — A,

u* () € D for all ¢ € I' implies u*(p) € D.
We say that a matrix M = (A, D) is a matriz model of SAL, if
r l_SAET ¢ implies I'Fq .
A class M of matrices is a matriz semantics of SAL, if
r l_S.AL'T ¢ if and only if T'Fpq o,
for all M € M. The latter is usually written I" Fyp .

3.1. Soundness. We will now define the class EM of matrices, which

we will call elementary SAL, -matrices and prove that the matrices of
EM are matrix models of SAL, .

Let L = T U {0, 1} and extend the order of T as follows. For all
NEeT .

0>X>1.

Let Z be a lattice ideal of T and D =Z U {1}. Observe that D is
also an ideal of the lattice L and that 0 ¢ D. We define the following
operations on L.

(1)
a\/b:{ 1 ,ifaeD or be D,
0 , otherwise.

(2)
Ab— 1 ,ifae D and be D,
“RP=9 0 , otherwise.

(3)

4 b= 1 ,ifaé¢ D or be D,
1 0 , otherwise.

(4)
o 0 ,ifae T,

“ :{ 1, ifac{0,1}.
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(5)

fra = A Lifae T,
MTYa L ifac{0,1).
(6)
| ~a Jifae T,
T 1-a ifae{0,1}.
The next lemma will be useful in the sequel.

Lemma 3.1. Let M = (L, D) be an elementary SAL, -matriz model
and
u: P — L a valuation into L. Then for any formula B the following
are equivalent.

(1) w(B°) ¢ D

(2) B is hyperliteral with propositional letter p, for some p € P,

and u(p) € T .
(3) u(B) e T .

Proof.
u*(B°) ¢ D iff (w*(B))* ¢ D iff uw*(B)e T .

It is straightforward to check that the latter occurs if and only if
B is hyperliteral with propositional letter p, for some p € P and
u(p) € T and that this occurs if and only if u*(B) € T . O

Theorem 3.2. With the above notations, M = (L, D) is a matric
model of SAL, .

Proof. Since the definition for the binary operations is classical, the
axioms for —, V, A all evaluate to 1 and thus belong to D. Also, the
rule R1) is obviously sound.
In what follows, let a, b, ¢ € L. We first check the axioms for
negation.
-1) (A°AB°) = ((A— B) = ((A— —-B) —» —A))
If a°, b° € D, then a, b € {0,1}.
Now assume that both (¢« — b) € D and (a« — —b) € D.
Then if a € D, both b € D and —b € D, in any case 0 € D, a
contradiction. Thus a ¢ D, soa=0and ~a=1¢€ D.

(a®ANb°) — ((a—b) — ((a — —b) — —a))=1€ D

—|2) A° — (A — (—|A — B))
If a° € D, then a € {0,1}. But then either a = 0 or —a = 0,
so no matter what b is,
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a’®— (a— (—na—b)=1€D.

-3) A° — (AV —A)
If a® € D, then a € {0,1}. So either a =1 or —a = 1.

=(a°) = (aV—-a)=1€ D.
If a € {0,1}, since P is a multiple of 2, -T7Fq = —Tq.
If a e T , by Remark 2.1,

SO

TPy s <Tqg=1€ D.

We check the axioms for °. For the first two, observe that in our
definitions, a € T if and only if fya € T if and only if —a € T .
For the third one, observe that if ¢ is either a®, a Vb, a Ab or a — b,
then c € {0,1},s0¢*=1¢€ D.
We check the axioms for annotated variables.
7'1) _'(AO) — fJ_A
If =(a°) € D, thena € T ,so fia= 1 € D and

—(a°) = fra=1€ D.

Ty) —(A°) — (WFfrA — =P A), for k> 1
If =(a°) € D, thena € T ,s0 =Ffya = ~* Xand =71 f_,a =
—|k_1 ~ )\ = Nk >\
Thus

(@) = (+*fra =+ fora) = 1€ D.
73)  fuA — FLA, for p >\
If a € T and f,a € D, then f,a = p € 7, and since pp > A
and 7 is an ideal, A € Z, so fra € D.
If a € {0,1}, then a = f,a = fia, so in any case f,a —
an =1e€D.

T4) JuhA = [LA
If fufsa€ D and a € T , then f,fra =p = f,a.
If a € {0,1}, then f,fra =a = f,a, so in any case,

fufhA e fLA=1€ D,
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75) (A%) = (LA < finA)
If =(a®) € D, then a, 7a € T , so fra = A = fy—a and thus

—(a®) — (faa < farma) =1€ D.

76) A°— (LA < A)
If a® € D, then a € {0,1}, so faa = a, and thus
a’ — (fra<—a)=1€D.

77) (A7) = Ve S(4)
As in the previous cases, if =(a°) € D, then a € T .
Define kg = sup(D). Observe that since L € Z # ), kg # 1.

If Ko 7é T,
SM@a)=ro A\ =(AAN).
Adko
Now if A £ kg, then =(AAX) = 1 € D, and since kg € D,

S (a) = 1.
If ko=, S?A(a) =a’° N fra=1AT =1, in any case,

—(a°) — \/ Sg(a)=1€ D.

KET
Tg)

Se(A) = \/ Tim (A)
AET
Assume SM(a) € D, then it is obvious that a € T .
Also, f.a =k < Ko, or else SM(a) =0 ¢ D and for the same
reason, if A € k, then A € kg, so we get that k = k.
Next we observe that for all A,

TX N = A ="AA N\ —(="AA-"N)=1€D,

m<N m<N
~MA<Ko ~TAE Ko

so we get that TA (a) € D and thus

(a,k0)

\ X (@) € D,
AET
SO
SM(a) — \/ TX,)(a) = 1 € D.

AET
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Finally, we check rule R2. If J # () and for all j € J, A\; € T and

A=V,c;Aj, then
A— fr,B, for jeJ
A d f)\B

If a ¢ D, then the rule is sound. So let us assume that a € D. Let
a — fr,b € D for all j € J and suppose a — fib & D.

If b € T , then the last assumption implies that A = fu\b ¢ D. But
also, for all j € J, \; = fy,b € D. This is a contradiction since Z is an
ideal.

If b € {0,1}, then since J # 0, there is a j € J such that b = f),b =
b € D and thus a — fyb = 1. So in any case, the rule is sound. [

3.2. Matrix Semantics.
Definition 3.2. Define
T =wx T
and R
L= T u{0,1}.
Definition 3.3. If A is a set ordered by <, we say that [ is an order-
ideal of A if and only if I is downward closed, i.e.,

if x<y and ye€ I, then z € [.

Lemma 3.3.
(1) Fora,be T define the following relation.
a=(n,\), b={(n,u) and A < p or
a<b iff a=1 or
b=0.

Then < is a partial order over L.
(2) If for each j € J, I; is an ideal of T , let

D= J{} xz;u {1}.
JEW
Then D s an order-ideal off) with respect to the order defined
in (1).
Definition 3.4. The class M of SAL, -matrices is defined as follows.
For any family (Z; : j € w) of ideals of 7T , we define a matrix
M = (L,D) e M.
(1)
a\/b:{ 1 ,ifaeD or be D,
0 , otherwise.
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Ab— 1 ,ifaeD and be D,
“RP=1 0 , otherwise.

1 ,ifa¢ D or be D,
0 , otherwise.

0 = 0 ,ifae T,
11 ,ifae{0,1}.

f n, N Lifa=(n,uye T,
ha { a ,ifae{0,1}.

0 yifa=1,
—qQ = 1 ,ifCl:O,
(n,~p) Lifa=(n,pu) e T.

Theorem 3.4. M = (L, D) is a matriz model for SAL, .

Proof. The proof is similar to the proof of theorem 3.2 and is based on

~

the fact that for any a = (n,u) € T
ac D ifandonlyif upeZ,,
faae D ifandonlyif A= fiueZ,, forall Ae T,
—a €D ifand only if ~ p€Z,.
O

Lemma 3.5. Let A be a maximal non-trivial consistent set of formulas
and p; € P. Then there exists an elementary matriz model M = (L, D)
and a valuation

v : P — L such that for any hyperliteral formula A whose proposi-
tional letter is p;,

v*(A) € D if and only if A€ A.
Proof. We let
ko =sup{A: p° ¢ A and S)(p) € A},

D={\: N<ko}U{l}
and
Ao =sup{A: p° & A and T(y .y (p) € A}



R. A. LEWIN, I. F. MIKENBERG, AND M. G. SCHWARZE

1 if p; e A and pf € A,
v(p)) =< 0 if =p; € A and pf € A,
A0 alfp;j ¢ A)

and for any propositional letter ¢ # p;, v(q) is defined arbitrarily.
(1) A=-"p

Since A is maximal non-trivial and p; is complex, by theorem
2.1, we have two cases, either p; or its negation belongs to A.

Assume first that p; € A. An easy induction on m will prove
that

v*(="p;) € D if and only if ="'p; € A.

The second case is if p; ¢ A, or equivalently, =(p7) € A. In
this case,

v (="p;) € D iff =" (p;) € D iff ~™ A\ < Ko.

By axiom —y, it is clear that we need to worry only about
m < N.

If ~™ /\0 < Ko, then

l_ T()\o,lco) (pl) - _'mp’i7

and since Ty, x0)(0i) € A, ="'p; € A.

If ~™ X\ ﬁ Ko, then

- T(>\07H0)<pi) - _'(_'mpi A _‘mpi>’

so =(="p; A ="p;) € A, and thus ="p; ¢ A, since otherwise
=Mp; A ="p; € A and A would be trivial.
So in any case,

v*(="p;) € D if and only if ="'p;, € A.

(2) A= fo\B, where B is hyperliteral and its propositional letter is

Pi-

Again we study two cases, the first is if p; € A. In this case,
we observe that for any hyperliteral formula B with proposi-
tional letter p;, v*(B) € {0,1}, so fav*(B) = v*(B). Then

v'(faB) € D iff fiv*(B)=v"(B) e Diff B € A,

the last equivalence by induction hypothesis.
But then, by axiom 7¢, the last is equivalent to A = f,B € A.
The second case is if =(pf) € A. In this case, v(p;) =
X € T ,s00v"(B) € T , and thus, fiv"(B) = \. So

v*(faB) € D iff fiv*(B) e D iff X < k.
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If A < kg, then
- fnopi — fapi,

and since also
+ Sﬁopi - fﬁopia
using modus ponens and a suitable tautology, fap; € A.
If X £ ko, then
= Swopi = = (fapi A fapi),

so a(fapi A foapi) € A, and thus fip; ¢ A, since otherwise
fapi A\ fapi € A, contradicting the non-triviality of A.
(3) A=-"f\B.
The case when p; € A can be proved by induction on m as
in item (1).
The case when —(pg) € A can be reduced to the previous one
observing that

v(="fAB) = v (framapi) = 0" (fumaB),

and that by lemma 2.2, 1), B° € A if and only if p; € A so,
using axiom Ty,

_|mf)\B e A iff fomaB € A.
U

Theorem 3.6. Let A be a mazimal non-trivial consistent set of for-
mulas. Then there is a matriz semantics M = (L, D) € M and an
valuation u : P — L such that for any formula A,

u*(A) € D if and only if A € A.
Proof. For each j € w, let
ki =sup{A: p; € A and Si(p;) € A},
Z; ={\: X<k}

and
Aj =sup{A\: p; ¢ A and Ti k) (pj) € A}
Let
D= J{i} xZ;u{1}.
JEW
Finally define
w:P — L

as follows.
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1 ,if pie A and p; € A,
0 ,if —p e A and py € A,
(1, Ny ,if p§ ¢ A.
We first observe that

u(p:) =

v:P— L
defined by
L if u(p) =1,
U(pi) = 0 ,Af U(p,) =0,
A; , otherwise,
and for i # j,
v(ps) = Ajs

is a valuation from P into L like the one we defined in lemma 3.5.
Moreover, if A is hyperliteral with propositional letter p;, then

u(p;) € D if and only if v(p;) € Z;,
and thus, for all hyperliteral A with propositional letter p;,
u*(A) € D if and only if v*(A) € Z,.
We can now prove by induction that
u*(A) € D if and only if A € A.
(1) Let A be hyperliteral, with propositional letter p;. Then

u*(A) € D if and only if v*(A) € D;,

and thus by lemma 3.5 applied to v, this occurs if and only if
AecA.
(2) A = B° for some formula B.

u*(B°) e D iff ((u*(B))°) €D
iff (u*(B))° =1
it «*(B)e{0,1}

iff B is complex

and by lemma 2.2 (2), the latter implies that - B° so A = B° €
A.
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If B° € A and B is hyperliteral with propositional letter
pi, then by lemma 2.2, (1), a), p; € A, so u(p;) € {0,1}, so
u*(B) € {0,1} and thus

u*(B°)=1€D.

3)If A= BANC, A= BVvVCor A= B — C, the proof is
straightforward.
(4) A = =B, for some complex formula B.

u*(A) e D iff ~u*(B)e D iff u"(B)¢ D iff B¢ A,
The last equivalence is by induction hypothesis. Now since by

lemma 2.2, (2), =7(B°) € A, B ¢ A if and only if =B € A.
(5) A= foB, for some complex formula B.

u(A)e D iff 1=u"(A)= fiu"(B)=u"(B) iff B €A,

this last equivalence by inductive hypothesis. But by axiom 74,
this occurs if and only if f,B € A.

g

Lemma 3.7. Any non-trivial set of formulas is contained in a maximal
non-trivial set of formulas.

Proof. This is proved in the usual way. See for instance [4]. O

The following theorem is proved in the usual way using this lemma
and theorem 3.6.

Theorem 3.8. For any non-trivial set > of formulas of SAL, , there
is a matric M € M such that

MEZX.

or equivalently

I'EA if and only of T EFpp A.
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