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Abstract

In this paper we make an algebraic study of the variety of MV *—-algebras introduced by C. C.Chang as an
algebraic counterpart for a logic with positive and negative truth values.

We build the algebraic theory of MV *—algebras within its own limits using a concept of ideal and of
prime ideal that are very naturally related to the corresponding concepts in /—groups. The main results
are a subdirect representation theorem, a completeness theorem, a study of simple and semisimple algebras,
and a characterization of the ideal of infinitesimals as an /—group. In the last section we develop a detailed
proof a the one-dimensional theorem of McNaughton, that is, the free MV *—algebra in one generator is the
algebra of McNaughton functions over [—1, 1]. In contrast with the rest of the paper, this last result is based
on work done for MV —algebras.
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1 Introduction

MYV *—algebras were introduced by Chang in [2] in an attempt to model the properties of the
real interval [—1, 1] equipped with truncated addition =@y = max{—1, min{1,z+y} } and
negation —z , paralleling similar work done for MV —algebras. This variety is associated to
a logic L* which generalizes in the same sense Lukasiewiczs’ infinite-valued logic L.

In the very active field of many-valued logics and their algebraic counterparts, there is
a close connection between these classes of algebras and lattice-ordered Abelian groups, or
{—groups for short. The relation between MV *—algebras and ¢—groups is, in a sense, more
natural than that existing between MV —algebras and /—groups. For instance, every /—group
is the ideal of infinitesimals of an MV *—algebra, see Corollary 10.6. The study of the variety
of MV *—algebras, gives us some insight into the role that the logic associated with /—groups
plays in the field of many-valued logic. Furthermore, in the last fifteen or so years, numerous
logics with both positive and negative truth values have emerged, see for instance [5] for
references. All these have algebraic semantics closely associated with ¢—groups. This is a
very new topic and very little is known about it. In [4], we develop the logic L* and prove
some of its main metatheorems as well as its relation with MV *—algebras.

An important class of MV *—algebras is defined as follows. Let G be an f—group and let p be
a positive element of G, then G(p) = ([—p,p]; ®, —, 0, p), where z®y = max{—p, min{p, z+
y} }, is an MV*—algebra. This is simply a generalization of the original case, where G = R
and p = 1. In [5] we prove that this defines a categorical equivalence between the categories
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2 MV*-Algebras

of MV*—algebras and the category of {—groups with strong unit.

Among the properties of the variety of MV *—algebras proven in [2], the most important,
at least from the algebraic point of view, is the following representation theorem.

Every MV*—algebra is a subdirect product of (linear) MV *—algebras G(p).
Chang proves this theorem by reducing it to a similar problem in MV —algebras, and applying
the representation theorem for these. We give an independent proof, see Theorem 5.1.

In this paper we will build the algebraic theory of MV *—algebras within its own limits
using a concept of ideal and of prime ideal (Sections 3 and 4) that are very naturally related
to the corresponding concepts in /—groups. The main results are a subdirect representation
theorem (Section 5), a completeness theorem (Section 7), a study of simple and semisimple
algebras (Section 9), and a characterization of the ideal of infinitesimals as an ¢-group
(Section 10). In the last section we develop a detailed proof of the one-dimensional theorem
of McNaughton, that is, the free MV *—algebra in one generator is the algebra of McNaughton
functions over [—1, 1] (Section 10).

2 MV~*—Algebras

An MV*-algebra is a system B = (B;®, —,0,1) satisfying the following equations. We
define

oS
i
00

xV(yVvVz)=(xVy)Vz
t@yVe)=(@oyV(ro:)

= 1@ (-1o),
= = —1eo(1ex),
roy = 18(-y),
aVy = (F@(-@Hey) ez a(-()ay)").
xl) z0y=ydx
x2) 1ex)eye(1az)=((Qex)dy) e (1e2)
x3) z®—x=0
x4) (zel)el=1
x5) z®0==x
x6) —(z®y)=-26 -y
X7) ——zx==x
) roy=(@fey)e @@ ey)
x9) (—z@(zay) =-(@") e @ ey’
) zVy=yVz
)
)

Some elementary properties of MV *—algebras are proved in [2]. The addition & is
commutative, has a zero—element and every element has an additive inverse. However if the
algebra is not trivial, @ is not associative for, if it were, using Axioms (Bx1), (Bx3) , (Bx4)
and (Bx5) 1=061=(-1¢1l)®sl=-14(1ad1)=-141=0.1Itis also true that
zt=2VvO0, 27 =2A0 and zVy= (T Vy")® (@~ Vy ).
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It follows from (Bx10) and (Bx11) that the prescription < y if and only if z Vy =y
defines an order on B for which the element x V y is the least upper bound of z and y. Since
— reverses the order by definition of z V y and the fact that (—z)™ = —(z7), we may see
that the greatest lower bound of z and y is x Ay = —(—z V —y). The addition & distributes
over V and A.

Even though addition is not associative in general, associativity holds in some cases,
namely, (@ y)®z =z ® (y®2) if  and z are both positive or both negative. We will refer
to this as restricted associativity and we will use this fact without further mention.

LEMMA 2.1
In any MV *-algebra,

l.if r 6y =0, then z =y, and
2.iffxroy >0, then z > y.
PROOF. Assume z © y = 0. We first observe that if  and y are both positive or both

negative,
y=00y=(r0y)0y=00(-ydy) =r00=uz,

by restricted associativity. So let us check the general case. We have
- oy=@A0)oy=(@oy) A0y =0A-y=(-y)"
also
oy =z o@WN0)=@" ey VE e0)=(-y) Va <0.

Similarly, since y&x =0, y~ &z~ <0,s0 x~ ©y~ = 0 and since both terms are negative,
this yields =~ =y~

Applying the same argument to —x © (—y) = 0, we get x+ = yT, so we have that
r=at :er@y’ =.

In order to prove the second assertion, assume z ©y > 0. Then (z Ay) Sy = (z O y) A
(y ©y) =0, so by the previous proof, x Ay =y, so x > y.
LEMMA 2.2
In any MV*-algebra, the following hold.

(roy)oyt=ray.

@reyt)eyt=atA(leyt) @ ey )ey =" V()el.

T = W N =
AA@AA
S
<
+
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(zoy )ey" oy )®(yVvo),
T®y )dy) V(zdy ),
T®yY)V(zDdy),
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Also

Syno))ey’,
(roy)Anx) @y
(zey) ey ) Aoy,
DY) N (zDY),
TDy.

(zoy )dy*t

(x
(
(
(

Y

(2.) Let x = at, y = y. From the definition of supremum and the fact that a A b =
—(—a Vv —b) we have, for positive a and b, a Ab =b® (a ©b)~. Therefore, z A (10 y) =
loy)a((zeleoy)ol)ol)=1ocy)d(zdy)ol)=(xdy) Sy, by associativity
and from the equality y = (y© 1) ® 1.
(3.) From 2, the inequality holds for x = . By (Bx9), (z®yT)oy™)" = (zT®yT)oyt.
Honce, ((z@y*) oyt <ot (%),

Also, (Bx9) implies ((a®b)©b)~ = (a~ @b~ )© b~ (because u~ = —(—u)™), from where
(oyh ey~ =z= ().

Therefore, (z ®y") &y < x, from (¥) and (**).
(4.) From (8.), changing x to —z.

(5). We will first prove this inequality for a negative x, say for x~. We will use the restricted
associativity of MV* in each case we will underline the positive (or negative) terms involved.

(kx%) @" @y )@z" = Te@ ekE"e)) e’
= [z ((y ®zM)ozf] @ 2t
= [eoe@y e)o e "
> w ey @),
where the last inequality is obtained by (4.)
We will now prove the general case from (Bx8), (***), (1.) and restricted associativity.

(zoy)ozt = @e@E oy)) et
= 2t o(@ ey )ez),
> ere@ ey @),
= zo(y &),
This finishes the proof. |
Define the absolute value of = as | z |= 2TV —x~ . It is immediate that | x | =27 62~ =
@ (—x)t.
LEMMA 2.3

In any MV*—algebra, the following inequality holds.

(@ot)eyot) <|lzoyl.
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ProoF. We will first prove several special cases. We begin with x > y and any ¢.

a) (@tethHoe(yteth) <ztoeyt
b) (- @t )e(y @t )<z oSy~

Observe that we have 2T > y* and 2= >y~

x+@y+

ot =@tey) eyt

zT @ttt

(xtethHo @yt ath)
(reth) o oth)

, SO

ut,

u+@y+

= (Weyh)ett,

ut e yteth),
uteyTett) et eth),

ut =zt oyt

<

The last line is obtained from Lemma 2.2, 3.

Inequality b) is proved similarly.

(zdt)o (ydt)

IN

I IA

I
~ e~ o~ — e
8

The first inequality follows from Lemma 2.2, 5. For the fourth line, observe that z+ @t >
yT ®tT. In the second inequality we use the positive and negative cases previously proved.
The last line is obtained from Lemma 2.2, 1, with y replaced by —y.

We will now prove the general case.

(zdt)o (o)t

IN

We first observe that

(z@t)o
(z@t)V
(zVy)

)

yot)lviyet)o(yot),
(yot)oat),
ot)eyat),
oy,

[
[
[
(z
( Vo= (zoy)t

xV
xVy
o)

where the inequality follows from the previous paragraph since z Vy > y. With a similar

argument we prove

[(zat)o (yoi)]”

> (xoy)”
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using these two inequalities we obtain

(zt)e(yot)| <|zoy|.

3 MV*—Ideals

A non—empty subset I of the universe A of an MV*—algebra is an ideal if the following
conditions hold.

1.If z,y€ I, then xoyel.
2.If z €1, then zt 1.
3. I is convex, that is, if z,y € I and z <z <y, then z € [I.

LEMMA 3.1
{0} is an ideal.

The intersection of a family of ideals is an ideal, so for any Z C A
(Z)=(I:ZC I and I is an ideal of A}

is the least ideal containing Z. The ideal (Z) is the ideal generated by Z.

LEMMA 3.2
If Z =10, then (Z) ={0}. If Z # 0, then

(Z) =A{x:|z|<|z21]|®|z2|® D |2nl|, 21,.--,2n € Z}.

PROOF. This set contains Z, is closed under differences, under taking positive parts and it
is convex, so it is an ideal that contains Z. Clearly it is contained in any ideal that contains
Z, so it must be the least such an ideal. |

An ideal I is proper if and only if I # A. A maximal ideal is a proper ideal that is not
contained in any proper ideal.

LEMMA 3.3
For any ideal I, the following hold.

1.0e1.

I is closed under inverses, that is, if x € I, then —z € I.

I is closed under taking negative parts, that is, if x € I, then 2z~ € I.

is closed under addition.

I is closed under taking suprema, that is, if x € [ and y € I, then zVy € I.

A T
~

I is closed under following version of Modus Ponens.
If royel and yel,then z€ 1. (MP)

7.If zeoyeland te A then (zdt)e (yot)el. (TR)
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8. I is closed under following version of the hypothetical syllogism.
If royel and yozel, then zoz€el. (HS)

9.If royeland ucve A, then (xPu)o(ydv)el. (R2)

PROOF. Since I is non—empty and closed under differences, 0 € I. Also, if x € I, then
—x=0—2x €. As a consequence I is closed under addition because t ®y = = & (—vy).

Since 7 = —(—x)*, if z € I, then 2~ € I.

If ze€land ye€l,since I is closed under addition, inverses, positive and negative
parts, by definition, =V y € I.

In order to prove (MP), assume z©y € I and y € I. Then

rToy=(@v0)oy=(royV-yecl,
by 2 and 4 above. But then, since xSy >zt oy,
@toy eyt >@r oy eyt =2 >0,

by (Bx2). But also, by 4, (zT ©y) ®y* € I, so by convexity, z* € I. Similarly, 2~ 6y =
(zeyAN—yeland (z-oy)dy <(z- oy )dy =z <O0,so by convexity z~ € I.
Finally, by 4, x =z @2z~ € I.

The rule (TR) follows from Lemma 2.3 and convexity.

For a proof of (HS), assume z6oy € I and y©z € I. Then by (TR), (z©z2)o(ye2) €I,
so by (MP),z6z € I.

The rule (R2) is proven as follows. Assume that both z ©y € I and u ©v € I. Then
applying (TR) we have (x @ u) © (ydu) € I and (udy)© (v y) € I. Then by (HS),
(zou)s(ydv) el

|

THEOREM 3.4
Let f : A — B be a homomorphism and let I be an ideal of B. Then f~!(I) is an ideal
of A.

PROOF. f(0) =0, so f* (I) #

Assume x and y € f~1(Z). Then f(z) and f(y) € Z, so f(zxoy) = f(z) — f(y) € Z, since
7 is an ideal, Soxeyef ).

Similarly, if x € f~1(I). Then f(z) € I, so f(z¥) = (f(x))* € I so z™ € f~1(I).

Finally, if x and y € f~1(I) and z < 2 <y, f(z) < f(2) < f(y), so by convexity, f(z) € I
and thus z € f~1(1). ||

Let f : A — B be a homomorphism of MV*-algebras. Define the kernel of f as
ker(f) = {z € A: f(z) = O},

From Lemma 3.1 and Theorem 3.4 it is immediate that ker(f) = f~*({0}) is an ideal.

We observe that in Universal Algebra the kernel of a homomorphlsm is the congruence
relation defined by {(x,y) : f(x) = f(y)}. The next lemma shows that the two concepts are
naturally related in a familiar way.

LEMMA 3.5
Let f: A — B be a homomorphism of MV*—algebras. Then f(z) = f(y) if and only if
xSy € ker(f).
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PRrROOF. f(z) = f(y) if and only if f(z) © f(y) = 0 (observe the use of Lemma 2.1 for the
only if part) if and only if f(z ©y) = 0 if and only if z © y € ker(f). |

THEOREM 3.6
Let A be an MV *—algebra and let I be an ideal. Define

x~ry ifandonlyif yoxzel.
Then ~j is a congruence relation over A.

PROOF. Since z&x=0¢€ [ forall x € A, ~; is reflexive and since ideals are closed under
inverses, ~y is symmetric. The rule (HS) asserts the transitivity of ~j .

In order to prove that ~; is a congruence, observe that if x © y € I, by symmetry,
—2 & (—y) =y oz € I. The rule (R2) asserts that ~; is compatible with addition. i

Let Z(A) be the set of all ideals of A. Then (Z(A), C), that is, the ideals of A ordered
by inclusion, is a complete lattice. The operations are

AN = N1
jeJ jeJ

VI {Je zA): I cJ}

JjeJ jeJ

This will be a corollary to the next theorem.

THEOREM 3.7
Let Con(A) be the set of all congruences of A. Define

®:Z(A) — Con(A)

I — ~5.

Then @ is a lattice isomorphism.

PrOOF. The mapping is clearly well defined and one—to—one.

In order to prove that it is also onto, let ~ be a congruence. Then it is immediate that
[0].., the equivalence class of 0, is the ideal I. Now let 7 be the projection from A onto the
quotient A/~. Then I = 7~({[0]~}), is the inverse image of an ideal, so itself is an ideal.
Now we simply have to observe that ~; = ~.

It is also immediate that if I C .J, then ®(I) C ®(.J).

Let ~1 C ~3 be two congruences. Then [0].., C [0].,, so ®71([0].,) € ®~1(]0],). Since
both ® and ®~! are monotone, ® is an order isomorphism and since Con(A) is a lattice,
so is Z(A), and @ is a lattice isomorphism.

4 Prime Ideals

An ideal I is prime if and only if it is proper and for any x € A, either z+ € I or = € 1.

THEOREM 4.1
An ideal I is prime if and only if the quotient algebra A/I is totally ordered.
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PROOF. The quotient algebra A /I is totally ordered if and only if for any two classes [a];
and [b]; , either [a]; < [b]; or [b]y < [a]r if and only if [a Ab]; = J[a]; or
[anbl; = [b]; if and only if (aAb)©a € I or (aAb)©b € I if and only if (a©a) A (bOa) € 1
or (acb)AN(bob)elifandonlyif (boa)” €T or (acb)” €I if and only if

(acb)t el or (boa)Tel. (%)

Now assume that A/I is totally ordered and let x € A. Then (*) applied to z and O,
implies that, either

T =@o0)tel o (—x)t=(0c2)"cl,

and since = = —(—x)*, I is prime.
On the other hand, if I is prime, for any z, y € A

(zoy)Tel o (zoy el,

so (*) holds and thus A /T is totally ordered. ||

THEOREM 4.2
In every MV *-algebra the following properties hold.

1. Every proper ideal that contains a prime ideal is prime.

2. The set of all ideals that contain a given prime ideal P is ordered by inclusion.

3. Every prime ideal is contained in a maximal ideal.

Define n.xz recursively by 0.z = 0 and (n + 1).x = n.x @ z. Observe that by axiom
(Bx6), n.(—z) = —(n.z) and that if z is either positive or negative, this iterated addition is
associative, so the parentheses are not necessary.

LEMMA 4.3
For any two positive integers m and n, and any z, n.z™ Am.(—z)* = 0.
PROOF. We first prove the simplest case, z7 A (—x)" =
0<a"A(=2)" < (@ A(-e)h)e(-a)N) e (-2)T,
= (@Te(=n)")r0)e (-a)",
= 2”@ (-z)t =0.
The inequality follows from Lemma 2.2, /.

Next we prove by induction on n that n.z™ A (—z)™ = 0, of which the previous is the
initial step. So assume that for some n, n.xt A (—z)™ = 0. Then

= (natA(-x)N) ezt
= (n+Dat A((-x)T @),
P A (=)t = [(n+DatA((—n)T @) A (-2)T,
= (n+1).atA(-2)T.

Using similar arguments, an induction on m will prove the theorem. | |
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THEOREM 4.4
Let I € Z(A) and let a ¢ I. Then there exists a prime ideal J such that I C J and a ¢ J.

PRrROOF. An application of Zorn’s lemma shows that there exists an ideal J, such that I C J
and is maximal with respect to the property a ¢ J.
In order to prove that J is prime, let z € A and assume neither z+ € J nor = € J.
Define
Ji = {z€A:|z|<p"@®na’, forsome peJ and n € N},
Jy = {z€A:|z| <pt@n.(-2)", forsome p€ J,neN}.

We prove that J; is an ideal. J; is non—empty since it contains J and also z € J;. If z
and y € J; then there exists p, ¢ € J and non—negative integers n and m such that

—ptonzt <z< pt@nat ()
—qtomat <y< gt Emat
then also
—qtomat <—y< gtemat
and thus

(—ptonat)®(—qtomat) <z—-y< (PT®&nzT)d(¢" ®mat),
(pte—gem+mat <z-y< (pre¢")e(m+m)a’),

where the last equation is obtained from the previous one since in one side all terms are
negative and in the other all terms are positive, so restricted associativity holds for them.
This proves that J; is closed under addition.

Next, if z, y € J; are as above and z < u < y, it is immediate that
—(p*vgt)em+m)zt <u< (ptveh)®(m+n)at

so Jy is convex and thus it is an ideal.
Finally, taking positive part in (**)
(_p-‘r o n.x+)+ S Z+ S (p+ D n.x“')“‘
0 <z2t< proenat
since the first term is negative and the second term is positive. By convexity, J; is closed

under taking positive part.
A similar proof yields that Js is also an ideal that contains J and such that —z € Js.

Since J is maximal with respect to the property a ¢ J, a € J; N Jo, that is, there exist p,
q € J and non—negative integers n and m such that

—ptonzt <a< ptonct
—qtom.(—2)t <a< q"®&m.(-x2)T.

Letting r = pT V¢t € J,

a< rtenat
a< rtem.(-z)",

—rtonat
—rtom.(—x)*"

INIA
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SO

(—rtenzt)Vv(—rtem(-2)") <a< (tenzt) AT em(—2)),
—rto(nazt Am.(—2)") <a< rt@(nat Am.(-x)"),
_prt <a< rt

)

by Lemma 4.3. But then, by convexity, a € J contradicting our hypothesis. This implies
that the assumption that neither 2+ € J nor 2~ € J cannot hold and thus J is prime. W

COROLLARY 4.5
Every proper ideal of an MV *-algebra is an intersection of prime ideals.

COROLLARY 4.6
For every a € A, a # 0, there exists a prime ideal P, such that a ¢ P,.

PROOF. Apply Theorem 4.4 to a and the ideal {0}. i

COROLLARY 4.7
Every maximal ideal is prime.

PROOF. Let M be a maximal ideal of an MV *-algebra A and assume it is not prime. Then
there exists an a € A such that a™ ¢ M and a~ ¢ M. Then by Lemma 4.4 there is a prime
ideal P such that M C P and a™ ¢ P, but then a~ € P, contradicting the maximality of
M. |

LEMMA 4.8
If I; € Z(A) for j € J and [, ; I; = {0}, then the natural morphism
v:A— H A/I;

JjeJ
defined by v(a)(j) = [a];; is a subdirect embedding.

PROOF. The fact that v is a homomorphism is straightforward. Since (;c;I; = {0}, v is
one-to-one. Finally, since the projections 7; ov are onto A /I; for each j € J, v is subdirect.

5 Subdirect Representation Theorem

The following special case of Birkhoff’s Theorem was proved by C. C. Chang in [2]. The
following proof does not depend on results about MV -algebras.

THEOREM 5.1
(C. C. Chang) Every non—trivial MV *-algebra isomorphic to a subdirect product of lin-
early ordered MV *—algebras.

PrOOF. Consider the family of prime ideals {P, : a € A — {0} } such that a ¢ P, built in
Theorem 4.4. Then (\{P, : a € A — {0} } = {0}, so by Lemma 4.8 the injection v is a
subdirect embedding. Since each P, is prime, by Theorem 4.1, for each a, A/P, is linear. ll

COROLLARY 5.2
If an M V*—algebra is subdirectly irreducible then it is a linear MV *—algebra.
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6 MV*—chains and the Product
Let A be an MV *-algebra. For a, b € A define their product as follows.

ab=0@[eol)e(®el)]) & ([erl)e (bael)]ol).

In order to understand the meaning of this operation, let us evaluate it in the interval
algebra [—1,1]. For z, y € [—1,1],

r+y—1 if x4+y>1,
Ty = 0 if 1>x+y>-1,
z+y+1 if —1>z+4y,

where addition is in the reals. Thus, intuitively, the product is how much is cut from the
regular addition when one trims it between —1 and 1, as one does in I'(R, 1).
For any MV *—chain.

((ael)® (bo1)])®1 if both a and b are positive,
a®b=1¢ ((a®l)®(b®1))sl if both a and b are negative,
0 0.W.

The following lemma states some immediate consequences of the definition of the product.

LEMMA 6.1
Let A be an MV *—chain.

.00a=0

.10a=a
.a®b=b0a
a®@bece)=(a®b) ¢
.—(a®b) = (—a) ®(-b)
.If a,b> 0, then

S U s W N =

aeb = [ael)o®el)sl
a®b = [eola®ol)]el

LEMMA 6.2
Let A be an MV ™*—chain.

df a,b,c>0and a®b=b&c=1,then [(ac1)®d(bol)]dc=ad[(b1)d(col).
fb,e>0and b@® e < 1, then (bdc)ob=c.

df bye>0and b@ce <1, then (bdc)ol=(bol)dec

I a,bye>0,adb=1and bdc < 1, then [(a0l)@® (bol)]@c=(a0l)&((bdc)O1)].
df a,b,e>0,adb<landb®e< 1, then (a®db)©ec=a0 (bdc).

I a<0,b,¢>0,0@c=1thena®((b©c)©1) = —1 if and only if either (a®b)®c < 1,
oradb=16cc

Also, [a® (bee)o1)]®1l=(a®b) Dec.

7. If b and c are both positive or both negative, and |b@®¢| < 1, then a® (bdc) = (aDb)Be.

S U s W N
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PROOF. 1. Let a, b,c>0and a®b=bPc=1.
Sincea®b=1,0=(a®b)c1<a® (bs1), by Lemma 2.2,5. Then

[(ecel)@(bol)ac

< ad[bol)®(col),

by Lemma 2.2,5. A similar argument proves the inequality in the other direction.

2. Letb,c>0,0@c<1. If ¢c>16b, thenb®c>b® (16b) =1, a contradiction, so
¢<160b. So by Lemma 2.2,2, (bdc)ob=cA(10b) =c

3. Let b, ¢ > 0, b®c < 1. We observe that bdc = 1@d~, so by 2., ¢ = (bdc)ob = (1dd~)Sb,
and thus

bol)dc=0ol)d(Qlaod)e-b=0bol)o(1cb)@d )=d

On the other hand, (b®c)©1=(1®d_)® (—=1) =d~, so the identity holds.

4. Leta,b,c>0,a®db=1and bPc<1.
Observe that by Lemma 2.2,1, ¢ = (¢c®(b©1))® (16b). Also, since a®b=1,a50 > —b.
Now by Lemma 2.2,7 and 2. above,

(el Bol)]dc = [eol)d(@oel))alcad®hol)d (1)
[((co)@Bol)a@eb)]d(bdc)ol)
(ecl)Vv(lebel)]a((becel)

(a©

Da(bocgol)

5 Leta,b,c>0,adb<landb@®c<1. Thenby 3., (a®b)©Oc=a0 (bdc).

(a@b)oc = [(edb)ol)®(col)
ao

e
Debe(col)s
e
Jo@

@b (col))
De(becol)
b

—~ ~ —~
/\

6. Let a<0,b,c>0,bBc=1.

—-1=a®((boGc)el) = ad((bel)d(col))
= ( ebo-1)e(col)
= (eob)ol)s(col)
= ((@db)ocol

So (a @ b) ® ¢ =0, and this is equivalent to (a®b)dc<lor (a@b)=16c.
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Observe that in this case,

O(bogel) = ao((bel)®(cel)
= a0[((bol)dc)o1]
= [eel)®(bol)@o]ol
= (e (dol)adel
= [eee®ol)edel
= ((eadb)dc)o1l
ola((boe)el)]®dl=(adb) Pec.
The rest of the assertions are proven likewise.
7. Letb,c>0,bdc<1.
a®b = a®((bdc)oc)

so (a@b)@dc=[ad(bdc)OcPec.
If a® (b®c) > 0, then by restricted associativity, [(a (b@c))@c]@c:a@(b@c).
FIf (a@ (bdc) <0, then [(ad(bBc)ocddec=(ad(bdc)V(cal). Butif
a®(bdc)<col, then (a® (b®c))@1<(cOl)®l=0c5@dl)d(bdc)<c a
contradiction. i

7 Completeness Theorem

Let A be an MV*—chain. We will define an f—group G(A) such that A is isomorphic to
G(A)(u), for some positive u € G(A).

Consider the set G(A) of all pairs (n,a) € Z x A, where (n+1,—1) and (n, 1) have been
identified.

(n+m+1,(ae0b)ol) if adb=1,
(n,z)+ (m,y) =< (n+m,adb) it1>a®db>-1,
(n+m—-1,(aob)®dl) if adb=-1,

We observe that for any (m,a),

f m+m+1,(ee0l)el)=(n+m+1,a01) if a>0,
(m,a)+(n,1){(n+m7a@1) fa<0.

On the other hand,

(n+m+1,a®(-1)=n+m+1,a061) ifa>0,

(m,a) + (n+1, —1)2{ (n+m, (@ (-1)@®1)=Mn+m,ad1) ifa<O,

so this addition is well defined.
We observe that this addition is commutative, (0, 0) is a zero and (—n, —a) is the additive

inverse of (n,a). In order to prove that G(A) = (4, 4+, —, (n,0)) is a commutative group we
must prove that + is associative.
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LEMMA 7.1
For any n, m, k € Z, and any a, b, c € A,

(n,a) + ((m,b) + (k,¢)) = (n,a) + (m, b)) + (k,c).

PRrROOF. We must check several cases.
Case I a,b,c>0and a®b=0b®c=1. Then

(n,a)+((m,b)+ (k,c)) = (n,a)+(m+k+1,(b0c)o1) = (n+m+k+1,ad ((bec)o 1)),
whereas
((n,a)+ (m, b))+ (k,c) = (n+m+1,(a®b)Sl)+ (k,c) = (n+m+k+1,((a®b)S1)FC).
But by Lemma 6.2,1.,
@obol)@c=[aol)®bol)]dc=ad[bol)®(col)]=ad((boc)o1).
Case Il a,b,c>0,a®b=1and bdc<1. Then
(nya)+ ((m,b) + (k,¢)) = (n,a) + (m+kbdc)=n+m+k+1,(a0 (bdc)) 1),
whereas
((n,a)4(m, b))+ (k,c) = (n+m+1,(a®b)o 1)+ (k,c) = (n+m+k+1,((a®b)o1)Dc).
But by Lemma 6.2,/.,
(aob)ol)@c=[acl)®(bol)]dc=(@ol)d(bdc)ol)]=(ae (bdc)o1.

Case III a,b,c>0,a®b<1andb®c<1. There are two subcases.
Subcase a) a® (b@ ¢) < 1. Then since all elements are positive,
(nva) + ((m7b)+ (k) =(m+m+kad(bdc) =
(n+m+k (a®b) ®c)=((n,a)+ (m,d)) + (k,c).
Subcase b) a® (b@®c)=1. Then

(n,a)+ ((m,b) + (k,c)) =(n+m+k+1,(a®(bdc)O61),

whereas
((n,a) + (m,b)) + (k,e)=(n+m+k+1,((adb)©c)S1).
But then by Lemma 6.2,5., associativity holds.
Case IV 4,¢c>0,0<0. Thena®db<landb@®c< 1. Also, (a®b)dc=ad (bdc).
There are three subcases.
Subcase a) (a®b)Pc=a® (b®c)=1. Then

(n,a)+ (m,b) + (k,e)) =(n+m+k+1,(a®(bdc) 1),

whereas
((n,a) + (m,b)) + (k,c) =(n+m+k+1,((a®d) ©c)O 1),
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but now

(a@b)oc)ol = )o1) @ (col)
& -1)@(col)
1)@ b) @ (co1)
e e (ce=1))

ao
aol)d((bdc)ol)
a®

Subcase b) —-1<(a@b)@c=a® (b®c)<1. then
(nva)+(<m7b)+(kvc)) = (n+m+k7a@(b@c>)v
and
((naa)+(mvb))+(kvc) - (n+m+k7(a’®b)@c)v

which are equal by restricted associativity.

Subcase ¢) (a®b)Bc=a® (bdc)=—1. Thena=c=0and b= —1, and the
result is trivial.
Case V a<0,b,c>0and b®c=1. There are two subcases.

Subcasea) a®((b®c)©1)>—1. Thena® ((b®c) 1) =0, so by Lemma 6.2,6.,
(a®b)Dc=1,s0

(n,a)+ ((m,0)+ (k,¢)) = (n,a) +(m+k+1,b0c)o1) = (n+m+k+1,a®((bOc)O 1)),
and

((n,a) + (m,b)) + (k,¢) = (n+m,a®b)+ (k,c) = (n+m+k+1,(a®b) ©c)O1).
Now

ad((boc)ol) = ad(bel)®(col))
(@@ (el)®(col)
= (@@(o-1)e(col)
(
(

yol)® (col)

and associativity holds.
Subcase b) a® ((b®c)© 1) = —1. Then by Lemma 6.2,6., (a ®b) B c < 1, or
a ®b =16 c. Either way, by Lemma 6.2,6.,
(m,0) + ((m, b) + (K, ) = (n,0) + (m+ k+1,(b© ¢) © 1) =
m+m+kac(bocgol))edl)=n+m+k (a®b)dc).
If (adb)dc<1,

((n,a) + (m,b)) + (k,¢) = (n+m,a®b)+ (k,c) =(n+m+k,(adb) ®c)

If a®db=16¢, (and (a®b)®c=1
((n,a) + (m, b)) + (k,¢) = (n +m,a ®b) + (k,¢) =
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m+m+k+1,(1cc)0cgol=nNn+m+k+1,-1),
but in (n+m+k,1) = (n+m+k+ 1,—1), so associativity holds.

Case VI a<0,b,c>0and bd®c < 1. Then

(nya) + (m,b) + (k,¢)) = (n,a) + (m+kbdc)=n+m+k,a®(bdc)),
whereas

((n,ya) + (m, b)) + (k,e) = (n+m,(a®b)) + (k,e) =(n+m+k,(adb) ®c).
By Lemma 6.2,9., associativity holds.

The case a, b > 0 and ¢ < 0, is the same as cases V and VI with the roles of a and ¢
interchanged. All the remaining cases can be reduced to one of I to VI, by replacing a, b,
c <0 by —a, —b, and —c respectively, so in any case associativity holds.

THEOREM 7.2

Let A be an MV*—chain. Then G(A) ordered lexicographically is an ¢—group. Moreover,
A is isomorphic to G(A)((0,1)).

PROOF. Lemma 7.1 and the remarks that preceded it prove that G(A) is an Abelian group.
In order to check G(A) is an ¢—group, it is enough to check that if (n,a) < (m,b), then
(m,0) + (k) < (m,b) + (k,e) (%)
Let (n,a) < (m,b) and n < m, then there are several cases.
Case IIf b®c=1, then (m,b)+(k,c) =(m+k+1,(0®c)S1), and since (n,a)+ (k,c) <
(n+k+1,1), we have that (x) holds.
Case ITIf b @ c < 1, then (m,b)+ (k,e)=(m+k,b®c). In>m+1orn=m+1and
a® ¢ < 1 then (%) holds. So let us assume that n = m + 1 and a @ ¢ = 1. Observe that in
this case a, ¢ > 0, s0 (n,a)+ (k,e)=(n+k+1,(a®c)©01)=(m+k,(a®c)S1) and
(m,b) + (k,c) = (m + k,b® ¢), but then

(a@c)e1=(a81)P®(c01)<col1<cdb,

so (*) holds.
Case III If b&® ¢ = —1, an argument similar to the one in the previous paragraph shows
that (%) holds.

The assertion about G(A)((0,1)) is immediate. i

COROLLARY 7.3
Let A be a simple M V*—chain. Then G(A) is a simple {—group.

PROOF. Let a € A be such that a > 0. Then the ideal generated by a is (a) = {z : |z| <
n.a, n € N} is not trivial, so (a) = A and thus 1 = n.a, for some n € N.

We will now prove that G(A) is Archimedean. Let (m,a), (k,b) € G(A), with (m,a) >
(0,0). We may assume that k > 0. There are two cases, m = 0 and a > 0 or m > 0.

In the first case, let n be the least positive integer such that n.a = 1. Then ((k +
1)n).(0,a) = (k+1).(n.(0,a)) = (k+1).(1,a® ((n—1).a) 1) > (k+1,-1) > (k,b).

In the second case, simply take any n such that nm > k then n.(m,a) > (nm,c) > (k,b),
for some ¢ € A.

These two cases prove that G(A) is Archimedean and by [1], Theorem 2.3., G(A) is
simple. | |
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Let 7(x1,...,2,) be an MV*~term. Define recursivelly the {-group term 7(x1, ..., %y, y)
as follows.
T, = =z if z; is a variable,
-7 = -7
Tho = —yVyAFa)
LEMMA 7.4

Let A be an MV*—chain, 7(z1,...,2z,) an MV*~term and aq,...,a, € A. Then
0,7%(a1, .-, an)) =7 B((0,a1),. .., (0,a,),(0,1)).

PROOF. The proof is an easy induction on the complexity of 7. |

THEOREM 7.5
Completeness Theorem An equation holds in all MV *-algebras if and only if it holds in
the real number interval MV*—algebra [—1,1].

PROOF. Assume an equation o(z1,...,z,) = 7(x1,...,2,) does not hold in an MV*—
algebra. Then by Theorem 5.1, the equation does not hold in an MV *—chain A. So there
are elements ay,...,a, € Asuch that c®(ay,...,a,) # 7*(a1,...,a,), and by the previous
lemma,

c®A(0,a1),...,(0,a,),(0,1)) £ 7BV ((0,a1),...,(0,a,),(0,1)). (%)

By a well known completeness result in the variety of f—groups, this implies that the
equation (%) does not hold in the f—group R of the real numbers.

Finally, it is immediate that R is isomorphic to G([—1, 1]) and that the interval algebra
[—1, 1] is isomorphic to R(1), so using the previous lemma again, but this time in the opposite
direction, we get that the equation does not hold in [—1,1].

The implication in the other direction is immediate. | |

8 Free MV*-algebras

For a given set X of variables we denote by Term(X) the absolutely free MV *~term algebra,
and for any MV *—algebra A, we denote by Term* (X) the corresponding MV *—algebra of
term functions over A", where k is the the cardinality of the set X.

THEOREM 8.1
For a set X of variables, Term! ™" (X) is the free MV *~algebra over X.

PROOF. Let B be an MV*-algebra and f : X — B be a function. For any p(x1,...,2,) €
Term(X) define

Fp) = pB(f(1),.-, flxn) -
By the completeness Theorem 7.5, for any two MV *—terms, p and o, if pl=b1 = =111

then pB = oB, so f: Term(X) — B is well defined and extends f. An easy induction
proves that f is a homomorphism and that it is unique. | |
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9 Simple and Semisimple MV *—algebras

An MV*-algebra is simple if and only if it has exactly two ideals. For a given algebra A
there are at least two ideals, {0} and A, so A is simple if and only if it is non—trivial and
{0} is a maximal ideal.

THEOREM 9.1
Every simple MV *-algebra is a chain.

PROOF. Let A be simple. Since {0} is a maximal ideal, it is prime, so for any a € A either
at =0 or a” = 0 and thus A is linearly ordered. | |

THEOREM 9.2
An MV*-algebra is simple if and only if it is isomorphic to a subalgebra of [—1, 1].

PrOOF. Let A be simple and thus linearly ordered. We first observe that by Corollary 7.3,
G(A) is simple. By [1], Theorem 2.3., an ¢{-group is simple if and only if it is isomorphic
to a subgroup of the real numbers. This implies that the interval algebra G(A)((0,1)) is
isomorphic to an interval algebra R(u), for some positive real number u, but it is obvious
that any interval algebra is isomorphic to the algebra [—1,1].

In the other direction, simply notice that all subalgebras of [—1, 1] are simple since {0} is
their only maximal ideal.

An algebra is semisimple if it is isomorphic to a subdirect product of simple algebras.

THEOREM 9.3

An MV*-algebra is semisimple if and only if it is a subdirect product of subalgebras of
[-1,1].

COROLLARY 9.4

Every free MV *—algebra is semisimple.

PROOF. By Theorem 8.1. [ |

10 Infinitesimals and /—Groups

In this section we characterize the ideal of infinitesimals of an MV *—algebra as f—groups.

Let A be an MV™*—algebra and let a € A. We say that a is an infinitesimal if a # 0 and
for all n € N, n.Ja] <1 —|a|. Let Zn(A) be the set of all infinitesimals of A. An ideal that
is a subset of Zn(A) is an ideal of infinitesimals.

THEOREM 10.1
Let A be an MV*—algebra. Then Zn(A)U {0} = ({M : M is a maximal ideal of A}.

PROOF. The proof is the same as the proof of a similar result proven in [3], Thm 3.6.4, for
MV-algebras. We just have to replace a by |a| and —a by 16 a. | |

COROLLARY 10.2
The set Zn(A) is an ideal of A.

THEOREM 10.3
Let A be an MV*-algebra and let I be an ideal of infinitesimals. Then (I,®,—,0,V,A) is
an ¢—group.
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PROOF. The ideal is closed under the operations. Notice also that, except for associativity
of the sum, all axioms of an /—group are easily verified by I.

Let A be the interval algebra [—1,1] of some f—group G with a strong unit 1. Since a
finite sum of infinitesimals is an infinitesimal, it cannot be 1. Recalling the definition of &
in an interval algebra of a group, we have that @ restricted to infinitesimals is associative.

Let A be an MV*-algebra. Then by Theorem 5.1, A is a subdirect product of interval
algebras A;. Since the operations are defined coordinatewise, by the previous case, in order
to prove associativity for infinitesimals, it is enough to check that if a € Zn(A), then for
each 4, a; € In(A;). This is straightforward.

THEOREM 10.4
Let A be an MV *—algebra and let G be a subset of A. Then G is a convex ¢—group if and
only if G is an ideal of infinitesimals.

PROOF. Assume G is an ¢{-group and let ¢ € G, g # 0. Suppose g ¢ Zn(A). We may
also assume that g is positive , so g = |g|. Then for some m € N, m.g > 16 g., and this
implies that 1 < m.g® g <1, that is (m+1).g =1 = (m + 2).¢ and since G is a group, we
can subtract (m 4 1).g and get ¢ = 0, a contradiction. So every element of G must be an
infinitesimal.

On the other hand, if G is an ideal of infinitesimals, by Theorem 10.3 G is a convex
{—group. ||

COROLLARY 10.5
Let A be an MV*-algebra and let G be a subset of A. If G is an f—group, then G is a
subgroup of an ideal of infinitesimals.

COROLLARY 10.6
Any f—group is (isomorphic to) an f—group of infinitesimals of an MV *—algebra.

PrOOF. Let G be an f—group. Consider the lexicographic product Z ® G and its associated
interval MV*—algebra A =T*(Z ® G, (1,0)). Then Zn(A) = {0} x G 2 G. [ |

11 McNaughton’s theorem for MV *—algebras

In the theory of MV —algebras it is well known that for a McNaughton function, f : [0,1]" —
[0, 1] there exists an n—ary MV—term such that its interpretation in the MV -algebra [0, 1]
coincides with f. In this section we consider a generalization of the notion of McNaughton
functions to functions over [—1,1]. We prove the one dimensional case of an analogue of the
theorem mentioned above for these McNaughton* functions over [—1,1] and MV*—terms.
The proof reduces the M V* problem to the analogue MV problem by means of a translation
between the two languages. This is the only section of this paper where we use results from
the theory of MV —algebras to MV *—algebras.

DEFINITION 11.1
Let n > 1 be an integer. Then a function

f-1,1" — [-1,1]

is called a McNaughton® function over [—1,1]™ if and only if it satisfies the following condi-
tions:
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(i) f is continuous with respect to the natural topology of [—1, 1],
(ii) there are linear polynomials p1, ..., pr with integer coefficients,

Pi(Z1,. ., xn) =bi + mpz + ...+ MynTy

such that for each point y = (y1,...,yn) € [—1,1]" there is a j € {1,...,k} with f(y) =
pi(y)-

THEOREM 11.2

Let o be an MV *~term such that Var(a), the set of variables of « is contained in {z1, ..., z,}.
Then the interpretation al=%1 : [~1,1]* — [~1,1] of « in the MV *-algebra [~1,1] is a
McNaughton function over [—1,1]™.

PRrROOF. The interpretations of the variables (projections) and of the constant function taking
the value 1 over [—1,1]™ are McNaughton functions . It is easily proved that the set of
McNaughton functions is closed under pointwise application of the operation & and —
defined on [—1,1]. The theorem follows by induction on the complexity of the formula

a. |

LEMMA 11.3
Let a be an MV—term such that Var(a) C {z1,...,z,}. Then there exists an MV *~term
a* such that Var(a) = Var(a*) and

(o)l 11 lo,1jn= alo1l
PROOF. Let a be an MV —term. We consider a translation
() Termpyy (z1,...,2n) — Termpys(21,...,25)
defined recursively as follows.
(Z) x:c = Ti,
(ii) (~a)* =16a",

(173) (a® B)* =a* @ p*.
An argument by induction shows that a* satisfies the required condition. | |

LEMMA 11.4
Let fn, gn: [-1,1] — [—1, 1] be the functions

fo(x) = (nzVO)AL and gn(z)=(1—n.z) VO)A L.
Then there exist MV*~terms «, and (3, such that aL_l’l] = fn and @[L_l’l] = gn.

PRrROOF. Define recursively

. = 3)+ ) 61 = (1 © ‘T)Jr ’
Op41 = (I+ @ O‘n)Jr , and ﬂn—i—l = (ﬁn S 517+)+ .
Then the lemma follows by induction. | |

THEOREM 11.5
Let f:[-1,1] — [-1,1] be a McNaughton* function. Then there exists an MV*~term «

in n variables such that f = al=11].
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PROOF. Let f be a McNaughton* function over [—1, 1]. Then there exist positive McNaughton*
functions over [—1,1], f* and — f~ such that f = f*+f~, where f*(z) = (f(z))", f~(z) =
—(—f(x))* are the positive and negative parts of f, respectively . If ay, g are MV *—terms
such that fT = agfl’l] and —f~ = a[{l’l], then f = (o © a)l"1. This shows that we
can restrict ourselves to positive McNaughton* functions over [—1, 1].

Let h be a (positive) McNaughton* function over [—1, 1]. Then the restriction hy = h [{o
is a McNaughton function over the MV-algebra [0,1], so by the one-dimensional case of
McNaughton’s Theorem for MV-algebras, see [3], Corollary 3.2.8, there exists an MV -
term « such that hy = /%Y. Then by Lemma 11.3, there exists an MV*—term a* such
that hy = ol% = (a*)=13 g ;). (Note that we have no knowledge about (a*)[=1! over
[~1,0]). Then (o*)[=11(0) € {0,1} since it is a McNaughton* function over [—1,1]. There
are two cases.

Case (i). (a*)711(0) = 0. Since (a)*! is piecewise linear, there exist t € (0,1), b € N
such that (@)%} j(2) = ba. Let n € N be such that 1/n < ¢, b < n, then by Lemma 11.4,

there is an MV-—term ay, such that al " () = (nz VvV 0) A 1. Then by construction we get:

_ 0 if ze[-1,0]
* +[-1,1] - Ul
(" Aen)™) (z) { alOU(z) if z€[0,1].
Let A’ : [0,1] — [0, 1] be such that h'(z) = h(—z). Since h’'(0) = 0 and &’ is a McNaughton
function over [0, 1], by the previous argument, there is an L* —formula 3 such that
[—1,1] _ 0 if x S [—170],
f (@) { n'(z) if ze[0,1].
Let v = (a* Aayp)™ and ' = 7(8), where 7 : Termyy«(X) — Termyy«(X) is the

unique morphism extending the substitution zy — —z1, z; — x;, j > 1.
Claim:

h=(yop)bi,
This follows by induction.

Case (ii). (a*)[711(0) = 1. Since ()% is piecewise linear there exist t € (0,1), b € N
such that (oz)[o’l]ho’t] () =1—bx. Let n € N such that 1/n < ¢, b < n, then by Lemma 11.4
there is an MV*—term (3, such that ﬁkl’l] () = (1 —nxz VvV 0) Al. Then by construction we

get
_ 1 if ze[-1,0]
* (-1,1] - y Ul
(a7 V ) (z) { a0l (z) if z€0,1].
Let A’ : [0,1] — [0, 1] be such that h'(z) = h(—z). Since h’'(0) = 1 and A’ is a McNaughton
function over [0, 1] there is an MV*~term (3 such that:

1, B 1 if xe€[-1,0],
g 11](@_{ B (z) if xze€][0,1].

Let v = a* V 8, and ' = 7(f), where 7 is as in case (i).
Claim
h= (A @
The result follows by induction.
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