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Abstract

We consider Bayesian inference using an extension of the family of skew-
elliptical distributions studied by Azzalini (1985, 2005). This new class is referred
to as bimodal skew-elliptical (BSE) distributions. The elements of the BSE class
can take quite different forms. In particular, they can adopt both uni- and bi-
modal shapes. The bimodal case behaves similarly to mixtures of two symmetric
distributions and we compare inference under the BSE family with the specific
case of mixtures of two normal distributions. We study the main properties of
the general class and illustrate its applications to two problems involving density

estimation and linear regression.
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1 Introduction

Azzalini and Capitanio (2003) proved that if g is a probability density function (pdf)
that is symmetric about zero and if H is a cumulative distribution function (cdf) such

that its density h is also symmetric about zero, then for any odd function w(z)
fx(x) = 2g9(z)H(w(x)),  —00 <z <00, (1)

is a pdf on R. This result has turned out to be quite useful in the process of constructing
skewed distributions from symmetric ones. We denote a random variable X with pdf
@ as X ~ S(g,h,w). In particular, if ¢ = ¢, and H = & represent the standard
normal pdf and cdf, respectively, then taking w(z) = Az for A € R we obtain the skew-
normal (SN) distribution. This has been extensively studied in Azzalini (1985, 1986),
Henze (1986), Pewsey (2000) and many others. The special case where H' = g and g
is the Laplace, logistic or uniform distribution, has been considered by Gupta, Chang
and Huang (2002). Related constructions have been developed in Balakrishnan and
Ambagaspitiya (1994) and in Arnold and Beaver (2000a, 2000b). Nadarajah and Kotz
(2003) consider fixing ¢ = ¢ and H given by one of the normal, Student-t, Cauchy,
Laplace, logistic or uniform cdfs. Gémez, Venegas and Bolfarine (2007) consider the
family of distributions generated by fixing H = ® and letting g be any symmetric pdf.
More generally, there has been a number of works exploring bimodality arising from
skew-distributions. Azzalini and Capitanio (2003), Arnold, Castillo and Sarabia (2002)
Ma and Genton (2004), Arellano-Valle, Gémez and Quintana (2005), and Arellano-Valle,
Cortés and Gémez (2006).

From the Bayesian standpoint, inference for skew-elliptical models has been consid-

ered in Ferndndez and Steel (1998) and Sahu, Dey and Branco (2003). More recently,
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Ferreira and Steel (2006) described a general form to introduce skewness in symmetric

models.

Our aim is to introduce a new family of distributions that is flexible enough to support
both, uni- and bimodal shapes. Many datasets arising in practice can be adequately

modeled this way and so our proposal plays a unifying role in this context.

To achieve our purpose, we resort to ([Il), adopting a specific form for w(z) that yields
the desired result. We will study properties of the proposed family of distributions as well
as applications to some standard problems. In the theoretical discussion, the following
stochastic representation of ([Il) turns out to be quite useful: let X ~ g and Y ~ h be

independent random variables and define

X Y <w(X)
Z = (2)
—X ifY > w(X).
Then Z has distribution given by (). This shows that these skew-distributions arise

from a hidden truncation mechanism (Ferreira and Steel 2006).

The rest of this paper is organized as follows. Section B presents the new family,
and develops its main property. In particular, we show how uni- and bimodal shapes
are obtained. Section Bl discusses some practical issues in the general use of skew-
bimodal distributions in Bayesian inference. Section Hlillustrates the use of skew-normal
with bimodal shape distributions for density and linear regression problems. Special
attention is given to comparing inference under the new family with mixtures of two

normal distributions. A final discussion is presented in Section B



2 Adding Bimodality and Skewness to Symmetric

Distributions

The result stated next is useful in the process of introducing skewness and bimodality

in families of symmetric distributions.

Proposition 1 Let fy be a unimodal pdf, H a cdf having pdf h, and assume both fo and

h are symmetric about zero. If k = ffooo 22 fo(z) dz < oo, then

o) =2 (11100‘2) fo@HwE),  —co <z < o0, (3)

is a pdf for any odd function w(-) and any o > 0.

To prove Proposition [ consider, for a given a > 0,

<1 + ax?

g(:)s) - 14+ ak

) fola), )

which is a symmetric pdf. The result then follows immediately from ([II).

An immediate consequence of Proposition [l is the stochastic representation of the
new family by means of hidden truncation: if X ~ <M> fo(z) is independent of

14+ak
Y ~ h then Z defined in (f) has pdf given by (B).

Because fj is symmetric and unimodal, the density g(x) defined in (@) is symmetric
and may adopt both, uni- and bimodal shapes. Besides, it is the H(w(z)) factor that
breaks the symmetry. For later reference we denote a random variable X with pdf
g(x) given in @) by X ~ B(fy,«) and a random variable Y with pdf @) as ¥ ~
SB(fo, h,w,a). We refer to the corresponding families of distributions that follow by
letting fo be any symmetric unimodal pdf as symmetric bimodal and skew-elliptical
bimodal, respectively. We note that the B(fy,«) family contains all the symmetric
unimodal distributions (taking o = 0), and similarly, the SB(fo, h,w,0) sub-family

agrees with the class of all unimodal skew-elliptical distributions.
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The above construction can be seen to generalize some well-known classes of skewed
distribution. For instance, taking fo(z) = h(z) = ¢(z) and w(z) = Az we extend the
skew-normal model studied in Azzalini (1985). When w(z) = Ax + ya® we obtain an
extension of the model presented in Ma and Genton (2004). More generally, if fy = ¢
we generalize the family of distributions in Nadarajah and Kotz (2003) and when h = ¢,
a generalization of Gémez, Venegas and Bolfarine (2007) follows. In all these cases, the

original family is recovered by choosing a = 0.

Figure [ shows the effect of the o parameter on the symmetric and skewed cases,
using fo(z) = h(x) = ¢(x), and a skewing factor defined in terms of w(z) = /2, i.e.,
corresponding to the skew-normal density with parameter A = 1/2. Because in general
H(w(z)) =1— H(—w(z)), the  parameter can be seen as controlling the density value
at the highest mode, i.e., the one concentrating most of the mass. Taking w(z) = —z/2

we obtain a reflection of Figure [l with respect to x = 0.

As is the case of several other families of skewed distributions, such as Azzalini’s
skew-normal, the bimodal class satisfies a perturbation invariance property, which we

state next.

Proposition 2 If X ~ SB(fy, h,w, ) then |X| ~ HalfB(fo,a) for any symmetric pdf

h and function w.

Proof. Letting Y = |X]|, it follows that for y > 0

) = fx)+ fx(—y)

_ (111 Of) folw) (H (w()) + H(w(—y)))
_ (11++ o ) foly) (H(w(y)) + H(~w(y)))
B 1+ ay?

= 2(1+aﬁ)f0(y)- U



Proposition B is useful to compute moments of [B). If X ~ SB(fo, h,w,a) and Z =
| X| then Z ~ HalfB(fo,a), and the even moments of X and Z coincide. The random
variable Z has a much simpler distribution, which may be thought of as extending the
family of half-symmetric distributions on the positive real line. On the other hand, the
odd moments of X can be expressed as

1
E[XZk—l] o E[ka—l] +

= E[Y?+1], k=1,2,3,...,
1+ ak

1+ ak
where Y ~ S(fo, h,w).

3 Bayesian Inference Under Skew Bimodal Models

The skew-bimodal family of distributions introduced in Section Pis quite flexible in the
sense of including all symmetric and unimodal skewed densities. Practical use of such
models, however, requires making choices on the pdfs fy, h and the skewing function w.
We adopt here a pragmatic viewpoint and consider models with h = ¢ and w(z) = Az,

so the skewing factor is ®(\x), exactly as in Azzalini’s skew-normal distribution.

In the above scenario, the choice of fy has a critical impact in model performance.
As a default candidate we suggest taking f, = ¢, which yields bimodal distributions
that resemble mixtures of two normals. See the bottom panel in Figure [l The resulting
family will be referred to as the bimodal skew-normal distribution, with pdf defined as

o) = 3(““‘””2)%{—%2}@@@, reR, (5)

T 1+«

where A € R is the skewness parameter with A = 0 representing symmetry of (). A
random variable X with pdf (@) is denoted as X ~ SBN(a, A). It is interesting to point
out some basic features of the SBN (a, \) distribution. For instance, when A — +o00 then
(B) approaches a distribution that can be described as #) with fy = ¢, but conditioned
to lie on R™ or R™, as determined by the sign adopted by A. This limit distribution
is never bimodal. We thus see that A controls the skewness of the SBN(«, \) family,
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and is also involved in the shape it adopts, because for large enough |\| the bimodality

practically disappears.

Letting o — oo, (B) converges to the density function given by 222¢(x)®(Az), which
is again bimodal, with one mode at each size of zero. In this case, simple calculations
show that A controls the location of the modes and the density value at the modes.
When A — 0 the resulting density is symmetric and the modes approach £v/2. As
A > 0 increases, the density has higher values at the right mode than at the left one, as
the probability mass starts shifting towards the positive values. The reverse is observed
as A < 0 decreases. Thus the perturbation factor ®(Az) above controls the skewness
with respect to the symmetric bimodal model. In the general case, the two modes are
also located at each side of zero. Positive values of A\ push the left mode towards zero,
and in the limit case A\ — oo, the left mode disappears and the right mode converges to
V2. A similar behavior occurs when \ is negative and/or approaches —oo. Thus, as in

the general case, this model approaches unimodality as |A\| — oo.

The inferential target for the SBN model includes learning about the skewness pa-
rameter A\, and the bimodality parameter a. In addition, A = 0 and o = 0 have specific
meanings attached (symmetry and unimodality, respectively). In defining appropriate
prior distributions for («, A) we note that improper flat priors are not an option because
they lead to improper posteriors. The information matrix corresponding to the family
(@) is quite involved and not available in closed form, although straightforwardly seen to
be of diagonal form. Thus, it seems adequate to think of independent priors for o and

A

We will consider here two separate scenarios: testing and general estimation. In the
first case we assume each prior distribution to be the mixture of an atomic distribution
at 0 and a suitable continuous distribution. This yields posterior distributions that are

of the same nature, thus allowing to specifically quantify the posterior probability of



symmetry and/or unimodality. We suggest the following default prior for A:

P(A) = p0adx(0) + (1 = pog)oy " o(Aay ), (6)

for 0 < pp; < 1 and o0; > 0. To enforce bimodality in the prior, it is convenient to choose
a moderately small value of oy, e.g. 0, = 1. This is because |A| > 3 implies practically

unimodal shapes. Similarly, for o we propose
P(@) = po.ada(0) + 2(1 = poa)o, ' dlaoc, ) [{a > 0}, (7)

i.e. another mixture of an atom at 0 and a normal distribution truncated at 0 from below.
An alternative prior would replace the truncated normal term by A7'1{0 < a < A}, i.e.,
a uniform distribution with a large enough value of the upper limit A. This choice would

give slightly less prior weight to values of « close to 0, thus discouraging symmetry.

In the second case, i.e. estimation, we drop the atoms at 0 in both (@) and (),
leading to default priors that are given by standard normals (truncated to the positive

numbers whenever appropriate) and/or uniform distributions.

4 Data Illustrations

In this section we apply the bimodal skew-normal model to the estimation and testing

scenarios described earlier.

4.1 Estimation for simulated data

For the purpose of model fitting we need to consider a location-scale variation of (H),

i.e. we adopt

Vi By o\ 1,0 ~ SNB(a, \), (8)

g

with the estimation priors described in Section The model specification is com-

pleted by selecting adequate priors for p and 0. We note that for any fixed value of
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«, A and o we have 1/o [ f((x — p)/o)du < oo, where f(z) is the density function
(@), which follows immediately from the fact that f(x) can be bounded by a constant
times (1 + az?) exp(—2/2). Therefore a non-informative flat prior may be placed on
1, which would lead to a proper posterior. However, we do not advocate the use of
non-probability prior models and choose instead a vague prior u ~ N(0,10%). Similarly,
the non-informative prior m(0) o 1/0 for the scale parameter again leads to a proper

posterior, but we choose instead o ~ U(0, 10%).

A natural competitor for this 4-parameter distribution is the 5-parameter mixture of

2 normal distributions, i.e.

Y; | M17M270-%70-§7p ~ pN(,Uq,O'%) + (1 _p)N(:U’l + M%O—%)? (9)

where 0 < p < 1, 02,02 > 0, 11 € R and py > 0, which is related to a parametrization
discussed in, e.g. Mengersen and Robert (1996). See also de “Eyes” example in the
Examples Volume IT of WinBUGS (Spiegelhalter et al. 2003). The prior structure for this
mixture model is assumed to be independent with iy ~ N(0,10%), gy ~ N(0,10) T {ps >
0} (i.e. a normal distribution truncated to the positive real numbers), p ~ U(0,1) and

0,2 ~T1(0.01,0.01) for i = 1,2.

We applied both models to a set of n = 1000 simulated observations from the mixture
with equal weights of a I'(2,2) and a normal distribution with mean —2 and variance
1. The simulated data histogram is presented in Figure P together with the posterior
predictive densities for models (§) and (@). The two model produce similar curves, but
neither provides, as was to be expected, a very close fit to the data. To compare the
results of these fits we computed the pseudo-Bayes factors based on the conditional pre-
dictive ordinate (CPO) for model (B) against model ([{), as explained in, e.g., Chen, Shao
and Ibrahim (2000). The respective values of the log-CPO statistic were —1810.162 and
—1815.977, leading to a pseudo-Bayes factor of 335.1611, which is interpreted as strong
evidence in favor of our proposed model (§). As an additional comparison, we com-

puted the Bayesian Information Criterion (BIC) values (Schwarz 1978) for the models,
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obtaining —3634.428 and —3655.831, respectively, which leads to identical conclusion.

4.2 Testing for a linear regression model

We turn our attention now to the testing problem under a linear regression model with
skew-normal bimodal errors. As mentioned earlier, our motivation is to provide a flexible
class of parametric distributions for the error term, i.e., capable of supporting various
types of different behavior, including bimodality, skewness, and extended ranges of kur-
tosis. We specifically focus now on testing the hypotheses of symmetry and unimodality
for the geyser data available on line in the R system, which consists of 272 observations
on waiting times between eruptions and the duration of the eruption for the Old Faith-
ful geyser in Yellowstone National Park, Wyoming, USA. Letting z; represent the ith
recorded duration of eruption and y; the waiting time to the next eruption (in minutes)
we have n = 272 observations. These data have been used in many places, including
Hérdle (1991). Azzalini and Bowman (1990) and Venables and Ripley (1999) present a
slightly more complete version, and additional discussion and references can be found
in the former. A histogram of the waiting times can be seen in Figure @l which clearly

suggests a bimodal shape.

We assume the following linear model for these data:

Yi — Bo — Bi(z; — T)

g

| aa)\>ﬁO>ﬁl>UNSBN(a>)\)v (10)

i.e., the likelihood factor from the ith observation is a location-scale transformation of the
SBN(a, \), with scale parameter o and location By + 3, (z; —Z), where T = n~! > i1 T

Thus, the effect of eruption times is taken as deviations from its empirical mean.

As a preliminary analysis we ignore the information on eruption durations, and
consider only the waiting times y;, i.e., we assume the special case P(8; = 0) = 1 in
(). This is equivalent to the model (§). We use vague prior distributions and assume

po; = 0.3 and o; = 10 in (@), thus not enforcing bimodality in the prior. Also, we take
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Po.a = 0.3 and o, = 5 in (), and further assume
By ~ N(0,10%), and o~ U(0,10%).

Posterior computation was based on a random walk-type of Metropolis-Hastings algo-
rithm, as described in. e.g. Chen, Shao and Ibrahim (2000), using normal or truncated

normal proposal distributions whenever appropriate.

The upper portion of Table [l presents some posterior summaries for individual pa-
rameters. FigureBlshows the marginal posterior densities for all parameters in the model.
We note that p(a | y) is mostly concentrated away from 0, and that p(0 < A < 0.5 | y) is
nearly one, where y denotes the entire collection of observed responses. These combined
facts suggest the presence of a bimodal and skewed to the right distribution. In fact,
the estimated posterior probabilities p(a = 0 | y) and p(A = 0 | y) are both practically
equal to 0, which was also the case even when changing po; and py, to be both 0.5. This
is also corroborated by the posterior predictive density presented in Figure El, which is
overlaid on top of the histogram of y responses (solid line). Some additional numeri-
cal experimentation showed that we need to push py; and py, to be considerably high
(about 0.9999 and 0.8, respectively) to observe non-negligible values for the correspond-
ing posterior probabilities. This reveals the strong support for bimodality and skewness
from the data, which would be overwhelmed only in the case of extremely informative
priors. As a comparison, we fitted a 5-parameter mixture of normals to the same data,
with results presented in Figure Hl (dashed line). This time the pseudo-Bayes factor for
model (B)) versus the competing mixture () was 0.1977, revealing actually some support
for the alternative mixture. This is confirmed by the BIC values —2097.154 for model
[®) versus —2090.427 for the mixture. As a further comparison we used the estimation

priors for model (H), obtaining again similar results.

Next we turn to the regression problem. We use the same prior assumptions as in
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the case of no covariates, but choosing this time

0 10
fo ~ N, .10 ,
B 0 0 1

where the prior independence on 3y and f; is justified by the centering of the eruption
durations in ([{). Posterior summaries of all parameters are presented in the lower part
of Table [l Marginal posterior distributions for «, A, ¢ and contour plots of the joint
distribution of §y and f; are given in Figure Bl. Compared to the no covariates case,
the posterior distribution of « is now concentrated on a region slightly closer to 0, and
that of A\ shifted notoriously to the right, which suggests unimodality by the argument
given in the discussion following (H). This is confirmed by looking at the posterior
predictive distribution at various choices of covariate values (not shown). Also, the joint
marginal posterior distribution of the regression coefficients suggests independence in
the regression parameters (estimated posterior correlation is —0.022), which can be seen

from the contour plots in Figure

The analysis suggests that bimodality is adequate for a model of the waiting times
response ignoring covariates. When bringing the covariate information into the model,
the bimodality no longer appears to be necessary. However, the unimodality a posteriori
in this example was controlled by large values of \. To investigate this issue further,
we considered again the same model but imposing a small prior variance on A. Taking
o, = 1 we found that p(a = 0 | y) = 0.413 and p(A = 0 | y) = 0.066. The Bayes
factor in favor of unimodality thus becomes 1.642 and 0.165 for symmetry, suggesting

that unimodality and skewness are both indeed supported by the data.

5 Discussion

We have proposed a new class of skewed and bimodal distributions that contains the

entire classes of symmetric, asymmetric and unimodal distributions, also including the
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case of bimodality. We have studied some of its basic properties and discussed the
application of a special case to the Old Faithful data. We concluded that obtaining
bimodal or unimodal shapes depended on whether the covariate information was ignored
or not. In that sense, it was useful to have prior distributions that allow assessing specific
values of parameters, e.g. @ = 0 or A\ = 0, which correspond to imposing unimodality

and symmetry, respectively.

We have considered explicit comparisons with a model consisting of the mixture of
two normals. Our experience suggests that the mixture may perform better or worse
than our proposed model, depending on specific features of the data. For instance, in
the simulated data, one of the components is actually non-normal, and our model was
seen to outperform the mixture of two normals. In any case, the bimodal model has the
conceptual advantage of being able to yield exact unimodality for ranges of the av and A

parameters.
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Figure 1: The upper panel represents plots of the B( fy, ) density when fq is the standard
normal pdf ¢ and o =1 (solid line), o = 3 (dashed line) and oo = 10 (dotted line). The
bottom panel plots the SB( fo, h,w, ) pdf for fo =h = ¢, w(x) =2/2 and « =1 (solid
line), « =3 (dashed line) and o = 10 (dotted line).
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Figure 2: Histogram of simulated data overlaid with posterior predictive densities for
location-scale bimodal skew-normal model (solid line) and mizture of two normals model

(dashed line)
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Figure 4: Histogram of waiting times until the next eruption (from the Old Faithful

data) overlaid with posterior predictive densities for location-scale bimodal skew-normal

model (solid line) and mixture of two normals model (dashed line).
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Figure 5: Posterior marginal densities and a bivariate contour plot for the linear regres-

sion problem.
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