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Abstract

This work considers probability models for partitions of a set of n elements

using a predictive approach, i.e., models that are specified in terms of the

conditional probability of either joining an already existing cluster or forming a

new one. The inherent structure can be motivated by resorting to hierarchical

models of either parametric or nonparametric nature. Parametric examples

include the product partition models (PPMs) and the model-based approach

of Dasgupta and Raftery (1998), while nonparametric alternatives include the

Dirichlet Process, and more generally, the Species Sampling Models (SSMs).

Under exchangeability, PPMs and SSMs induce the same type of partition

structure. The methods are discussed in the context of outlier detection in

normal linear regression models and of (univariate) density estimation.

KEY WORDS: Density estimation; Dirichlet process; EM algorithm; Model-based

clustering; Outlier detection; Product partition models; Species sampling models.

∗Departamento de Estad́ıstica, Pontificia Universidad Católica de Chile, Avenida Vicuña
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1 Introduction

This article reviews and explores the connections between several types of models that

induce probability distributions on the space of partitions of a finite set of objects

S = {1, . . . , n}, say. A fundamental application of such models is given by clustering

algorithms, which attempt to find out a partition of S into a not necessarily predeter-

mined number of nonempty subsets. This means that the elements of a partition are

viewed as clusters. Many methods have been proposed in the statistical literature.

An alternative that has proven to be particularly successful in applications, compared

to other heuristic choices, assumes a mixture model with a probably unknown number

of components. Typically, each mixture component depends on a parameter vector

which could have common and idiosyncratic components. Parameter estimation is

usually done via the EM algorithm. Once a number of components has been selected,

clusters may be formed based on the posterior probability of component membership

for each data point. This setup has been followed by many authors, in particular by

McLachlan and Basford (1988), Banfield and Raftery (1993), Dasgupta and Raftery

(1998), McLachlan and Peel (2000) and Fraley and Raftery (2002). For a concrete

demonstration of the capabilities of this approach, see Yeung et al. (2001). Follow-

ing Dasgupta and Raftery (1998), this method will be referred to as model-based

clustering (MBC).

An alternative model-based approach is given by the product partition models

(PPM) introduced by Barry and Hartigan(1992, 1993). Here, experimental units in

a given group are thought of as sampled from a common distribution, and a priori,

groups are formed according to a product distribution. Using this construction, Quin-

tana and Iglesias (2003) proposed an algorithm for the selection of a single partition

according to some specific decision problem of interest such as outlier detection.

In this article the discussion is centered on a predictive formulation of probability

models for partitions. In other words, the focus is on models that are specified through

the sequence of conditional probabilities of joining an already existing cluster or

starting a new one. In some applications, this approach may be advantageous for prior
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elicitation purposes. And of course, it is entirely equivalent to defining directly the

corresponding joint probabilities. Several families of models are available. These are

reviewed, with special interest in studying the various existing connections. Under the

predictive view, particular attention is given to the partition structures related to the

class of species sampling models (SSMs) described in Pitman (1996) and in Ishwaran

and James (2003a). The resulting structures are quite general. In fact, they will be

seen to encompass the MBC approach and, to a large extent, the class of PPMs. The

flexibility of SSMs is highlighted by the fact that under some mild conditions they

can be represented by means of a random probability measure (RPM). Therefore, one

may consider quite flexible classes of models for partition structures under either a

parametric or nonparametric approach, depending on the specific needs or interests.

A practical advantage of this duality is that algorithms originally devised for one

context can be readily adapted to the other.

The rest of the article is organized as follows. Section 2 reviews the several avail-

able models, with emphasis in the corresponding predictive specification of probabil-

ity models. Several novel connections between partition structures are pointed out.

Section 3 discusses hierarchical models built on partition structures, also describing

various simulation schemes that can be used for posterior inference. This includes

a general discussion of the sequential importance sampling and Gibbs sampling al-

gorithms. Section 4 is devoted to clustering methods, particularly the algorithms

by Dasgupta and Raftery (1998) and Quintana and Iglesias (2003). Sections 5 and

6 consider applications of the main ideas to the problems of outlier identification in

normal linear regression models, and of univariate density estimation, presenting in

each case a comparison of the results under the various approaches described earlier.

Some final remarks are stated in Section 7.
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2 A Predictive Approach to Probability Models

on Partitions

Let S = {1, . . . , n} represent a collection of n objects. In later Sections, the elements

of S will represent the set of indexes associated to experimental units. Let ρ =

(S1, . . . , Sk) denote a partition of S into k nonempty disjoint sets (clusters). Each

set Si in ρ consists of ni ≥ 1 elements of S, with
∑k

i=1 ni = n. Without loss of

generality it will be assumed that S1, . . . , Sk are “sorted in ascending order” which

means that min{s : s ∈ S1} < min{s : s ∈ S2} < · · · < min{s : s ∈ Sk}. Let si = j

if i ∈ Sj denote the cluster memberships, which can be used to give an alternative

representation of ρ. By construction it follows that s1 = 1. An additional “no gap”

restriction will be assumed, that is, si = ` > 1 for some i ∈ S implies that there exist

i1, . . . , i`−1 ∈ S such that sij = j for j ≤ `− 1.

Defining probability models on the set S of partitions of S is equivalent to specify-

ing a distribution on the vector of cluster memberships: p(s1, . . . , sn). Since P (s1 = 1)

implies

p(s1, s2, . . . , sn) =
n∏

j=2

p(sj|sj−1, . . . , s2, s1),

the definition of p(s1, s2, . . . , sn) can be done in terms of the conditional probabilities

p(sj|sj−1, . . . , s2, s1). Each specific choice will reflect a predictive view of the way

clusters are formed. Indeed, such probability models describe how the elements of S

are successively assigned to either existing clusters or to start a new one.

Before turning to specific examples it is necessary to introduce the following no-

tation. For 1 ≤ ` ≤ n, let s1, s2, . . . , s` be a sequence of cluster memberships that are

sorted in ascending order as explained earlier. Let k` = max{s1, . . . , s`} be the num-

ber of clusters that have been formed among elements 1, . . . , `, and let m1,`, . . . , mk`,`

be the corresponding cluster sizes, i.e., mi,` =
∑`

j=1 I{sj = i} for 1 ≤ i ≤ `, where
∑k`

i=1 mi,` = ` for all 1 ≤ ` ≤ n.

Multiple choices are available for specifying the conditional probabilities. These

are reviewed next.
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2.1 Dirichlet Process Partitioning

Consider a model of the type

X1, . . . , Xn|F ∼ F, F ∼ D(cF0),

where D represents the Dirichlet process (DP) introduced by Ferguson (1973) with

base measure F0 and weight parameter c > 0. Since F is a.s. discrete, there can

be ties among the Xi’s, which can be also seen from the Polya urn representation

of Blackwell and MacQueen (1973). Thus, a partition of S can be formed by defining

clusters by means of the equivalence classes under the relation i ∼ j if and only if

Xi = Xj. Specifically, let s1 = 1, X∗
1 = X1 and for j > 1 let sj = si if Xj = Xi for

some 1 ≤ i ≤ j − 1 and sj = kj−1 + 1 if Xj 6∈ {X1, . . . , Xj−1}, in which case denote

X∗
sj

= Xj. In words, X∗
1 , X

∗
2 , . . . represent the cluster locations or set of different

(unique) values observed in the sample X1, . . . , Xn. The above representation implies

that the complete sample is in one-to-one correspondence with the set of locations and

memberships {sj}. Such representations are also useful from a computational view-

point (Bush and MacEachern 1996, MacEachern and Müller 1998). It then follows

that

P (s`+1 = i|s`, . . . , s1) =





mi,`

c+`
if 1 ≤ i ≤ k`

c
c+`

if i = k` + 1.
(1)

A colorful description of this partition structure and its corresponding predictive

rule is given by the Chinese restaurant process presented in Arratia, Barbour and

Tavaré (1992). Here, customers enter a restaurant sequentially and sit one after

the other. Initially all tables are folded up, so that one table is opened when the

first customer enters. After customers 1, . . . , ` are seated, customer ` + 1 will either

choose an empty table with probability c/(c+ `) for some c > 0, or an occupied table

with probability proportional to the number of occupants at the given table. Other

important properties of Dirichlet processes can be found in Blackwell and MacQueen

(1973), Korwar and Hollander (1973), Antoniak (1974), Lo (1984), Diaconis and

Freedman (1986), Rolin (1992), Diaconis and Kemperman (1996), Cifarelli and Melilli

(2000) and references therein.
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2.2 Species Sampling Models

Consider now inference on the number of distinct species in a certain large population

of various species, where each species is assumed to have a different preassigned tag.

Assume X1, . . . , Xn are drawn from such population, so that X` represents the tag

that corresponds to the `th sampled individual. Using the same notation as earlier,

let X∗
j denote the jth recorded species. Write m` = (m1,`, . . . , mk`,`). The sequence

{Xn} is called a species sampling sequence if it is exchangeable and satisfies

X1 ∼ F0 (2)

X`+1 ∼ F`
def
= P (X`+1|X1, . . . , X`, k` = k)

=
k∑

j=1

pj(m`)δX∗
j

+ pk+1(m`)F0, (3)

where F0 is a non-atomic distribution function on the appropriate space, δx is a point-

mass at x, pj ≥ 0, and
k`+1∑
j=1

pj(m`) = 1 for all possible values m` and k`. Here the

conditional probabilities p(sj|sj−1, . . . , s2, s1) are expressed by the pj functions, also

called predictive probability functions (PPF) by Pitman (1996). Note that the PPFs

depend on the cluster membership vectors only through the cluster sizes m`. It can be

shown (Pitman 1996) that the induced probability model for partitions under SSMs

is of the form

P (ρ = (S1, . . . , Sk)) = p(|S1|, . . . , |Sk|), (4)

where |Si| is the number of elements in Si and the p function at the right-hand side

of (4) is a symmetric function. In words, P (ρ) depends on the specific partition

only indirectly through the sizes |Sj| of the partitioning subsets Sj. Pitman (1996)

refers to the right-hand side of (4) as the exchangeable partition probability function

(EPPF), also establishing the relationship between this and the PPF. Interestingly,

the exchangeability of {Xn} turns out to be equivalent to the existence of an EPPF

p that determines the PPF (Pitman 1996).

An interesting fact concerning such sequences is that Fn given in (3) converges
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almost surely in the total variation norm to a random distribution represented as

F =
∞∑

j=1

wjδX∗
j

+

(
1−

∞∑
j=1

wj

)
F0, (5)

where wj is the almost sure limit of mj,`/` as ` → ∞, with P (
∑∞

j=1 wj ≤ 1) = 1,

the {X∗
j } are a sample from F0 independent of the {wj}, and the sequence {Xn}

is a sample from F (Pitman 1996). Any setup with a random probability measure

F of the form (5) and a sample {Xn} from F is called a species sampling model

(SSM). In addition, if P (w1 > 0) = 1 or equivalently P (lim`→∞ k`/` = 0) = 1 then

P (
∑∞

j=1 wj = 1) = 1 in which case the model is said to be proper (Pitman 1996).

Intuitively, the wj weights in (5) represent the (limit) fraction of sampled individuals

that belong to the species with tag equal to X∗
j , j ≥ 1. An important special case

of SSM is given by the DP. In this case the model is proper and w1, w2, . . . follow a

stick-breaking process, defined as w1 = U1, wj = Uj

∏j−1
i=1 (1 − Ui) for j ≥ 2, where

U1, U2, . . . are i.i.d. with Beta(1, c) distribution (Sethuraman 1994).

The RPM F given in (5) is quite general, including not only the DP as a special

case, but also the Dirichlet-multinomial process of Muliere and Secchi (1995), and the

stick-breaking priors of Ishwaran and James (2001), among others. As in the DP case,

a graphic description of the clustering structure is given by the generalized Chinese

restaurant process (Lo et al. 1998, Brunner et al. 2001, Ishwaran and James 2003a),

where the seating probabilities are defined in terms of the PPFs. Further properties

of SSMs can be found in Pitman (1996). Nonparametric Bayesian inference for hi-

erarchical models using SSMs is discussed in Ishwaran and James (2003a). Related

extensions of stick-breaking priors can be found in Ishwaran and James (2003b).

2.3 Product Partition Models

An alternative way of defining probability models on partition structures is given

by the class of product partition models (PPMs) as in Hartigan (1990) or Crowley

(1997). A PPM is defined as follows. For any partition ρ = {S1, . . . , Sk} of S and
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data X1, . . . , Xn, it is assumed that

p(X1, . . . , Xn|ρ) =
k∏

i=1

pSi
(XSi

), (6)

where XSi
= (Xj : j ∈ Si) and pSi

(XSi
) depends only on Si and not on other subsets

in the partition. The partition ρ is in turn assigned a prior probability model

P (ρ = {S1, . . . , Sk}) = K

k∏
i=1

c(Si), (7)

where for A ⊂ {1, . . . , n}, c(A) ≥ 0 is called the cohesion of subset A, and K is

a normalizing constant, so that the sum over all partitions is 1. It follows that

the posterior distribution under (6)–(7) is again a PPM with cohesions given by

c(Si)pSi
(XSi

).

The partition structures corresponding to PPMs and SSMs are not equivalent in

general, but they do have a considerable intersection. For instance, the DP induces

a marginal prior distribution on partitions that can be expressed as (7) with c(Si) =

(|Si| − 1)!× c, which is closely related to the Ewens sampling formula (Ewens 1972).

Such a connection between the DP and PPMs was pointed out by Quintana and

Iglesias (2003). More generally, if the cohesions depend on Si only through its size |Si|
then the product form (7) becomes a special case of (4). In contrast, p(|S1|, . . . , |Sk|) ∝
(|S1| + · · · + |Sk|) in (4) is not compatible with the product form (7). In any case,

from (7) the predictive probabilities for PPMs are given by

p(sj+1 = i|sj, . . . , s2, s1) ∝




c(Si(j)∪{i})
c(Si(j))

if 1 ≤ i ≤ kj

c({i}) if i = kj + 1,
(8)

where (S1(j), . . . , Skj
(j)) is the partition associated to the first j elements of S, as

determined by the memberships s1, . . . , sj. See additional applications and discussion

of PPMs, particularly in the context of change point problems, in Barry and Hartigan

(1992, 1993), Loschi and Cruz (2002) and Cruz et al. (2003).
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2.4 Model-Based Clustering (MBC)

This approach was originally proposed by Banfield and Raftery (1993), based on work

by Murtagh and Raftery (1984), and later extended by Dasgupta and Raftery (1998).

They consider independent responses X1, . . . , Xn and a mixture model

p(X1, . . . , Xn|K, θ) =
n∏

i=1

K∑
j=1

τK,jfj(Xi|θj), (9)

where K represents the number of components in the mixture, τK,j is the weight given

to the jth element, with τK,j ≥ 0 and
∑K

j=1 τK,j = 1 for all K, and θ = (θ1, . . . , θK)

are component-specific parameters of possibly varying dimensions. For fixed K, the

probability that a given data point falls into category j is then τK,j and all data

points are classified independently. The mixture (9) can be equivalently expressed as

a hierarchical model

X1, . . . , Xn|K, θ, e1, . . . , en ∼ p(Xi|θ, ei = j) = fj(Xi|θj), P (ei = j) = τK,j.

Using this alternative formulation, clusters are defined via the latent indicators ei.

It also follows that the probability of any cluster assignment is of multinomial type,

so clusters are not constrained to be nonempty and no order relation exists between

them. However, it is possible to reparametrize (e1, . . . , en) to the ascending order and

no gaps format described earlier, by simply reinterpreting the equivalence relation

already stated for data points now in terms of mixture component indicators. The

conditional predictive probabilities, under the restriction to K components, are thus

given by

PK(sj+1 = i|sj, . . . , s1) ∝





∑
(ν1,...,νkj

)∈I(K,kj)

τni+1
K,νi

kj∏
`=1, 6̀=i

τn`
K,ν`

if 1 ≤ i ≤ kj

∑
(ν1,...,νkj

)∈I(K,kj)

(1−
kj∑

t=1

τK,νt)
kj∏

`=1

τn`
K,ν`

if i = kj + 1

0 otherwise,

where for kj ≤ K

I(K, kj) = {(ν1, . . . , νkj
) ⊂ {1, . . . , K} : νa 6= νb for all a 6= b ∈ {1, . . . , K}},
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and with I(K, kj) = ∅ if kj > K. Optionally, some authors consider putting a prior

distribution on K, so that P (K = k) = pk (e.g. Richardson and Green 1997, Stephens

2000), which implies (marginally) that

P (sj+1 = i|sj, . . . , s1) =
n∑

k=1

Pk(sj+1 = i|sj, . . . , s1)pk.

3 Hierarchical Modeling

The previous section discusses how different partition structures can be described

either conditionally or jointly. While the latter explicitly defines probability models

on partitions, it will be argued that the former is the appropriate one for posterior

simulation.

From a modeling perspective, great flexibility is obtained when the partition struc-

ture is placed at the parameter level, rather than at the observation level. This leads

to the following class of models:

X1, . . . , Xn|θ∗1, . . . , θ∗k, ρ, ψ
ind∼ p(Xi|θi,ψ), θi = θ∗si

(10)

θ∗1, . . . , θ
∗
k|ρ, ψ

iid∼ f0(·|ψ) (11)

ρ ∼ a conditionally specified distribution, (12)

where f0(·|ψ) is a known density and ψ ∼ p(ψ) is a hyperparameter vector that is

a priori independent of ρ. When the conditionally specified distribution ρ is of the

product form (7), model (10)–(12) is usually referred to as parametric PPM in the

sense that clusters are defined by a common parameter value rather than by matching

data values. But (10)–(12) is more general than parametric PPMs, also including the

mixture models discussed in Section 2.4.

A nonparametric alternative to (10)–(12) is

X1, . . . , Xn|θ1, . . . , θn, ψ
ind∼ p(Xi|θi,ψ) (13)

θ1, . . . , θn|F, ψ
iid∼ F (·|ψ) (14)

F ∼ SSM(F0, p), (15)
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where SSM(F0, p) refers to the RPM associated to a species sampling model with

EPPF p and non-atomic probability measure F0(·|ψ) having density f0(·|ψ). A typi-

cal assumption in this case is that, a priori, ψ ∼ p(ψ) is independent of the probability

model for F .

Equations (13)–(15) define a fairly general class of nonparametric models, and

the discrete nature of the SSM prior allows for a variable number of clusters in a

natural way. This suggests a connection between the parametric and nonparametric

classes stated above. In the case of mixture models, such connection has been hinted

at in Richardson and Green (1997) and in Stephens (2000). An explicit relation-

ship in terms of PPMs and DPs was described in Quintana and Iglesias (2003). A

more general connection follows from the discussion in Section 2.3: if θ1, . . . θn are

exchangeable then for every nonparametric model (13)–(15) there is a unique para-

metric model (10)–(12) that has the same induced prior distribution on partitions of

the form (4). In fact, the parametric model is obtained from the nonparametric one

by integrating out the RPM F , i.e. by marginalizing over F . Exchangeability holds,

for instance, for a large portion of PPMs, namely, those where the cohesion functions

c(Si) depend on Si only through |Si|. Hence, within a wide range of models there

are alternative nonparametric and parametric formulations implying the same model

on the partitions. The choice between these is therefore entirely dependent on the

modeling interests or needs.

To fit the parametric or nonparametric models it is typically necessary to resort to

simulation-based methods. It is interesting to point out that the relationship between

partition structures of both types of model has turned out to be fruitful to adapt

algorithms originally devised for one case to the other. Such an example concerning

the DP and PPMs can be found in Quintana and Iglesias (2003). Concretely, the

Gibbs sampling algorithm of Bush and MacEachern (1996) and MacEachern and

Müller (1998) was adapted to the case of PPMs. More generally, the predictive

formulation (rather than coping with the joint structure based on the EPPF) turns

out to be useful for computational purposes. This is clearly seen in Ishwaran and
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James (2003a) who develop sequential importance sampling (SIS) (Kong et al. 1994)

and the Gibbs sampling for nonparametric models using general SSMs.

Implementing the SIS algorithm requires drawing under either model from a dis-

tribution like

p(θ`+1|θ1, . . . , θ`, X1, . . . , X`+1,ψ) ∝
k∑̀

i=1

p(X`+1|θ∗i , ψ)p(s`+1 = i|s1, . . . , s`)δθ∗i (θ`+1)

+ p(X`+1|θ`+1,ψ)p(s`+1 = k` + 1|s1, . . . , s`)f0(θ`+1|ψ). (16)

When the likelihoods p(Xi|θi,ψ) and f0(θi|ψ) are conjugate, evaluation of (16) is usu-

ally straightforward. A collapsed version of the algorithm can be derived as well, by

integrating out the locations first and then imputing only memberships. The implied

predictive structure generated by doing so can be described in terms of generalized

weighted Chinese restaurant processes (Ishwaran and James 2003a). The same basic

story applies, but now the seating probability for a new table is proportional to
∫

p(X`+1|θ`+1, ψ)p(s`+1 = k` + 1|s1, . . . , s`)f0(θ`+1|ψ) dθ`+1,

while the probability of joining the ith (already formed) table is proportional to
∫ ∏

j∈Si(`)∪{`+1} p(Xj|θ∗i ,ψ)f0(θ
∗
i |ψ) dθ∗i∫ ∏

j∈Si(`)
p(Xj|θ∗i ,ψ)f0(θ∗i |ψ) dθ∗i

× p(s`+1 = i|s1, . . . , s`).

In other words, the prior predictive probabilities are a posteriori weighted by quanti-

ties that depend of the marginal distribution of the data for people seated in a table

(old or new), conditional on hyperparameters. However, it is important to point out

that practical difficulties arise in the nonconjugate case, due to the need of drawing

from distributions that are proportional to forms like p(X`+1|θ`+1,ψ)f0(θ`+1|ψ). In

contrast, the non-exchangeable conjugate case requires no special step when dealing

with model (10)–(12). See additional details about the SIS algorithm for nonpara-

metric problems in Liu (1996), MacEachern, Clyde and Liu (1999), Quintana and

Newton (2000), Ishwaran and James (2003a) and references therein.

Likewise, the Gibbs sampling can be implemented by drawing from distributions

similar to (16). Specifically, let θ−` denote the vector θ without the `th coordinate,
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and let the k−n be the number of elements in the partition that corresponds to θ−`.

Two cases arise. If s` = i and mi,n > 1 then (θ∗1, . . . , θ
∗
kn

) ≡ (θ∗−1 , . . . , θ∗−kn
), m−

i,n =

mi,n − 1, and m−
j,n = mj,n for j 6= i. In contrast, if mi,n = 1 then k−n = kn − 1

and one cluster disappears, so define (θ∗−j ,m−
j,n) = (θ∗j , mj,n) for 1 ≤ j ≤ i − 1 and

(θ∗−j ,m−
j,n) = (θ∗j+1,mj+1,n) for i ≤ j ≤ k−n . Then

p(θ`|θ−`, X1, . . . , Xn, ψ) ∝
k−n∑
i=1

p(X`|θ−∗i , ψ)h(ρ−, `, i)δθ∗i (θ`+1)

+ p(X`+1|θ`+1,ψ)h(ρ−, `, k−n + 1)f0(θ`+1|ψ),

where

h(ρ−, `, i) =





P (ρ=(S−1 ,...,S−i−1,S−i ∪{`},S−i+1,...,S−
k−n

))

P (ρ−=(S−1 ,...,S−
k−n

))
if 1 ≤ i ≤ k−n

P (ρ=(S−1 ,...,S−
k−n

,{`}))
P (ρ−=(S−1 ,...,S−

k−n
))

if i = k−n + 1.

(17)

Care must be taken to ensure that no gaps are originated, and that the clusters are

sorted in ascending order. In the exchangeable case, (17) equals P (sn = i|sn−1, . . . , s1)

which shows the usefulness of the predictive approach. In the non-exchangeable case

it is possible to adapt the “full and empty” clusters algorithm by MacEachern and

Müller (1998). The basic idea is to carry along the clusters that are currently imputed

together with a number of empty clusters that are to be used if needed. By doing

so, the evaluation of integrals like
∫

p(Xi|θi,ψ)f0(θi|ψ) is completely avoided. A

somewhat different algorithm based on the introduction of latent variables to facilitate

Gibbs sampling is given in Walker and Damien (1996), which is in turn related to

ideas presented in Damien, Wakefield and Walker (1997). Computational approaches

based on Metropolis-Hastings moves for the case of DPs can be found in Neal (2000)

and in Jain and Neal (2004).

4 Clustering

Each of the models we have described provides a certain posterior distribution on

partitions of S. Posterior inference in these models can then be used to provide
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clustering procedures that select a single partition according to some given criterion.

The MBC approach considers the mixture model (9), and model fitting is based on

the EM algorithm, which implies maximum likelihood estimation of the θ parameters.

Therefore, MBC involves selecting both the model and the number of components. To

do so, the number of clusters is treated as fixed and known, although different values

are tried and later compared using a combination of Bayes factors and the Bayesian

Information Criterion (BIC) proposed by Schwarz (1978). Thus, the partition that

maximizes the likelihood is determined for several or all the values of K. The selected

partition is the one that corresponds to the number of mixture components that

attains the highest BIC value. See further details in Fraley and Raftery (1998, 2002).

Unfortunately, there does not seem to be an easy way to extend the MBC method-

ology to the more general forms of (10)–(12) or (13)–(15). Nevertheless, alternative

procedures can be used to construct clusters of experimental units, for instance, by

finding the MAP partition that corresponds to the chosen prior clustering structure.

Doing so, however, leads to several practical problems. First of all, even for moderate

values of n, the number of partitions is quite large, typically resulting in a very small

probability at the posterior mode. Therefore, locating the posterior mode may not

be really meaningful. And secondly, one is typically interested in some additional

decision problem such as parameter estimation, hypothesis testing, etc.

The work by Quintana and Iglesias (2003), considers a formal decision theoretic

framework to group experimental units and to solve the decision problem of interest

in the context of PPMs. The basic idea was to consider a loss function of the form

κl1 + (1− κ)|ρ|, where 0 < κ < 1 is a cost-complexity parameter and l1 is related to

the specific decision problem of interest. This choice implies a trade-off (controlled by

κ) between optimally solving the decision problem (i.e., minimizing l1) and simplicity

in the partition structure (i.e., small number of clusters). The same basic idea can

be extended to the more general models discussed in this work. In particular, the

algorithm by Quintana and Iglesias (2003) can be applied to models like (10) – (12)

or (13) – (15) with no special change.
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5 Data Illustration: Finding Outliers in Linear Re-

gression Models

Consider a standard linear regression model yi ∼ N(xT
i θ, σ2) for which the interest

is on parameter estimation and outlier detection. The idea of using a finite mixture

model to identify outliers has been discussed by several authors. Earlier references

include Aitkin and Tunnicliffe Wilson (1980), and Jorgensen (1990). More recently, a

number of approaches have been discussed in the statistical literature. Scott (2001)

studies minimum distance estimation, rather than using the EM algorithm, in the

context of an incomplete mixture model, applying the method to the identification

of clusters of outliers and “good” data points (non-outliers), as well as parameter

estimation. The number of components needs to be specified beforehand though.

Hennig (2002, 2003) considers a method based on fixed point clusters (FPC), i.e.

subsets of data points with the property that every point in the FPC is a non-outlier

with respect to its own set of parameter estimators, thus splitting the data set in

two parts. FPCs need not be unique, and different FPCs may overlap. Hennig

(2003) presents a fixed point-type iterative algorithm that finds “substantial” FPCs

as defined according to least squares estimators.

We illustrate here the methods described in earliers Sections in the context of the

above problem. To do so, two strategies are applied as discussed in the upcoming two

subsections.

5.1 Model-Based Clustering for Regression Models

First, we discuss application of the MBC method to this problem. Assume that for a

given K

p(y1, . . . , yn) ≡ l({yi}|{τK,j}, {θj}, β) =
n∏

i=1

K∑
j=1

τK,j
1

σ
φ

(
yi − θj − xT

i β

σ

)
, (18)

i.e., a mixture of regression models with common covariates and regression coefficients

β but different intercepts {θj}. The main idea of this modeling strategy is that
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outlying points may form a separated cluster from the main body of data points.

In fact, several clusters can be formed with different subsets of outliers, which are

represented by the various components of the mixture (18). These atypical points

are then identified by assessing the magnitude and sign of the corresponding residual.

This is an extension of the model discussed in Quintana and Iglesias (2003).

The computational strategy followed here is readily derived from the method

explained in Dasgupta and Raftery (1998). For each fixed K the mixture density

(18) is maximized by means of the EM algorithm (Dempster, Laird and Rubin 1977).

The trick consists of introducing latent cluster indicators Zij = 1 if the ith observation

belongs to the jth cluster and Zij = 0 otherwise. The complete data log-likelihood

then becomes

l({yi}, {Zij}|{τK,j}, {θj}, β)

=
n∑

i=1

K∑
j=1

Zij

(
log(τK,j)− 1

2σ2
(yi − θj − xT

i β)2 − log(σ2)

2

)
.

The E step then consists of computing, for i = 1, . . . , n and j = 1, . . . , K,

Ẑij = E(Zij|{yi}, {θj}, β, {τK,j}) =
τK,j exp{− 1

2σ2 (yi − θj − xt
iβ)2}∑K

`=1 τK,` exp{− 1
2σ2 (yi − θ` − xt

iβ)2} ,

i.e., the estimated posterior probability that the ith observation belongs to the jth

cluster. In the M step the expected complete data likelihood

l∗({yi}, {Ẑij}|{τK,j}, {θj}, β)

=
n∑

i=1

K∑
j=1

Ẑij

(
log(τK,j)− 1

2σ2
(yi − θj − xT

i β)2 − log(σ2)

2

)

is maximized. This reduces to computing τ̂K,j = 1
n

∑n
i=1 Ẑij and solving the weighted

least squares problem

min
η

n∑
i=1

K∑
j=1

(yi − θj − xT
i β)2Ẑij,

where η = (θ1, . . . , θk, β). This leads to values {θ̂j} and β̂, from which σ̂2 =

1
n

∑n
i=1

∑K
j=1 Ẑij(yi− θ̂j−xT

i β̂)2 is readily computed. The two steps just described are
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repeated until convergence is achieved. Based on a suggestion made by Dasgupta and

Raftery (1998), a convenient starting partition for the iterative procedure is obtained

by applying an agglomerative clustering algorithm with K clusters to the residuals of

the regression model yi ∼ N(θ+xT
i β, σ2). An alternative initialization method, which

works well in practice for problems of this type, is the k-means algorithm (Hartigan

and Wong 1979), also applied to the regression residuals.

For each K a partition is thus obtained simply by identifying, after convergence,

the cluster component with highest Ẑij value for each i. To compare all such parti-

tions, Dasgupta and Raftery (1998) propose computing the value of

BIC = 2l({yi}|{τ̂K,j}, {θ̂j}, β̂)− (2K + p) log(n), (19)

where p is the number of covariates in the design matrix X (which excludes the

intercept term) and 2K + p is the total number of parameters to be estimated in

(18). The number of mixture components (and partition) with highest BIC value

is then selected as the algorithm output. See further details about MBC in Fraley

and Raftery (2002), and more generally, about the EM algorithm applied to mixtures

in Redner and Walker (1984) and in McLachlan and Peel (2000).

5.2 Dirichlet Process Based Clustering

Assume now the following model

y1, . . . , yn|θ∗1, . . . , θ∗k, β, ρ, σ2 ind∼ N(θi + xT
i β, σ2), θi = θ∗si

θ∗1, . . . , θ
∗
k|ρ, β, σ2 iid∼ N(θ0, τ

2
0 σ2)

β ∼ N(β0, σ
2B0) (20)

σ2 ∼ IG(ν0, λ0)

ρ ∼ product distribution with c(Si) = c× (|Si| − 1)!,

where a priori, ρ and σ2, are independent, ν0, λ0, τ 2
0 , c > 0 are known constants and

B0 is a known positive definite matrix. This extends the model analyzed in Quintana
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and Iglesias (2003) to the multivariate case. As in the model discussed in Section 5.1,

clusters are related to the regression residuals. Note that the prior predictive proba-

bilities (8) coincide in this case with those stated in (1) and obtained for DP priors.

However, only a parametric version based on PPMs is assumed here, as inferences on

the distribution of the intercept coefficients {θi} is not sought after in this specific

application. The above framework can be argued to be a reasonable choice for the

purpose of identifying outlying data points, as the prior structure favors the formation

of a relatively small number of clusters.

Let η = (θ, β, σ2), where θ = (θ1, . . . θn) is a vector of regression intercepts, and

ηρ is the version of η that corresponds to the specific partition ρ. For instance,

θρ = (θρ,1, . . . , θρ,n), where for every subset Sj ∈ ρ the θρ,i with i ∈ Sj are all

identical. The algorithm in Quintana and Iglesias (2003) is next used to select the

partition according to the loss function

L(Mρ,ηρ,η) =
κ1

n
‖θ−θρ‖2+κ2(σ

2−σ2
ρ)

2+
κ3‖β − βρ‖2

p
+(1−κ1−κ2−κ3)|ρ|, (21)

where Mρ represents the model obtained when fixing ρ in (20), |ρ| is the number

of subsets in ρ, and ‖ · ‖ is the Euclidean norm in the appropriate space. Here, κi,

i = 1, 2, 3 are constants that control the relative weights of the various components of

the loss function (21), with 0 < κi < 1 and κ1 + κ2 + κ3 < 1. Compared to the setup

used by Quintana and Iglesias (2003), this loss function allows for possibly different

weights given to the components related to regression coefficients β and variance of

errors σ2.

The algorithm uses the Bayes estimate η̂B = E(η|y) of η, which is required as an

input, where y = (y1, . . . , yn) represents the observed responses. It is readily shown

that the optimal partition minimizes

SCκ1,κ2,κ3(ρ) =
κ1

n
‖θ̂B − θ̂ρ‖2 + κ2(σ̂

2
B − σ̂2

ρ)
2 +

κ3‖β̂B − β̂ρ‖2

p
+ (1− κ1− κ2− κ3)|ρ|,

where η̂ρ = (θ̂ρ, σ̂
2
ρ, β̂ρ) = E(η|ρ, y) is the Bayes estimate when the partition ρ is

fixed in model (20). Starting with ρ = {{1, . . . , n}}, the most outlying element is
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detached from the initial group and the several partitions obtained by adding this

element to already existing clusters or by forming a new cluster (i.e. a singleton)

are assessed. The partition with the lowest value of SCκ1,κ2,κ3(ρ) is selected at this

stage, and the process continues if such a partition improves the one selected from

the previous stage (in the SCκ1,κ2,κ3(ρ) sense). The process continues until no further

improvement is possible. See further details in Quintana and Iglesias (2003).

Finally, it is interesting to point out that the (1 − κ1 − κ2 − κ3) factor in (21)

implies that the optimal partition will have a limited (small to moderate) number

of clusters, depending on the magnitude of this factor. In that sense, the above

algorithm is particularly useful to detect partitions where only a small portion of the

data are “atypical”, as is usually the case in outlier detection in the context of linear

regression models.

5.3 Numerical Results

In this section the models and methods discussed in Sections 5.1 and 5.2 will be

applied to two datasets. The analysis is carried out to the extent needed for an ade-

quate comparison of outlier detection in regression models via clustering algorithms

as described earlier. The first dataset is referred to as the regression dilemma and

presented in Hocking (1996). In turn, this is a modification of the example discussed

in Hocking and Pendleton (1983). We consider here two versions of this problem,

i.e., the dataset with and without the 27th observation (for a complete discussion

and analysis of these data, as well as the reason why two versions are considered,

see Hocking 1996). The second example consists of data on personal savings ratio

(defined as the aggregate personal saving divided by disposable income) for the 1960-

1970 period on 50 countries. The data are available on-line in the R system by typing

help(LifeCycleSavings) at the R prompt, and have been extensively analyzed in Belsley,

Kuh and Welsch (1980).

The methods discussed in Section 5.1 and 5.2 were then applied to these two

examples, using c = 1 in all cases. For model (20) the hyperparameters were chosen
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to be β0 = 0, θ0 = 0, B0 = 10000 × I, ν0 = 2.01, λ0 = 1.01, and τ 2
0 = 10000 thus

reflecting non-informative prior distributions. Following the discussion in Quintana

and Iglesias (2003), the weights in (21) should be chosen such that κ1 and 1−κ1−κ2−
κ3 are small compared to κ2 and κ3. For the purpose of this clustering application,

this is accomplished by setting κ1 = 0.001, κ2 = 0.098 and κ3 = 0.9, which gives the

largest weight to the most important decision problem, i.e., estimation of β, while

assigning weight 0.001 to the model complexity term.
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Figure 1: Values of the BIC criterion (19) for the dilemma (26 and 27 data points)

and for the savings ratio datasets. Horizontal axes represent the number of mixture

components K in (18), chosen in this case to range from 1 through 8.

Figure 1 shows the values of BIC computed according to (19) for the two versions

of the dilemma dataset and for the savings ratio example. In both versions of the

dilemma example, the selected number of clusters is 2, where one cluster consists

only of observation 17 and the other cluster groups the remaining observation. This

has a clear interpretation: observation 17 is an outlier, regardless of the presence or

absence of the last data point. On the other hand, for the savings ratio example the

model selected corresponds to only 1 cluster, which means that no outlier is detected,

i.e., all data points fall into the same category.

Figure 2 shows the posterior means of the intercept coefficients θi, i = 1, . . . , n

that are obtained after fitting model (20) to the examples, using standard DP Gibbs
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sampling, e.g. as described in Section 3. Because the outlier candidates are chosen

according to the values of these posterior means, the plots illustrate how the partitions

to be analyzed will be formed. Of course, the final decision depends also on the

remaining components of (21). In this case, there is a clear indication that observation

17 is an outlier for the dilemma dataset. Also, when including observation 27, all

posterior means have a small decrease which is of about the same magnitude in all

cases except for observation 24. This is consistent with the findings in Hocking (1996).

For the second example, observation 46 appears as the farthest from the main body

of data points.
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Figure 2: Posterior means of intercept coefficients for the dilemma (26 and 27 data

points) and for the savings ratio datasets. Horizontal axes represent the observation

index.

When applying the Algorithm to the examples, the results shown in Table 1

are obtained. For the dilemma dataset (with or without the 27th observation) the

conclusion is the same as in the case of the MBC method. However, for the savings

ratio problem the Algorithm declares observation 46 to be an outlier, which is different

from the results of MBC. It is worth noting that the EM iterations for MBC when

fixing the number of clusters at 2 converged to the partition where one of the subsets is

{10, 11, 23, 33, 34, 46} (as a comparison, SCκ1,κ2,κ3 for this partition is 1.4592). These

are exactly the 6 most outlying points in the sense of distance to the overall mean
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of intercepts. However, the increased likelihood with respect to the model with a

single cluster does not compensate for the model complexity penalty reflected in the

definition of BIC. In contrast, the flexibility inherent to model (20) and the step-

by-step nature of the algorithm allow the user to try simpler models that in some

examples may perform better than the MLE with respect to the loss function adopted.

Dataset n ρ̂ SCκ1,κ2,κ3(ρ̂)

Dilemma 26 {S − {17}, {17}} 0.00214

Dilemma 27 {S − {17}, {17}} 0.00200

Savings Ratio 50 {S − {46}, {46}} 0.02736

Table 1: Best partitions determined by the Algorithm for the dilemma (26 and 27

data points) and for the savings ratio datasets, with S = {1, . . . , n}.

The weight parameters κi, i = 1, 2, 3 do not affect the way the outlier candidates

are picked, but they do play a key role in the final partition selected. It is then

natural to wonder how sensitive the results are to the selection of these values. Such

assessment necessarily depends on the specific application. For the savings ratio

example, the same partitions are obtained if we moved them to κ1 = 0.05, κ2 =

0.1 and κ3 = 0.8 (data not shown), which suggests the procedure is robust to this

important component of the decision problem.

As a final comparison, the above calculations were repeated using now cohesions

given by c(Si) = c. This implies

p(sj+1 = i|sj, . . . , s2, s1) =





1
c+kj

if 1 ≤ i ≤ kj

c
c+kj

if i = kj + 1.

Compared to the DP-style predictive probabilities, this structure favors the formation

of a large number of small clusters. Although the posterior distributions for some

specific parameters are indeed somewhat different (data not shown), we obtained the

same partitions reported in Table 1.
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6 Data Illustration: Density Estimation

Consider now a more traditional application of mixture models, namely, the estima-

tion of a (univariate) density function. In other words, the purpose of this application

is the determination of the appropriate number of mixture components as well as the

estimation of their corresponding parameters.

More generally, the problem of density estimation arises when data y1, . . . , yn

are considered to be sampled from a certain distribution G but G is itself assumed

unknown. Such problems (and their multiple variations) arise in nearly all branches of

Statistics, as evidenced by the numerous references available. Nonparametric methods

are specially well suited for density estimation, kernel-based methods being a popular

choice. References can be found, among others, in Silverman (1986), Scott (1992),

Devroye and Lugos (2001) and from a nonparametric Bayesian viewpoint, in Müller

and Quintana (2004).

The focus of this application will be on mixtures of normals, but other extensions

such as mixtures of t distributions (e.g. Stephens 2000) can be easily implemented.

As in the case of the example discussed in Section 5, the main motivation behind this

illustration is to compare the algorithms described in Section 4 and the partitions

they select.

6.1 Model-Based Clustering for Density Estimation

Assume that for a given K

p(y1, . . . , yn) ≡ l({yi}|{τK,j}, {µj}, {σ2
j}) =

n∏
i=1

K∑
j=1

τK,j
1

σj

φ

(
yi − µj

σj

)
, (22)

i.e., a mixture of normal densities with component-specific means and variances. This

is a special case of the model discussed in Dasgupta and Raftery (1998). Thinking

intuitively in terms of histograms, the idea is to locate mixture components at places

where the observed data lump together.

To fit (22) the EM algorithm is a convenient choice. As in Section 5, the key idea
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is the introduction of latent cluster indicators Zij = 1 if the ith observation comes

from the jth normal component and Zij = 0 otherwise. Thus, for a fixed K, the E

step is accomplished by computing

Ẑij =
τK,j exp{− 1

2σ2
j
(yi − µj)

2}
∑K

`=1 τK,` exp{− 1
2σ2

j
(yi − µ`)2} , i = 1, . . . , n; j = 1, . . . , K

while the M step consists of evaluating

τ̂K,j =
1

n

n∑
i=1

Ẑij, µ̂j =

∑n
i=1 Ẑijyi∑n
i=1 Ẑij

, and σ̂2
j =

∑n
i=1 Ẑij(yi − µ̂j)

2

∑n
i=1 Ẑij

,

for j = 1, . . . , K. These steps are iterated until convergence is reached. Finally, the

number of mixtures components is obtained by determining K for which the highest

BIC is attained. This implies equal number of estimated means µ̂j and variances

σ̂2
j , together with the clustering constructed by identifying, for each observation, the

index ` maximizing Ẑij for j = 1, . . . , `.

The calculations just described can be implemented using the MCLUST package

by Fraley and Raftery (2002b), which can be freely downloaded from the following

URL address: http://www.stat.washington.edu/mclust. In particular, this package

can be readily loaded into the R system.

6.2 Dirichlet Process Model for Density Estimation

Consider now the nonparametric counterpart of the model discussed in Section 6.1.

Concretely, consider the model discussed in Escobar and West (1995):

yi|µi, Vi
ind∼ N(µi, Vi)

(µ1, V1), . . . , (µn, Vn)|F iid∼ F (23)

F |m, τ ∼ DP (c, F0(µ, V ; m, τ)),

where the baseline distribution F0(µ, V ; m, τ) corresponds to a pair (µ, V ) such that

µ|τ, V ∼ N(m, τV ), V −1 ∼ Γ(b/2, B/2), and a priori m ∼ N(a,A) and τ−1 ∼
Γ(w/2,W/2) are independent, with known hyperparameters a, A, b, B, w and W .
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It can be shown that the Bayes solution for the density estimation problem is

given by the predictive density for a new observation p(yn+1|y1, . . . , yn) which can be

computed using the method discussed in Escobar and West (1995), but incorporating

the fix described in Bush and MacEachern (1996). The nonparametric formulation is

useful, among other things, because it provides a simple interpretation to quantities

such as the posterior predictive distribution, namely

p((µn+1, Vn+1) ∈ H|y1, . . . , yn) = E(F (H)|y1, . . . , yn),

for all Borel subsets H in the appropriate space. This expression is implicitly used

when evaluating p(yn+1|y1, . . . , yn). See further details in Escobar and West (1995).

The decision theoretic formulation of the clustering problem is similar to that of

Section 5. Write µ = (µ1, . . . , µn), V = (V1, . . . , Vn) and η = (µ,V ,m, τ). Also, ηρ

denotes the version of η that corresponds to the parametric model that results after

conditioning on the given partition ρ. The algorithm in Quintana and Iglesias (2003)

requires the specification of a loss function, given in this case by

L(Mρ, ηρ, η) =
κ1

n
‖µ− µρ‖2 +

κ2

n
‖V − V ρ‖2

+ κ3(m−mρ)
2 + κ4(τ − τρ)

2 + (1− κ1 − κ2 − κ3 − κ4)|ρ|, (24)

where Mρ represents the model obtained when fixing ρ in (23), and the constants

0 < κi < 1 in (24) are constrained by
∑4

i=1 κi < 1.

Denoting η̂B = E(η|y) and η̂ρ = E(η|ρ, y) the Bayes and conditional Bayes

(given a partition ρ) estimates of η, the clustering problem reduces to finding ρ∗

minimizing

SCκ1,κ2,κ3,κ4(ρ) =
κ1

n
‖µ̂B − µ̂ρ‖2 +

κ2

n
‖V̂ B − V̂ ρ‖2

+ κ3(m̂− m̂ρ)
2 + κ4(τ̂ − τ̂ρ)

2 + (1− κ1 − κ2 − κ3 − κ4)|ρ|.

With these elements, the algorithm in Quintana and Iglesias (2003) works as described

at the end of Section 5.2, with the obvious changes required to adapt it to this context.
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6.3 Numerical Results

Consider now application of the methods discussed earlier to the well-known Galaxy

dataset described in Roeder (1990) and later analyzed in several works, including Es-

cobar and West (1995), Richardson and Green (1997), Stephens (2000), and Ishwaran

and James (2003a). The data consists of n = 82 measured velocities (in 103 km/s),

relative to our own galaxy, of galaxies from six well-separated conic sections of the

space.
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Figure 3: Values of the BIC criterion under model (22) and posterior means for µi

and Vi under model (23) for the galaxy dataset. Horizontal axes represent number of

mixture components K for the leftmost plot and observation indexes for the middle

and rightmost plots.

Figure 3 shows the BIC values associated to the MBC approach for up to 9 clusters,

obtained using the MCLUST package. The selected number of components (clusters)

is K = 3, with estimated means 9.710, 21.404 and 33.044, variances 0.1785, 4.8567

and 0.8496, and with corresponding weights 0.085, 0.879 and 0.036. This suggests

a large cluster that groups the central portion of the data, and one lesser cluster to

each side of this. For comparison, Figure 3 also shows the estimated posterior means

of µi and Vi that result from fitting model (23) to the same dataset. It is convenient

to recall that according to the Algorithm in Quintana and Iglesias (2003), these are

precisely the quantities that determine potential candidates to be separated from the
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main group when forming different clusters.

Figure 4 shows the histogram of the observed data together with the fitted 3-

component mixture density resulting from the MBC approach (dashed line). The

graph also includes the predictive density p(yn+1|y1, . . . , yn) (solid line) obtained after

fitting model (23) to the same dataset. It is is interesting to observe that, according

to this last curve, the large central cluster appears to be composed of three smaller

ones but with centers that are very close to each other, which probably explains the

results of the MBC approach.
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Figure 4: Estimated density of the Galaxy Dataset, using nonparametric model (solid

line) and mixture of normals (dashed line). A histogram of the observed data is

included to facilitate comparison
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Table 2 shows the clusters resulting from applying the algorithm and the MBC

approach to the galaxy dataset. Two applications of the algorithm are shown (lines 2

and 3 in Table 2). In the first case the cost-complexity parameters are chosen to em-

phasize the main target of the modeling via (23), i.e. the density estimation. Indeed,

the κi constants give more weight to accuracy in estimating means and variances for

each data point, while downweighting the role of m and τ and putting little restriction

to the formation of clusters. Doing so, the optimal partition consists of 4 clusters.

Looking at the predictive density in Figure 4 the fourth added cluster represents the

observed data immediately to the left of the central cluster. In the second case, the

parameter estimation components of (24) are given the same relative weights as be-

fore, but the model complexity part is now more relevant. Doing so results in the

same partition found when using the MBC methodology.

Method (κ1, κ2, κ3, κ4) ρ̂ SCκ1,κ2,κ3,κ4(ρ̂)

MBC – {{1− 7}, {8− 79}, {80− 82}} –

Algorithm (10
23 , 10

23 , 1
23 , 1

23) {{1− 7}, {8− 9}, {10− 79}, {80− 82}} 1.9563

Algorithm (10
32 , 10

32 , 1
32 , 1

32) {{1− 7}, {8− 79}, {80− 82}} 2.3581

Table 2: Best partitions determined using the Algorithm and the MBC approach for

the galaxy dataset.

It is worth noting that other similar combinations of values for the κi coefficients

lead to one of these two partitions. The case where κ1 = 1 and κi = 0 if i ≥ 2

leads to a partition with 5 clusters (data not shown) which is visually consistent with

the histogram shape in Figure 4, but represents a totally unrealistic approach to the

density estimation problem viewed from a decision theoretic standpoint.

7 Discussion

This paper explores probability models for partition structures that can be defined in

a predictive (conditional) fashion. It argues that the predictive formulation may be
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useful for the purpose of both, prior elicitation and posterior simulation. The models

can be motivated either from a parametric or nonparametric viewpoint and for a wide

range of cases the induced probability distributions on partitions are identical.

As an illustration of the potential advantages of the various models discussed, two

substantially different applications were considered. The first application concerns

outlier detection in linear regression models, considering two different datasets. The

basic idea consists of constructing clusters of data points according to how much

they deviate from the overall linear trend, i.e., based on the residuals. Two algo-

rithms were applied in this context. The first one is an extension of the model-based

clustering method of Dasgupta and Raftery (1998) while the second one extends the

proposal in Quintana and Iglesias (2003). The underlying model for the former has

a specific formulation that is easier to understand unconditionally, while the latter

allows for a much wider variety of model specifications. In fact the two methods have

a different target, which explains the differences found in the results of the second

dataset described in Section 5.3. From a computational viewpoint, the MBC method

is straightforward to implement and very fast to produce results. In contrast, the

extension of the algorithm by Quintana and Iglesias (2003) is relatively simple to

implement but it involves more computing than MBC, because partitions need to be

assessed one by one until convergence. Nevertheless, in outlier detection problems, the

number of partitions to be examined is typically small, which makes this algorithm

an attractive alternative. Finally, it is necessary to point out that neither algorithm

discussed here has been designed to produce diagnostics other than outlier detection.

Methods for dealing with problems like masking or swamping or for deriving other

types of diagnostics in the specific context of linear regression models are beyond the

scope of this work.

The second application discussed in this paper concerns density estimation. Here,

clusters are represented by different mixture components, which can be naturally

interpreted under either MBC or DP-based nonparametric models. The results from

Section 6 highlight that the flexibility underlying nonparametric models such as (23)
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can be fruitful in a variety of scenarios. The algorithm by Quintana and Iglesias

(2003) can also be used here to find a reasonably optimal partition according to

(24). The flexibility does not come for free though, as using the algorithm turns out

to be computationally more expensive than MBC, requiring over 30 iterations until

convergence for the galaxy dataset. The application also reveals that the resulting

partition and number of clusters may be, in some cases, sensitive to different choices

of the κi parameters. Unfortunately, there does not seem to be a general rule for

choosing such constants, but they rather depend on the specific decision problem to

be solved.

The above discussion suggests that both algorithms may be used in tandem. In-

deed, MBC may be quite fast and efficient in providing a reasonable partition in a

wide variety of problems. However, if the interest is on finding the partition that

minimizes loss functions such as (21) or (24), the MBC solution may not be the most

appropriate, simply because it was not designed to solve decision problems of this

type. In such cases, the algorithm by Quintana and Iglesias (2003) may be extended

to consider the MBC partition as a starting point and proceed in the search of other

potentially better partitions in the sense of minimizing expected loss.

Finally, the applications considered in this work are just examples of the general

models and methods described in Sections 2 through 4. In fact, these can be applied

to many more fields of interest, though the discussion of implementation details is

necessarily problem-specific.
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