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Abstract

A model-based clustering method is proposed for clustering individuals on the basis of mea-
surements taken over time. Data variability is taken into account through non-linear hierarchical
models leading to a mixture of hierarchical models. We study both frequentist and Bayesian
estimation procedures. From a classical viewpoint, we discuss maximum likelihood estimation
of this family of models through the EM algorithm. From a Bayesian standpoint, we develop
appropriate Markov chain Monte Carlo (MCMC) sampling schemes for the exploration of target
posterior distribution of parameters. The methods are illustrated with the identification of hor-
mone trajectories that are likely to lead to adverse pregnancy outcomes in a group of pregnant

women.

Keywords: EM-algorithm, Cluster analysis, Markov chain Monte Carlo, Mixture model, Non-linear

models, Random effects.

1 Introduction

The use of mixture models for clustering is sometimes referred to as model-based probabilistic
clustering (Fraley and Raftery, 1998, 2002), since a particular functional form for the component
densities must be assumed. Finite mixture models are widely used for clustering data in a variety
of applications (see McLachlan and Basford, 1988).

Many standard clustering algorithms are based on the assumption that the vectors to be clustered
are realizations of random vectors from some parametric statistical model. These models usually
place no restriction on the mean structure via covariates or otherwise. However, in many applications
there is potential for parsimonious representation of the mean. For example, medical studies often
yield time series-type data where each d-dimensional vector consists of measurements at d different

time points. In such cases, it seems natural to model the mean via regression and we will show that
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there is a decided advantage in doing so, specially when tempered with the ability to detect clusters
that are well defined but deviate from the model.

In longitudinal medical studies, measurements taken over time on individuals usually show a highly
unbalanced structure, e.g., measurement times may be unequally spaced within a individual and may
differ across individuals. Traditionally, clustering algorithms, such as K-means, have operated on
points or on feature vectors of fixed-dimensional size (Hartigan, 1975). In contrast, however, data
from longitudinal studies do not frequently come in a convenient fixed-dimensional form. Thus,
model-based clustering has some inherent advantages compared to non-probabilistic clustering tech-
niques (see Li, 2006). In addition to providing a generative and predictive model for the data, such
methodology can conveniently handle missing and irregularly spaced measurements. Also, one key
advantage of using a model-based approach is that, in addition to the clustering itself, we obtain a
measure of uncertainty for the assignment of each individual via the posterior probabilities of cluster
membership (see (10) and (11) in Section 5). Fraley and Raftery (2002) have shown effectiveness of
model-based clustering in a number of practical applications including clustering of medical data,
gene expression data, web-logs data, image data, and spatial data.

In this paper, we formulate a class of regression models based on the mixture of hierarchical non-
linear models. This class can be viewed as an extension of finite mixtures of nonlinear models in
which cluster specific random effects are included to account for within-cluster variability. Thus, the
finite mixture of hierarchical nonlinear models provides formal estimates of individual and popula-
tion probabilities of membership in each cluster, population level fixed effects for each cluster, and
individual-specific random effects for each cluster conditional on membership.

Most parameter estimation methods for mixture models can be classified into two categories. One
is the likelihood-based approach and the other is the Bayesian approach. Maximum likelihood
estimation is greatly facilitated by the EM algorithm, while the Bayesian approach has benefited
from the development of the Gibbs sampler. With the EM algorithm, latent variables (or “missing
data”) are introduced, which allows finite mixture models to be fit by iteratively fitting weighted
versions of the component models. So, for example, a K component finite mixture of nonlinear
models can be fit via maximum likelihood (ML) by fitting K weighted nonlinear models, updating
the weights and iterating to convergence. Mixture models with random effects pose an additional
challenge to ML estimation as the marginal likelihood involves an integral that cannot be typically
evaluated in closed form. This challenge is similar to that found with ordinary (non-mixture)
hierarchical nonlinear models. Estimation in a Bayesian framework is now feasible using posterior
simulation via MCMC methods. Bayes estimators for mixture models are well defined as long as the
prior distributions are proper (Roeder and Wasserman, 1997). Important papers on the Bayesian
analysis of mixture following MCMC methods include Diebolt and Robert (1994) and Escobar and
West (1995).

In this article, we study both frequentist and Bayesian approaches for parameter estimation. The
maximum likelihood estimation is carried out via the Monte Carlo EM algorithm. From a Bayesian

viewpoint, we outline a sampling strategy for fitting the models, which consists of a sequence of



Gibbs and Metropolis-Hastings steps, where the latter is required when no closed form is available
in some full conditional in the implementation of the Gibbs sampling algorithm.

The rest of this paper is organized as follows. In Section 2 we review related work about mixture
models. We formulate the component mixture of non-linear hierarchical models in Section 3. In
Section 4, we outline the EM algorithm and the Bayesian framework via MCMC methods to estimate
the model. Section 5 illustrates how the methods can be used to approach the problem of clustering
trajectories. In Section 6 the problem of selecting a particular mixture of hierarchical models is
considered. The model class and estimation methods are illustrated with a real data example in

Section 7. Finally, we give a brief discussion in Section 8.

2 Review of Clustering via Mixture Models with Regression

Structure

Finite mixture models with regression structure have been extensively studied in the statistical
literature and commonly applied to problems in fields such as epidemiology, medicine, genetics,
economics, engineering, marketing and in the physical and social sciences. One of the earliest
works was that of Quandt (1972) who defined a two-component mixture likelihood for so-called
switching regressions. The methodology demonstrated the ability to find underlying group behavior
by maximizing the likelihood using a conjugate gradient algorithm. Later, Quandt and Ramsey
(1978) developed a procedure using the method of moments to estimate the mixture parameters for
switching regressions. Hosmer (1974) also defined a two component mixture likelihood containing
regression components but used maximum likelihood to estimate the mixture parameters in an
iterative process. Essentially, he developed an EM algorithm for mixtures of regressions coming from
two clusters. DeSarbo and Cron (1988) developed the modern EM-based procedure for mixtures of
linear regressions with any number of clusters. Jones and McLachlan (1992) extend this work to
multivariate data. Hurn et al. (2003) discuss solutions to the label-switching problem for Bayesian
inference with regression mixtures, and Viele and Tong (2002) present consistency results of the
posterior distribution.

Recently, many researchers have incorporated random effects into a wide variety of regression models
to account for correlated response and multiple sources of variation. Linear and nonlinear models
with fixed and random effects are two model classes that have attracted an enormous amount of
attention in recent years (see Davidian and Giltinan, 1995; Vonesh and Chinchilli, 1997; Pinheiro and
Bates, 2000; Verbeke and Molenberghs, 2000; Fitzmaurice et al., 2004). In a mixture model context,
Gaffney and Smyth (2003) developed a random effects regression mixture framework and derived a
maximum a posteriori based EM algorithm to perform inference. James and Sugar (2003) developed
a functional clustering model for sparsely sampled functional data. Celeux et al. (2005) proposed a
mixture of linear mixed models. They used the EM algorithm for estimating the parameters. Pfeifer
(2004) considered the problem of model-based clustering based on semi-parametric mixed effects

models. More recently, Booth et al. (2005) proposed a Bayesian approach to clustering multivariate



data, based on a multi-level linear mixed model.

3 Mixture of Nonlinear Hierarchical Models

In this section we introduce the finite mixture of nonlinear hierarchical models and present the

hormone trajectories data as a motivating application.

3.1 Model Specification

The goal of cluster analysis is to partition a collection of individuals into homogeneous subsets.
Model-based clustering has recently received a great deal of attention and has provided promising
results in various applications (Fraley and Raftery, 2002). In this approach, the data are viewed as
coming from a mixture of distributions, each representing a different cluster. Let y; = (yi1, - - -, Yin,)
denote a vector of repeated observations for individual ¢ that is assumed to arise from one of K
populations, with densities f(g;(0ik, Tik); Wix) indexed by a mean g,(-) and covariance matrix
Wik, fori =1,...,mand k = 1,..., K. The matrix W, only depends on i for its dimension,
that is, W;; has dimension n; x n;. We assume g,(-) to be a nonlinear function of unknown
individual-specific parameters, 8;;, and known covariates, x;;. For each k, the parameter vector

0, of dimension p, follows a population distribution N, (g, Xx). We will assume that, conditional

on (0;1,...,0;x, Wi,..., Wik, m,...,TK), y,; follows a mixture model
K
Y, ~ T L (95O, ok ); Wan), (1)
k=1

where 7 (7 > 0, Zszl mr = 1) is the probability that a individual belongs to the kth clus-
ter. Thus model (1) represents a mixture of nonlinear hierarchical models. We assume in (1)
the component densities f(gy(0:k, Tir); Wir) to have multivariate normal distribution, i.e., y; ~
N (95 (0, @ik ), W), if individual 7 belongs to cluster k. Depending on the context, various as-
sumptions can be made about the covariance matrix W ;. Typically W is required to be U,%Im
, 1 =1,...,m, reflecting the assumption that individuals have exchangeable errors. In longitudinal
applications, exchangeable models are common. In other situations, banded or first-order autore-
gressive forms where W depends on a small number of free parameters, are more common (see
De la Cruz-Mesfa and Marshall, 2003, 2006, and references therein). For the remainder of this article
we assume that W, = azlm in order to reduce the number of parameters to be estimated.

Each of the component densities in (1) is a individual-specific model, defined in terms of individual
random-effects. The component models can be similar in form, varying only in mean specification,
or have entirely different functional forms with parameters of different dimensions and meanings
across submodels. A special case we use here corresponds to component models that are similar
in form, and have exactly the same mean structure, but with different parameter values. Also, we
assume that K has a fixed given value; discussion on how to choose K will be given in the next

three sections.



Logistic regression has been proposed by (Hosmer and Lemeshow, 2000) to classify individuals when
there are known sub-populations. However, their method was not designed to handle longitudinal
data. In any case, the sub-populations are not predefined in our application. Regression tree
methodology, such as CART (Breiman et al., 1984), is a standard non-parametric method that
can handle unknown sub-populations. However, when applying CART to longitudinal data (Segal,
1992), there are difficulties to accommodate unequally spaced and highly unbalanced data. The same
problems afflict the multivariate adaptive regression splines approach for longitudinal data (MASAL)
of Zhang (1997). Therefore a parametric modeling approach as we propose may provide satisfactory
answers while avoiding some of the complexities inherent to more sophisticated alternatives.

A model similar to (1) was considered by Pauler and Laird (2000) who formulate a class of two-
component mixtures of hierarchical nonlinear models for longitudinal data. They also outline a sam-
pling strategy for posterior simulation, which consists of a sequence of Gibbs, Metropolis-Hastings,
and reversible jump steps, where the later is required for switching between component models of

different dimensions.

3.2 Biomarker Example

Motivation for model (1) comes from a study in a private fertilization obstetrics clinic in Santiago,
Chile, where the detection of pathological pregnancies was desired. Assisted reproduction treatment
entails a risk of ectopic pregnancy and early pregnancy loss. Thus, early prediction of outcome is
important in pregnancies following assisted reproduction treatment. In these pregnancies, the inci-
dence of ectopic pregnancies varies from double to nearly 5-fold compared with that in spontaneous
pregnancies. In particular, patients with tubal factor infertility are at an increased risk of ectopic
pregnancies and should therefore receive special attention to avoid further impairment of fertility.
The rate of multiple gestation is also high (20-25%) and early pregnancy loss is common, which
causes anxiety in the couples involved.

Markers have been sought to distinguish between normal and abnormal pregnancies before verifi-
cation of live intrauterine pregnancy by transvaginal sonography is possible. Serum Beta Human
Chorionic Gonadotropin (3-HCG) has been found to be predictive of pregnancy outcome. It is well
known in obstetrics that, among other hormones, the 5-HCG shows dramatic changes in women dur-
ing pregnancy. It has been established, also, that values of the 3-HCG are different in women who
have normal pregnancies with terminal deliveries than in women who have spontaneous abortions
or other types of adverse pregnancy outcomes.

In a normal pregnancy, the level of this hormone approximately doubles every 1.5 days up to 5
weeks after the last menstrual period, and then every 3.5 days from the 7th week on (Frits and
Guo, 1987). After the first trimester, levels should gradually decrease over time and in fact quickly
decrease to zero after the pregnancy is ended. However, abnormally large levels of S-HCG may
indicate choriocarcinoma (a quick growing form of cancer that occurs in a woman’s uterus after a
pregnancy, miscarriage, or abortion), Down syndrome in the fetus, hydatidiform mole (a rare mass or

growth that forms inside the uterus at the beginning of a pregnancy), or ovarian cancer. Lower than



normal g-HCG levels may indicate ectopic pregnancy, a miscarriage or spontaneous abortion. In
any case, a failure to exhibit normal growth patterns in S-HCG levels should be usually interpreted
as a complicated pregnancy.

Using clinical criteria, these patients were grouped into normal and abnormal pregnancies. As
reported by Marshall and Barén (2000), the normal group represents women with a normal delivery,
whilst the abnormal group represents women who had any complication resulting in a non-terminal
delivery and loss of the fetus.

On 173 young women, representing different pregnancies over a period of 2 years, the marker 5-HCG
was measured during the first 80 days of gestational age and one of the main targets of the study
was to evaluate these concentrations at early stages of pregnancy, with the purpose of identifying
women with a high risk of loss. Figure 1 presents the time profile in log scale for these 173 women. A
non-linear relationship of the log 5-HCG by day of gestational age is common for most women. We
assumed these women belonged to one of K = 2 subpopulations: normal and abnormal pregnancies.
The simple compartmental model commonly assumed for such relationship, in the kth subpopulation,

leads to an underlying nonlinear model of the form

yi|zik =1 NNm (g(eikati);ailm)a (2)
where )
ik
g O'k,t' = ! .
(Bir, ) 1+ exp{—(t; — Oior)/bisr }
Here y; = (Yi1,---,Yin;) denotes the longitudinal measurements on ith patient taken at arbitrary

times t; = (i1, -+, tin;) s i = 1,...,m = 173, and z;; = 1 denotes that the individual 7 belongs to
subpopulation k. We assume 6,5, = (01, Oiok, Oizr) ~ N3(py,, 7213). It is easy to see that model (2)
along with the population distributions above form a finite mixture of nonlinear hierarchical mod-
els (1), i.e., to analyze these data, we define a finite mixture of nonlinear hierarchical models for
subpopulations of normal and abnormal pregnant women and use this to estimate individual and
population probabilities of normal pregnancy.

Figure 1 also shows heterogeneous profiles. The idea is to find groups of patients with similar profiles,
and ultimately link these groups to the pregnancy outcome prediction. Determining the number of

groups is thus part of the inferential problem.

4 Parameter Estimation

The likelihood for model (1) is invariant under permutations of the K components. This is not a
problem for a deterministic algorithm such as the EM, but it complicates the inference from sampling
procedures such as MCMC, because the labels of components may be randomly switched during the
iterative process. See the discussion below.

We show first how to proceed with the EM algorithm.



log1o(B—HCG)

Figure 1:

20 40 60 80

Time of Pregnancy (in Days)

Observed profiles of S-HCG for all 173 women.



4.1 MLE via an EM-type algorithm

Following McLachlan and Basford (1988), inference in mixture models is facilitated by the introduc-

tion of latent variables z; = (z;1, ..., zix) with

{ 1 if y, belongs to cluster k&
Rik =

0 otherwise.

We assume that z;, i = 1,...,m, are iid realizations from a multinomial distribution with probabil-
ities (71, ..., TK) satisfying Zszl 7 = 1, and that the density of y, given z; is

K

1107 (g(0in, zin); o71,,))7.

k=1

We make use of an EM-type algorithm methodology that takes into account the incomplete structure
of the data. In model (1) we denote the mixture proportions by w = (71, ..., 7k ), and the nonlinear
model parameters for cluster k by 8 = (8,...,8k), where B, = (u;, Xk, 0:7). Here, missing
data are of two types: the indicator vectors z = (z;,4 = 1,...,m) and the random effects 6;; for
individual ¢ in the kth cluster.

Then it is easy to derive the complete-data log-likelihood as
m K
1B,y 2,0) = > zlog(mip(y,, 0:k[8y))
i=1 k=1
where the vector y,, of size n;, contains all the recorded values for individual ¢, and 6;; denotes the

random-effect vector for individual 7 in cluster k. Thus we have

m K m K
1By, 2,0) =Y > zilogme+ Y Y zinh(Bylyi, 0ir),

=1 k=1 =1 k=1
where
1 , 1
h(Bily;, 0i) = C— IOgO’k 252 lly; — g(Oir, zir)||” — 5 log |2k
Ok
1
—5(91'/@ - Nk) ( — ).

for some constant C.

4.1.1 E step

At iteration s > 0, this step consists of computing the expectation of the complete log-likelihood
knowing the observed data and the current value of the parameters ﬁ(s), 7(*). In the nonlinear

hierarchical model mixture context we get

Q(8, w8, =) = E((B,y,z,0)ly, 8, )

m K
+ZZ£§2)E[ (Brlyi, 0ix) |y, B |, (3)



where

(s) (s
3 s s s T ;
> i)
=1

denotes the conditional probability that y, arises from the kth cluster, and p(y,|3;,) is the marginal

distribution obtained using Monte Carlo integration i.e, for some large T', we compute

y1|ﬁk Z y1|0(l)

with 80, 0 M Ar(p, ).

4.1.2 M step

This stage consists of finding the values maximizing Q(B,ﬂﬂ(s), (). Tt can now be shown that
the value (8°TY, 7+ of (8, ) that maximizes Q(3, w3, 7)) is given by
(7_‘,(er1),M(s+1)7 2(s+1),0_2(s+1))/

where, for k=1,..., K

s+1) L)
Wi(c = m Z z(k )
=1
pt = Zz( "E(0ikly, sy Sr, 0},
Zé(s) i=1
ik
=1
S 1 AlS S S
SE = L S O u )00 — u Yy, B0,
ZQ(S) i=1
ik
=1
and
op = szzj E{|ly; — 9(Our, xix) |’ |y, gy, S, 07 }-

) i=1

?r‘rn

i 2

i=1
We introduce now the following notation: let 8, = E(0;|y, Hi Zk,08), O = Cov(0ikly, py,
Ekuak) gzk - E(g(elk)|y7p’k7 2k,0’%)7 and ‘I’ik = COV( ( zk)ly 1237 Ekaak) Then

S 1 Al S
et = =3l (4)
=1
s 1 .9)a
ptt = 4 20, (5)
Zél(z) i=1
=1
S 1 " Al S N S n S
El(c o= m Z Zi(k){(eik - H;(c +1))(0ik - H;(c +1))/ + Gik}a (6)
ZZ@(S) i=1
ik
=1



and
m

1 (s _
= > 2y — Gull® + (W)}, (7)
5(8) i=1
Zzik

=1

S
ol )

In the special case where X, = 721, we get

S 1 - AlS n S
Tt = e ST D100 — VNP + (@) (8)

D Z él(z) i=1
i=1

Thus, in order to implement the EM algorithm the quantities 8, 1, g,, and ¥y, need to be
evaluated at each iteration of the algorithm. One practical problem arising from our use of the EM
algorithm is that there is no closed form expressions for any of 0.1, O, 31, or W;, and hence no
closed form expressions for any of (5), (6) (or 8), or (7). We use Monte Carlo integration to calculate
these quantities. Details are given below.

From our earlier definition 0;; = f@ikp(Omyi, Ky 2k, U,%) d@;;. However, due the nonlinearity of
random effects in the response scale, p(0;x|y;, py, Xk, 07) is not available in closed form. Never-
theless, sampling from p(6;i|py, k) is straightforward and therefore we switch to the alternative

expression
J 01p(y:|0k, 97)p(Ok |1y, Zi) dOy
S p(y:|0k, 07)p(Ok| 1y, Zi) dOy,

To implement the Monte Carlo integration, take, for some large T,

ezk

0",....0" X Ny, =)

and put

T

1
S0V p(y10, o2)
=1

:T
Z (yz|0k 7Uk)
=1

To obtain @y, first put ©;x = E(0:10%;|y;, py, k, 02), which is given by

i =

Ze(l /(l) yl|0k 70k)
@ik— 9

d l
> p(yil6y, o})
=1

so that ©®,; = ©,), — éiké;k. Values for g,, and ¥, are obtained in an identical manner, that is,

1)
Zg k 7$zk yzlel(c 7Uk)
gik - )

Zp yz|0k 7Uk

10



and W, = W, — §,,.G,, where

T
S 900, xi)g(0 xi) ply,16)), o})
‘i’ik _ =1 —
_e(l) 2
Zp(y1| k 7Uk)
=1

Convergence to the true values of 8, etc., is almost sure, so it only needs to be established which
value of T leads to the required accuracy for these values.

Starting with (ﬁ(o),ﬂ'(o)), at sth iterative step the algorithm moves from a state (,8(5),77(5)) to
(BT (st which is described by steps (4), (5), (6) (or (8)), and (7). Sufficient conditions for
convergence are given in Dempster et al. (1977) and Wu (1983). As with all iterative searches for
an MLE, a number of starting points should be considered to ensure that a true global maximum

has been found.

4.1.3 Standard Errors

A motivation for using the EM algorithm is often that the likelihood based on the observed data
is difficult or impossible to evaluate. Using an EM algorithm, maximum likelihood estimates of
parameters are readily obtained, but the algorithm does not immediately yield asymptotic standard
errors of these estimates.

From Guo and Thompson (1994) the variance-covariance matrix V' of the estimates can be written

as
dlogp(y, z,0|8,m)

98, m) ‘y> ‘(ﬁm)—(f’f‘ )

where I. is the complete data expected information matrix given by

V1=1, - Var (

L. = E(I(8, 7y, 2, 0)|y7ﬁ’ﬁ)‘(,8,7r):(51ﬂ'> ’

and
—0?logp(y, z,0|3, )

o(B,m)? ’

IO(/GJ 7T|y7 z, 0) =

where the matrix Io(3, 7|y, z, 0) is given by

IO(ﬁ77T|y7 z, 0) =

Q
o g qQ o
b o o o

Matrices A, B, C, D, and F are respectively given by

~ Plogp(y,2,018,m)  logp(y, z,6|8,7)  9*logp(y,z,6|8,7)
o} ’ ops ’ op Xk

11



_ 9*logp(y, 2, 0|8, )
%3}
Using formulas given in Jennrich and Schluchter (1986) we get A = diag(aq,...,ax—1), with a; =

_ 9*logp(y, 2,018, 7)

, and 8(0,%)2

Z {% + ?K} for k=1,...,K — 1. Furthermore, B = E,;l ZZ““ and
i=1 k K i=1

0%k i1
CW_H/Eklazk S0 k(O — )
i=1

for 1 <q<p, 1<r<p? and H, is the gth column of the p x p identity matrix I,. Also

m

1 azk n —62k
Dy = tr <Ek ! Phe e Y {Z[2Zik(0ik — ) (O — ) — 2’“]} ! 82kr>

i=1

for 1 < ¢, r < p?, and

1 2
E:—ﬂ;nizik—k ZzzkHyz lk7 )|| :

In the special case Xy = 771, we get

B=B = T;2izik

1 m
C=C = = 20— m)
Tk =1
P 1 & 2
D=D = —2—422ik+_6zzik||0ik_uk||v
Tk =1 Tk =1

where, in this case, B, C' and D become scalar quantities.

4.2 Bayesian Estimation via MCMC

We have seen that estimation for nonlinear hierarchical mixture models is straightforward using
the EM algorithm. Estimation in a Bayesian framework can be done using posterior simulation
via Markov chain Monte Carlo (MCMC) methods. Bayes estimators for mixture models are well
defined so long as the prior distributions are proper. Provided that suitable (conjugate) priors are
used, the posterior density will be proper, thereby allowing the application of MCMC methods such
as the Gibbs sampler to provide an accurate approximation to the Bayes solution (see Roeder and
Wasserman, 1997; Stephens, 2000).

Here, it is also useful to employ the latent allocation variables z; introduced in Section 4.1. Recall

the corresponding complete likelihood is

K
] (mep(y:. 0181}

k=1

s

Il
-

3
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By simplicity, the prior on (3, ) is assumed to be a product of conjugate densities

K
P(8,7) = P(m) [ [ Plus, Zns o). 9)
k=1

Now, we are concerned with Bayesian inference about the model parameters 8, @ and the classifi-

cation indicators z. We use the Gibbs sampler for estimating parameters, as explained next.

4.2.1 Prior Specification

We now consider the problem of choosing prior distributions for parameters p;,, 3 and a,% of model
(1). We assume prior independence for parameters in (9), i.e., P(py,, g, 07) = P(p,) P(Z) P(0?).
If the expected fraction of individuals belonging to a specific cluster is small, posterior distributions
of the population and individual-specific parameters in the corresponding submodel of (1) will be
poorly estimated. Therefore, proper subjective priors are necessary for all population parameters
in the component densities. If subjective priors are not available, a sensitivity analysis should be
performed across a range of sensible priors.

The conjugate prior on 7 will always be taken as symmetric Dirichlet distribution.
™= (7T1,...,7TK)ND((S,...,5)7

and the conjugate prior distribution of p, 2;1, and 0,% are normal, Wishart, and inverse gamma

distributions, respectively:
B~ Nt Sko)s Bt ~ W(rko, reoRio] 1), o ~ ZG(ako, bio)-

The Wishart prior is parameterized such that its mean is Ro_kl. In the special case X = 771, the
prior for T,f is inverse gamma, i.e.,
77 ~ TG (cko, dyo)-

The inverse gamma prior is parameterized as m(x) o< 2~ @+ exp(—1/cz). In practice the specifica-
tion of hyperparameters g, ko, rro, Rro (O cko, dro), ako, and by may be difficult, so we can
take the values of hyperparameters in such a way that we get non-informative priors in the limiting
case when no (or minimal) prior information is available. For example, the prior choice for ryg is
k0 = p, which is most non-informative in the sense that its distribution is flattest. Similarly, Ryg

is chosen to be an approximate prior estimate of Xj.

4.2.2 Full Conditionals

The full conditionals for implementing Gibbs sampling are given by

- ~ D@E+my,...,0 +mg),

(s) (s) _2(s)
o 10,0 .
Pr(zix =1|--) = Kk IZS” ik (S)k 2)(5) , k=1,....K, i=1,...,m,
Yo (Y1070 )

13



“k| ~ N(Vk(mzlzlék+2]:01“k0)vvk)v
S~ W(m o, Ri),

~ 16 <2ak0 + >0 nizik 2bro >
2 24300 zallys — 9Ok, ) |2 )

0'13|.-.

where 8 = m™ '3 20k, Vit = (miE + Ry ), Ri = (reoRio + 1y 2in(0ik — i) (B —
py) )"t me = Y00, Zik, and where ‘|- - - denotes conditioning on all other variables. In the special

case X = T,pr, the full conditional for T,f is

2 2d
T,§|---~Ig< Cro + pmyg k0 )

2 P24 2k (O — ) S (O — )

Generating samples from the full conditional distributions for (z,m, p;, X, (or 72),07) is straight-
forward since they all have convenient forms.

The full conditional for 6;; is not available analytically. This suggests to carry out a Metropolis-
Hastings step. Denote the proposal distribution by ¢(0;x|aik, vir), which we take as a p-dimensional
Normal law with mean a;; and variance-covariance matrix v;;. In order to increase the efficiency of
the algorithm the matrix v;; is determined as follows. Firstly, a maximum likelihood estimate V;x
of v, is obtained. Then a preliminary (random-walk) Metropolis-Hastings run is performed with
the posterior distribution of 8, as the target distribution using, at this stage, q(Oik|0§Z),ci\7ik) as
the proposal distribution at the (s + 1)th iteration, where ¢; is a suitable tuning parameter whose
value is assumed known. After running such a chain, one obtains a sample {éEZ) : 8 > so} from the
posterior distribution of 8;, and we set v, = ¢;V;, where v;; denotes the corresponding sample
variance-covariance matrix and ¢; another suitable tuning parameter chosen to get sure that the
acceptance rate is satisfactory (typically between 0.2 and 0.5), see Gelman et al. (1996).

Details for implementation of MCMC algorithm are provided in the Appendix.

4.2.3 Label switching

In finite mixture models, an identifiability problem arises from the invariance of the likelihood under
permutation of the component labels unless strong prior information is used (Stephens, 2000). Under
the Bayesian standpoint, this leads to symmetric and multimodal posterior distributions with up to
K copies of each “genuine” mode, complicating inference on the parameters. This may cause label
switching during the MCMC iterations, hence typical averages of MCMC samples of the parameters
may yield unreasonable estimates of the mixture parameters. Traditional approaches to this problem
impose identifiability constraints on the parameters, for instance m; < ... < mg. These constraints,
however, do not always solve the problem. Therefore, we adopt the relabeling procedure suggested
by Celeux (1998) at each iteration of MCMC. General background on solutions that have been
previously suggested for this problem can be found in Jasra et al. (2005) who categorize them to
artificial identifiability constraints (Diebolt and Robert, 1994; Richardson and Green, 1997), random
permutation sampling (Frithwirth-Schnatter, 2001), relabeling algorithms (Stephens, 2000; Celeux,
1998), and label invariant loss functions methods (Celeux et al., 2000; Hurn et al., 2003).
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5 Allocation

From a classical viewpoint each individual ¢ can be allocated to cluster k on the basis of the estimated
posterior probabilities. Let (ﬁ, 7t) denote the maximum likelihood estimates of (3, 7). The estimated
posterior probability that individual y; belongs to cluster k is given by
5 o #1p(YilBr)
p(zik = ly;, B, #) = ———t—k—,

wap(yilﬁe)
=1

(10)

where p(yz|ﬁk) is obtained via Monte Carlo integration, i.e., for some large T', we compute

y1|/6k Z yz|01k7 7

with OEQ ~ Np(fe,, f]k), for k = 1,..., K. The ith individual is then allocated according to the

values of Z;:
2= arglgcanKp(zik =1ly;, B, 7),

i.e., to the cluster maximizing the allocation probabilities p(zi, = 1|y;, B, 7).
Once the label switching is taken care of, the MCMC samples can be used to draw posterior inference.
Of particular interest are the allocation vector, z. We compute the marginal posterior probability

that individual ¢ is allocated to cluster k as:
Pl =ly) = [ plen = tly. Qp(c2ly™) a0
TEP\Y; Qk m
= [ 2R gy i
Z Tep(y;[$2)
=1

S s s

Q

where y™ denote all data and €2 denotes all the random variables. The posterior allocation of

individual ¢ can then be estimated by the mode of its marginal posterior density:

2 = arglg}iXKp(zik = 1ly,).

Class prediction
Let us now consider prediction of the class membership for a future individual y ;. Using maximum
likelihood, this is done by computing

s #ep(y s 1B)
p(sz = 1|yj7/637r) = K—jv

Z ﬁ'ép(yﬂﬁé)
—1
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with p(y f|Bk) obtained via Monte Carlo integration. Then the individual is allocated according to
2?ka

5. = = 1ly.. B.7%).

Zf arglgcangp(ka [y, B, 7)
The MCMC output can also be used to predict the class membership of future individual y; . The
classification probability that a future individual y; belongs to the kth class is

sk = Ly . y™) / pzs = 11y, Qp(QUy™) dQ

/ ;Tkp(yfmw p(Qy™) d

Z ng(yf|ﬂe)

=1

S
Sy 100).

s=1

%

Then the individual is allocated according to 2y :

2y = arg max p(zp. = 1y, y™)-

6 Selecting the Number of Clusters

In the previous sections, it was implicitly assumed that the number of clusters, K, was fixed.
However, one of the questions of scientific interest is assessing the reliability of the output from their
clustering analysis. This is equivalent to the question of determining the number of true clusters that
exist in the data and for determining the number of the components in a mixture model (Roeder
and Wasserman, 1997).

Several measures have been proposed for choosing the clustering model (parametrization and number
of clusters); see, e.g., Chapter 6 of McLachlan and Peel (2000). We use the Bayesian Information
Criterion (BIC) approximation to the Bayes factor (Schwarz, 1978), which adds a penalty to the log-
likelihood based on the number of parameters, and has performed well in a number of applications
(see Dasgupta and Raftery, 1998; Fraley and Raftery, 1998, 2002). The BIC has the form

BIC = Q@M — pa log(# of observations), (12)

where @ a is the maximized log-likelihood for the model and data and pa4 is the number of
independent parameters to be estimated in the model M. The BIC procedure is to choose the
model for which the BIC criterion is maximized.

From a Bayesian viewpoint we use the Bayes factor (Kass and Raftery, 1995) as a selection tool. For
the computation, we use the Chib’s estimator (Chib, 1995) which is based on the Gibbs output and
is specially suitable for mixture models. Detailed discussion on how to compute the Bayes factor is
given in Chib (1995).
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7 Analysis of the Pregnant Women Data

The approaches will be illustrated by considering the clustering of cases on the basis of longitu-
dinal measurements on pregnant women after assisted reproduction. The analysis of the S-HCG
concentrations for the 173 women is carried out using model (2). Our goal is to identify clusters
of trajectories and to describe any clusters that are predictive of normal or abnormal pregnancy
probability.

The outcome that we analyze are the vectors of time-varying S-HCG measurements for the 173
women. Approximately 30 per cent of the 173 women had one S-HCG measurement, 31 per cent
had two, 34 per cent had three, and 5 per cent had four or more measurements. The 173 women
altogether contribute a total of 375 observations, where the number of samples per woman ranged
from 1 through 6, with median of 2. Figure 1 presents the individual-specific log;, B-HCG profiles.
In order to obtain initial parameter estimates we fit a single-cluster version of the model using
the NLME library of Pinheiro and Bates (2000). We next applied a model-based clustering to the
random effects estimated using the MCLUST package (Fraley and Raftery, 1999) with K = 2, 3,4, 5.
To facilitate fair comparison of our classical and Bayesian analyses, we selected very vague prior
distributions in our analysis. That is, we use proper priors, but with hyperparameter values chosen
so that the priors will have minimal impact relative to the data.

For the EM algorithm, the number T' of samples for the Monte Carlo integration, was taken to
be 10000. When implementing the Gibbs sampling, we chose starting points in a neighborhood
of the MLEs of model parameters. We also used other starting points obtaining similar results.
We used 800000 iterations with 100000 sweeps as burn-in. Samples were collected at a spacing
of 700 iterations, to obtain approximately independent samples. Finally we totaled 1000 posterior
Monte Carlo samples. To avoid the label switching problem, we adopt the relabeling procedure
suggested by Celeux (1998) at each iteration of MCMC. To diagnose convergence, we suggest any of
the convergence criteria discussed in the literature, for example, those included in the BOA package
(Smith, 2004). Because of the high dimensional parameter vector, we prefer to use diagnostics, such
as proposed by Geweke (1995), which do not require multiple parallel chains.

The mixture method of clustering requires the specification of the number of underlying number of
clusters, K, to be fitted to the model. This decision was based on having the clinical classification of
the data into two groups, but using the BIC criterion we found that the number the cluster selected
was K = 2 (see Figure 2). Also, we found that the Bayes factor criterion favored K = 2 (data not
shown).

Table 1 shows parameter estimates using both methods. The results are similar. The classification
results for both methods are given in Table 2. We can see that the clinical classification and the
“statistical diagnosis” are different for 40 and 42 women using Bayesian and classical methods,
respectively. Examination of the posterior probabilities showed that 15 of these individuals are
decisively assigned to a different group than the one corresponding to the clinical classification.
Although the use of Bayesian methods has only slightly improved the outright clustering, it does

produce a less extreme probabilistic clustering for the misallocated women. Another comparison
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Figure 2: Values of the BIC criterion for the data.

Number of components

Table 1: Summary of model fitting.

MCMC EM
Parameter mean sd mean sd
H11 4.749 0.037  4.762 0.038
12 15.550 0.269 15.511 0.274
H13 6.743 0.356  6.958 0.349
H21 4.214 0.151  4.229 0.105
22 13.970 1.129 13.923 1.145
H23 8.648 1.633  8.811 1.620
o3 0.025 0.007  0.022 0.007
o3 0.254 0.050  0.241 0.055
T2 0.026 0.015  0.032 0.012
72 0.393 0.120 0.411 0.109
m 0.547 0.058  0.551 0.055
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Table 2: Agreements and differences between the clinical and model classifications using Bayesian

and Classical methods.

Model classification

classification Bayesian Classical
Groups Normal Abnormal Normal Abnormal
Normal 94 30 95 29 124
Abnormal 10 39 13 36 49
104 69 108 65 173

between the clinical classification and the model fit can be obtained by examining the estimated
parameters for the model with their counterparts using the clinical classification. Agreement was
fairly close.

Figure 3 shows the -HCG trajectories for the two groups. In general, in one group we observe a
steady growth of the trajectories. For the other group, however, profiles tend to have sharp increases
at the start and then decrease towards the end of the window, or to have exceptionally high or low
values. It is clear that the method has appropriately grouped similar women together. On the basis
of maximizing classification probabilities, we see that the model classifies the normal women as being

in component 1.

8 Discussion

We studied classical (EM algorithm) and Bayesian (MCMC) estimation of a proposed mixture of
hierarchical nonlinear models. The model and methods can be useful in situations where repeated
measures over time are available and the profiles show a nonlinear relationship across time. In
a cluster analysis context, this is expected to lead to more reliable clustering structures since it
allows to take advantage of the powerful hierarchical nonlinear models methodology in the mixtures
framework. And in many situations, it could be crucial to distinguish the statistical individuals
according to their variability.

An extension of the finite mixture model that would be of particular interest in many applications
is the modeling of cluster membership probabilities as a function of covariates. In the context of our
example, this could be accomplished using a logistic form for the population proportion of normal
pregnancies, 1 = ¢®* /(1 + ¢®*) with = a vector of covariates for each women and « a vector of
regression parameters (Peng et al., 1996). Identifying associations between women covariates, such
as age, number of previous pregnancies, and normal pregnancy tendencies can be useful for targeting
specific individuals in future analysis. In our example a number of woman had missing covariate
values.

Also, in our approach the number of clusters was fixed and we proposed to choose a hierarchical

nonlinear model mixture with the BIC criterion. A further step we may consider, from a Bayesian
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viewpoint, is to treat K as random, i.e., we could formulate the clustering problem in terms of
a hierarchical nonlinear model mixture with an unknown number of components and use the re-
versible jump Markov chain Monte Carlo technique to define a sampler that moves between different
dimensional spaces. Also, in our application, the hormone trajectories are functions of the time.
Functional data analysis (Ramsay and Silverman, 1997) is an ideal alternative approach for model-

ing such relationships. Research along these lines is currently in progress.
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Appendix

MCMC Algorithm Implementation Details, with superscripts indicating the iteration.
1. s=0. Fix initial values z(o),w(o),u(o),ﬂ(o)(or 72(0)),02(0),0(0).
2. Sample zi(s-H) from

S S 2(s
ik = ) p(y, 105, op) k=1 K,i=1 m
kT K s s 2(s)y ? I ’ Tttt .
S T p(y,10Y) o7 )

il

3. Sample w(*t1D) = (7T58+1), ce 7T§?+1)) from D(§ + m?“), L0+ m&?’_l)) where
mit Y = S 2.

4. Sample ,LL,(:H) from
N Vim0, + S bro), Vi) -
5. Sample E,(:H) from
W(m—i—rko,Rk).

5.1 In the special case ), = 771, sample T,?(SH) from

7 (2Ck0 + pmy 2dy0 )
2 P24 2k (O — py)' S (Oa — 1)

6. Sample ai(SJrl) from

76 <2ak0 + i NiZik 2bko )
2 24300 ziklly; — 9O, )| |2 )

7. Sample from the full conditional distribution of BEZ+1) given the
observations y and the (vector of) parameters

(’2:(5-5—1)7 7.‘_(5-5—1)7 /J'(S+1)a E(s-{-l)(or 7_2(5-5—1)), 0_2(5+1))
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via a (random walk) Metropolis-Hastings step with proposal distribution

(0510 vir).

8. s=s+1. Go to step 2.
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