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Abstract

In this companion chapter to Dunson (2009) we discuss and extend some of the
models and inference approaches introduced there. We elaborate on the discussion
of random partition priors implied by the Dirichlet process (DP). We review some
additional variations of dependent DP (DDP) models and we review in more detail the
PT prior used briefly in Dunson (2009). Finally, we review variation of DP models for
data formats beyond continuous responses.

1 Introduction

Dunson (2009) introduced many interesting applications of nonparametric priors for inference
in biomedical problems. The focus of the discussion was on Dirichlet process (DP) priors
and variations. While the DP prior defines a probability model for a (discrete) random
probability distribution G, the primary objective of inference in many recent applications is
not inference on G. Instead many applications of the DP prior exploit the random partition
of the Polya Urn scheme that is implied by the configuration of ties among the random draws
from a discrete measure with DP prior. When the emphasis is on inference for the clustering,
it is helpful to recognize the DP as a special case of more general clustering models. In
particular we will review the product partition (PPM) and species sampling models (SSM).
We discuss these models in section 2. A definition and discussion of the SSM as a random
probability measure also appears in Lijoi and Prünster (2009, Section 3.4). Another useful
characterization of the DP is as a special case of the Polya tree (PT) prior. A particularly
attractive feature of PT priors is the possibility to model absolutely continuous distributions.
In section 3 we will define PT priors and discuss specific algorithms to implement inference.
For more discussion of the PT prior see also Lijoi and Prünster (2009, Section 4.2). In
Section 4 we discuss more variations of the dependent DP (DDP) models. In Section 5 we
review some examples of DP priors for biostatistical applications that involve non-continous
data. Finally, in Section 6 we discuss implementation details. We show some example R code
using the popular R package DPpackage to implement nonparametric Bayesian inference.
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2 Random Partitions

Let [n] = {1, . . . , n} denote a set of experimental units. A partition is a family of subsets
ρn = {S1, . . . , Sk} with

⋃
Sj = [n] and Sj ∩ S` = ∅ for all j 6= `. The partitioning subsets Sj

define clusters of experimental units. Often it is convenient to describe a partition by cluster
membership indicators si = j if i ∈ Sj. We use notation nnj = |Sj| and nn = (n1, . . . , nk) to
denote the cluster sizes and kn = |ρn| to denote the number of clusters. When the sample
size n is understood from the context we drop the subindex n in ρ, nj, n and k.

Several probability models p(ρn) are introduced in the literature. For an extensive recent
review of probability models and Bayesian inference for clustering, see, for example, Quin-
tana (2006). Popular models include the product partition models (PPM), species sampling
models (SSM), model based clustering (MBC) and Voronoi tessellations. The PPM (Harti-
gan; 1990; Barry and Hartigan; 1993) requires a cohesion function c(Sj) ≥ 0 (see an example
below). A PPM for a partition ρ and data y is defined as

p(ρ) ∝
∏

c(Si) and p(y | ρ) =
k∏

j=1

pj(ySj
). (1)

Here, pj is any sampling model for the observations in the j-th cluster. Model (1) is conjugate.
The posterior p(θ | y) is again in the same product form.

Most recent applications of such models in biomedical applications use the special case of
DP priors (Ferguson; 1973; Antoniak; 1974). The DP implicitly defines a probability model
on p(ρn) by defining a discrete random probability measure G. An i.i.d. sample xi ∼ G,
i = 1, . . . , n, includes with positive probability ties among the xi. Let x?

j , j = 1, . . . , k ≤ n
denote the unique values of xi and define clusters Sj = {i : xi = x?

j}. By defining the
probability of ties the DP prior has implicitly defined p(ρn). The probability model is known
as the Polya urn and is a special case of the PPM with cohesions c(A) = M × (|A| − 1)!
(Quintana and Iglesias; 2003; Dahl; 2003).

A typical recent use of the DP random partition model in biostatistics applications ap-
pears in Dahl and Newton (2007) who use a clustering model to improve power for multiple
hypothesis tests by pooling tests within clusters. Dahl (2006) describes a similar model
with focus on inference for the clustering only. Tadesse et al. (2005) combine inference on
clustering, again based on the DP prior, with variable selection to identify a subset of genes
whose sampling model is defined by the clustering.

Another class of random partition models are the species sampling models (SSM) (Pit-
man; 1996). An SSM defines a probability model p(ρ) that depends on ρ only indirectly
through the cardinality of the partitioning subsets, p(ρ) = p(|S1|, . . . , |Sk|). The SSM can
be alternatively characterized by a sequence of predictive probability functions (PPF) that
describe how individuals are sequentially assigned to either already formed clusters or to
start new ones. Let nj = |Sj| and nn = (n1, . . . , nk). The PPFs are the probabilities
pnj(nn) = Pr(sn+1 = j | ρn), j = 1, . . . , kn + 1. Compare Theorem 11 in Lijoi and Prünster
(2009, Section 3.4). The opposite is not true. Not every sequence of PPF’s characterizes an
SSM. Pitman (1996) states the conditions. Let nj+ denote n with nj incremented by one.
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Essentially the PPF’s have to arise as pnj(nn) = p(nj+
n+1)/p(nn), where p(nn) is a probability

measure on
⋃

n{nn} that is symmetric in its arguments. An important implication is that

p(nn) has to arise as the marginal of p(nn+1), i.e., p(nn) =
∑kn+1

j=1 p(nj+
n+1). The probability

model p(nn) is known as the exchangeable partition probability function. See Lijoi and
Prünster (2009, Section 3.2) for more discussion. Again, the random clustering implied by
the DP model is a special case of an SSM. I.e., the random partition model implied by the
DP is a special case of both, PPM and SSM.

Model based clustering (Banfield and Raftery; 1993; Dasgupta and Raftery; 1998) im-
plicitly defines a probability model on clustering by assuming a mixture model

p(yi | η, k) =
k∑

j=1

τj fj(yi | θj),

where η = (θ1, . . . , θk, τ1, . . . , τk) are the parameters of a size k mixture model. Together with
a prior p(k) on k, the mixture implicitly defines a probability model on clustering. Consider
the equivalent hierarchical model

p(yi | si = j, k, η) = fj(yi | θj) and Pr(si = j | k, η) = τkj. (2)

The implied posterior distribution on (s1, . . . , sn) and k implicitly defines a probability model
on ρn. Richardson and Green (1997) develop posterior simulation strategies for mixture of
normal models. Green and Richardson (1999) discuss the relationship to DP mixture models.

Heard et al. (2006) model gene expression profiles with a hierarchical clustering model.
The prior model on the random partition is an example of model based clustering with a
mixture of regression models, a uniform prior on the number of clusters and a Dirichlet prior
for cluster membership probabilities.

3 Polya Trees

Lavine (1992, 1994) proposed Polya trees (PT) as a useful nonparametric Bayesian prior
for random probability measures. In contrast to the DP, an appropriate choice of the PT
parameters allows the analyst to specify absolutely continuous distributions. In the following
discussion we briefly review the definition of the PT model, and give explicit implementation
details for posterior inference under the PT. See also Lijoi and Prünster (2009, Section
4.2) for more discussion of the definition. The definition starts with a nested sequence
Π = {πm, m = 1, 2, . . .} of partitions of the sample space Ω. Without loss of generality,
we assume that the partitions are binary. We start with a partition π1 = {B0, B1} of the
sample space, Ω = B0 ∪B1, and continue with nested partitions defined by B0 = B00 ∪B01,
B1 = B10 ∪ B11, etc. Thus the partition at level m is πm = {Bε, ε = ε1 . . . εm}, where ε
are all binary sequences of length m. A PT prior for a random probability measure G is
defined by beta-distributed random branching probabilities. Let Yε0 ≡ G(Bε0 | Bε), and let
A ≡ {αε} denote a sequence of nonnegative numbers, one for each partitioning subset. If
Yε0 ∼ Beta(αε0, αε1) then we say that G has a PT prior, G ∼ PT(Π,A).
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The parameters αε are usually chosen as αε = cmr for level m subsets. For r = 2 the
random probability measure G is a.s. absolutely continuous. With r = −1/2 the PT reduces
to the DP as a special case. The partitioning subsets Bε can be chosen to achieve a desired
prior mean G?. Let qmk = G?−1(k/2m), k = 0, . . . , 2m, denote the inverse c.d.f. under G?

evaluated at dyadic fractions. If αε0 = αε1, for example αε = cmr, and the dyadic quantile
sets [qmk, qm,k+1) are used as the partitioning subsets Bε then E(G) = G?. Alternatively the
prior mean can be fixed to G? by choosing αε0/(αε0 + αε1) = G?(Bε0 | Bε) for any choice of
the nested partitions Π.

The main attraction of PT models for nonparametric Bayesian inference is the simplicity
of posterior updating. Assume xi ∼ G, i.i.d., i = 1, . . . , n, and G ∼ PT(Π,A). Consider
first n = 1, i.e., a single sample from the unknown distribution G. The posterior p(G | x) is
again a Polya tree, p(G | x) = P(Π,A′) with the Beta parameters in A′ defined as

α′
ε =

{
αε if x1 6∈ Bε

αε + 1 if x1 ∈ Bε

(3)

The general case with a sample of size n > 1 follows by induction.
The result (3) can be used to implement exact posterior predictive simulation, i.e.,

simulation from p(xn+1 | x1, . . . , xn). In words, we “drop” a ball down (well, really up)
the Polya tree. Starting with (B0, B1) at the root we generate the random probabilities
(Yε0, Yε1 = 1−Yε0) for picking the two nested partitions Bε0 and Bε1 at the next level. Recall
that Yε0 = P (x ∈ Bε0 | x ∈ Bε) and Yε0 ∼ Beta(α′

ε0, α
′
ε1). Going down the tree we run into

some good luck. At some level m we will drop the ball into a subset Bε, ε = ε1ε2 · · · εm,
that does not contain any data point. From level m onwards, dropping the ball proceeds as
if we had no data observed. Thus we can generate the posterior predictive draw from the
base measure G?, restricted to Bε. The following algorithm summarizes posterior predictive
simulation of xn+1 ∼ p(xn+1 | x1 . . . xn):

Algorithm 1

1. Initialize: ε = ∅ (nil).

2. Iteration: Loop over m = 1, 2, . . .:

(a) Posterior PT Parameters: Find nε0 =
∑
I(xi ∈ Bε0) and nε1 =

∑
I(xi ∈ Bε1),

the number of data points in the two partitioning subsets for Bε = Bε0 ∪Bε1. Let
α′

ε0 = αε0 + nε0, and same for α′
ε1.

(b) Generate Random Branching Probability: Generate Yε0 ∼ Beta(α′
ε0, α

′
ε1), and set

εm ∼ Bernoulli(1− Yε0).

3. Stop of the Recursion: Stop the iteration over m for the smallest m∗ such that nε = 0
at m = m∗.

4. Generate xn+1: Draw xn+1 ∼ G?(xn+1 | Bε).
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We can use the same algorithm to generate a prior predictive, i.e., marginal samples
xi ∼ G, i.i.d., with G ∼ PT(Π,A).

1. Generate x1 ∼ G?

2. Iterate over i = 2, . . . , n:
Use Algorithm 1 to generate xi ∼ p(xi | x1, . . . , xi−1).

A minor variation of the algorithm computes the posterior mean E(G | x1, . . . , xn). Let
x = x1, . . . , xn denote the data. Consider some maximum level M , say M = 10. For all
levels m = 1, . . . ,M compute Y ε1ε2···εm−10 = E(Yε1ε2···εm−10 | x) = α′

ε1ε2···0
/(
α′

ε1ε2···0 + α′
ε1ε2···1

)
Record Y ε1ε2···εm−11 = 1 − Y ε1ε2···εm−10 as the complement to one. Computing Y ε is most
elegantly implemented as a recursion. Let ε = ε1 · · · εM denote a dyadic number, ε ∈ [0, 1].
We find

E(G(ε) | x1, . . . , xn) ≈
M∏

m=1

Y ε1ε2···εm ≡ G(ε).

Here G(·) is the p.d.f. for the random measure G.
To generate random draws G ∼ p(G | x1, . . . , xn) proceed as above replacing Y ε by

Yε0 ∼ Beta(α′
ε0, α

′
ε1). Let G(ε) =

∏M
m=1 Yε1ε2···εm . Plotting G against ε shows a random

posterior draw of G. Plotting multiple draws Gj, j = 1, 2, . . . , J in the same figure illustrates
posterior uncertainty on the random measure.

An important simplification for applications is achieved by restricting the PT prior to
finitely many levels, e.g. m ≤ 10. Actual inference differs little, but the required computa-
tional effort is greatly reduced. Posterior predictive draws and posterior estimated densities
can still be carried out exactly, as outlined above. Nonparametric Bayesian inference under
the PT prior and the finite PT prior for some important models is implemented in the public
domain R package DPpackage. See Section 6 for an example.

Applications of PT models in biomedical problems are less common than the widely used
DP. The limited use of PT priors for nonparametric Bayesian data analysis is due in part
to the awkward sensitivity of posterior inference to the choice of the partitioning subsets.
Consider a model for density estimation, xi ∼ G, i.i.d., i = 1, . . . , n, with a PT prior for
the unknown distribution, G ∼ PT (A,P). The posterior estimate G = E(G | x) shows
characteristic discontinuities at the boundaries of the partitioning subsets. An exception is
the special case of the DP, i.e., when αε = αε0 + αε1. In that case the probability model
p(G) remains invariant under any change of the partitioning sequence. Several authors have
proposed variations of the PT prior model to mitigate this undesirable feature of posterior
inference. Hanson and Johnson (2002) and Hanson (2006) defined mixture of Polya trees,
with the mixture being with respect to the centering measure G?. Paddock et al. (2003)
introduced an explicit perturbation of the partition boundaries. The posterior dependence
on the partition boundaries is less of an issue when the focus of the inference is not on the
density itself. For example, Branscum et al. (2008) develop inference for ROC curves with a
PT prior for the distribution of the recorded measurements for true positives and negatives.
Hanson and Yang (2007) use PT priors for survival data.
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4 More DDP Models

Many applications in Biostatistics involve hierarchical models across different subpopulations
and naturally lead to models that include several random probability measures. Appropri-
ate nonparametric probability models require modeling of dependent families of random
distributions. One of the most commonly used models to achieve this aim are variations of
dependent DP (DDP) models. Since the first proposal of DDP models in MacEachern (1999)
many authors have developed variations and implementations for specific problems. Some
are discussed in (Dunson; 2009, sections 5 and 6). In this section we review more related
models that find use in Biostatistics.

4.1 The ANOVA DDP

DDP models define probability models for families of random probability measures {Gx, x ∈
X} in such a way that marginally each Gx follows a DP prior, Gx ∼ DP(c,G?

x). Let
Gx =

∑
hwxhδµxh

. By the definition of the DP prior the point masses µxh, h = 1, 2, . . . , are
i.i.d. draws from a base measure, and the weights are generated by the stick breaking process
based on independent beta random variables. See, for example, Dunson (2009), equation (2)
for a definition of the DP prior. The DDP introduces the desired dependence of the random
measures Gx across x by defining dependence of the locations µxh and/or the weights wxh

across x. The independence across h remains untouched. Alternative variations of the DDP
model differ in the definition of the dependence structure. Consider the case when X is
categorical, for example, when x indexes different studies, different subpopulations and/or
centers. Perhaps the easiest definition of dependence across {µxh, x ∈ X} for categorical
factors x is the ANOVA model. Without loss of generality assume x = (u, v) is bivariate
with u ∈ {0, . . . , nu} and v ∈ {0, . . . , nv} referring to two factors, for example, u might be
treatment history and v might be an indicator for a relevant molecular marker. We can define
a DDP model by assuming µxh = Mh + Auh + Bvh where (Mh, Auh, Bvh, u = 0, . . . , nu, v =
0, . . . , nv) are overall mean and main effects in an ANOVA model. For identifiability we fix
A0h = B0h = 0. The weights whx are assumed constant across x, whx ≡ wh. This defines the
ANOVA DDP of De Iorio et al. (2004).

An interesting application of the ANOVA DDP to modeling survival data appears in
De Iorio et al. (2008). The model implements non-parametric regression for event time
data without relying on restrictive assumptions like proportional or additive hazards. In
particular, inference allows survival functions to cross.

Figures 1 and 2 show the estimated survival functions for data from a study of infant and
childhood mortality in Colombia (Somoza; 1980). A questionnaire was administered to a
sample of women between the ages of 15 and 49 eliciting their maternity history, educational
level, age, union status and information on the sex, date of birth and survival status (at the
date of interview) of all their children and, if applicable, age at death. We consider data
on a sub-sample of 1437 children (corresponding to the oldest child for each mother). The
response of interest is the survival time (in years) of a child at the time of the maternal
interview. The covariates of interest are: gender (male/female), birth cohort (1=1941-59;
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Figure 1: Colombian children data. Posterior survivor functions for urban male children
from the three birth cohorts, under the DDP ANOVA model (left panel) and raw estimates
(KM) from the data (right panel). The solid line corresponds to children in the first birth
cohort, the dashed line represents a child in the second birth cohort and the dotted line
refers to children in the first birth cohort.

2=1960-67; 3=1968-76) and a binary variable indicating whether a child was born in a rural
area (yes/no). Around 87% of the observations in the dataset were censored. The original
research was conducted to investigate how patterns of childhood mortality have changed over
time. Also of interest are urban/rural and gender differences.

Inference under the DDP ANOVA model is implemented in the R packages DPpackage
and ddpanova. See Section 6 for an example and additional details.

4.2 Classification with DDP Models

A minor extension of ANOVA DDP models allows their use for nonparametric classification.
Let x ∈ X ≡ {1, . . . , k} index k subpopulations and assume a semi-parametric hierarchical
model for outcomes y across the k subpopulations. Let yi denote the outcome for the
i-th experimental unit and let xi ∈ X denote the known class label, i.e., the index of the
subpopulation containing the i-th patient, i = 1, . . . , n. For example, De la Cruz-Meśıa et al.
(2007) consider data for pregnant women. For each woman yi = (yi1, . . . , yini

) are repeated
measurements of a hormone (β-HCG) which shows dramatic changes during pregnancy.
Pregnancies are classified as normal xi = 0 vs. not normal xi = 1 (spontaneous abortions
or other types of adverse pregnancy outcomes). We consider the classification problem of
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Figure 2: Colombian children data. Posterior survivor functions for children from the three
birth cohorts, arranged by rural versus urban and male versus female. The solid line corre-
sponds to children in the first birth cohort, the dashed line represents a child in the second
birth cohort and the dotted line refers to children in the first birth cohort.
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Figure 3: Pregnancy data: sequentially updated classification probabilities p(xn+1 = 1 |
yn+1,1, . . . , yn+1,j, data) for a future case. The probabilities are plotted against j. The solid
(dashed) line is for a future case with normal (abnormal) pregnancy.

predicting (unknown) xn+1 for a future patient, i = n + 1 conditional observed responses
yn+1, i.e.,

p(xn+1 | yn+1, y1, x1, . . . , yn, xn).

Let p(yi | xi = x) =
∫
p(yi | θi) dGx(θi) be a semiparametric sampling model for outcomes

in group x. See for example De la Cruz-Meśıa et al. (2007) for details of the model for the
pregnancy data. Marginally, for each x ∈ X we use a DP mixture model, i.e., we assume a
DP prior for Gx. The submodels for all x are combined into one encompassing hierarchical
model by linking the marginal DP priors through an ANOVA DDP across x. Finally the
model is completed by assuming a marginal distribution p(xi) for xi, for example xi ∼
Dir(α1, . . . , αk). The ANOVA DDP model defines p(y1, . . . , yn+1 | x1, . . . , xn+1). Together
with the marginal model p(x1, . . . , xn+1) =

∏
p(xi) we can use Bayes theorem to derive the

desired p(xn+1 | yn+1, x1, y1, . . . , xn, yn). One of the attractions of this principled model-based
approach is the possibility for coherent sequential updating. Assume yi = (yi1, . . . , yini

) are
repeated measurement data as in the pregnancy example. The classification probability
p(xn+1 | yn+1,1, . . . , yn+1,j, y1, x1, . . . , yn, xn) can be sequentially updated and reported as
increasingly more data becomes available for j = 1, . . . , ni. Figure 3 shows sequentially
updated classification probabilities p(xn+1 = 1 | yn+1,1, . . . , yn+1,j, y1, x1, . . . , yn, xn) for the
pregnancy example. Probabilities are plotted against j for two hypothetical future patients.
The first patient (solid line) is a woman with a truly normal pregnancy. The second case
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(dashed line) is a truly abnormal pregnancy. See De la Cruz-Meśıa et al. (2007) for details of
the simulation. Note how the two classification probabilities start to diverge from the third
repeat measurement onwards.

5 Other Data Formats

Many discussions of DP models, including most of the discussion in Dunson (2009) focus on
continuous outcomes. But many biomedical data analysis problems involve other data for-
mats. We briefly review two applications of nonparametric Bayesian inference to categorical
and binary data.

Figure 4: Interrater agreement data: Panel (a) plots draws from the latent probit scores (with
a DP mixture of normal prior). Panel (b) shows one posterior draw for the moments of the
mixture of normal terms (location and scale are shown as triangle and ellipse), together
with the corresponding weights (number below the ellipse). Notice the varying degree of
polychoric correlation across scores.

Kottas et al. (2005) propose nonparametric Bayesian inference for multivariate ordinal
data, for example the rating of the extent of tumor invasion by two raters. Tumor invasion
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is coded on an ordinal scale from none to extensive invasion. A feature of the data example
reported in Kottas et al. (2005) is that the raters tend to agree on extreme cases, but less
so on intermediate cases. This makes it inappropriate to use a bivariate ordinal probit
model, as described, for example in Johnson and Albert (1999). Instead Kottas et al. (2005)
propose an ordinal probit model based on a DP mixture of normal distributions for the latent
variable. The mixture of normal model allows us to formalize the notion of varying degrees of
interrater agreement across scores. Let Σj denote the variance-covariance matrix of the j-th
term in the mixture of normal model for the latent variables. The correlation of the latent
scores is known as polychoric correlation. We refer to the correlation that is implied by Σj

for each term of the mixture as local polychoric correlation. The use of different Σj for each
term in the mixture allows for varying degrees of interrater agreement, as desired. Figure 4
shows imputed ordinal probit scores and summaries of the mixture of normal model for the
interrater agreement example. The plotted variables z01 and z02 are the latent ordinal probit
scores. The observed scores are defined by thresholds on the latent scores. See Kottas et al.
(2005) for details. For normal cases (with low scores) the two raters are in strong agreement,
i.e., high polychoric correlation. For extreme cases the strength of agreement is considerably
less.

Quintana et al. (2008) discusses semi-parametric Bayesian inference for binary sequences
of indicators of loss of heterozygosity (LOH). Nonparametric inference for sequences of binary
indicators subject to a partial exchangeability assumptions as defined in Quintana and Müller
(2004). The exchangeability assumption is order ` exchangeability, i.e., the assumption that
the probability model is invariant with respect to any permutation of the sequence that
leaves the order ` transition counts unchanged. Quintana and Newton (2000) show that any
such distribution can be represented as a mixture of order ` Markov chains. The mixture
is with respect to the transition probabilities of the Markov chain. This is implemented
in Quintana and Müller (2004) by assuming a non-parametric DP prior on the mixture
measure of the transition probabilities. We allow different transition probabilities for each
region of the chromosome. Regions are defined as sequences of 55 to 835 SNPs (single
nucleotide polymorphism). See Quintana et al. (2008) for details. The transition probabilities
of the binary Markov chain with states { no LOH, LOH } imply a limiting probability of
LOH. Let πcj denote this limiting probability for region j in chromosome c. We can map
the posterior distribution on the transition probabilities into p(πcj | data). Figure 5 shows
Icj ≡ p(πcj > 0.01 | data) by region j, arranged by chromosome c.

6 An R Package for Nonparametric Bayesian Inference

An important impediment for the wider use of nonparametric Bayesian models was the until
recently limited availability of reliable public domain software. This is in particular true
for biomedical applications, where the research focus is often on the application, and only
limited resources are available for the development of problem-specific software. Also repro-
ducibility is an increasingly important issue. The impact of research publications proposing
new methods and approaches remains limited unless readers can reproduce inference and
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SNP (by CHROM)
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Figure 5: LOH data: grey shades show the probability of increased LOH for a given sam-
ple. SNPs are arranged by chromosomes indicated by vertical dashed lines. Darker grey
shade indicates higher probability of increased LOH. The underlying model makes minimal
assumptions beyond order ` exchangeability.

implement the proposed methods for their problems.
A popular software platform for biomedical research, in particular for bioinformatics

applications is the public domain R language (R Development Core Team; 2008). The R
package DPpackage (Jara; 2007) implements inference for some of the models discussed in
Dunson (2009), including DP mixture density estimation, PT priors for density estimation,
non-parametric random effects models including generalized linear models. DPpackage is
available from the package repository CRAN. We show a simple example.

Buta (1987) report velocities (yi) and radial position (xi) of galaxy NGC7531 at 323
different locations. We use the first 82 velocity measurements. The data are available as
galaxy data set in DPpackage. The following R code implements density estimation using
PT priors, a DP mixture model and random Bernstein polynomials (Petrone; 1999a,b). See
Lijoi and Prünster (2009, Section 4.1) for a discussion of random Bernstein polynomials.
Figure 6 shows a histogram of the galaxy data and the three density estimates based on DP
mixture model, the PT prior and the random Bernstein polynomials.

library("DPpackage")

data(galaxy) # Data
galaxy <- data.frame(galaxy,speeds=galaxy$speed/1000)
attach(galaxy)

state <- NULL # MCMC parameters
nburn <- 10000; nsave <- 1000; nskip <- 50; ndisplay <- 10
mcmc <- list(nburn=nburn,nsave=nsave,nskip=nskip,ndisplay=ndisplay,

tune1=0.15,tune2=1.1,tune3=1.1)
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## tune parameters only needed for PTdensity()

## POLYA TREE
prior<-list(alpha=1,M=6) # Prior information

# Fitting the model
fit1 <- PTdensity(y=speeds,ngrid=1500,prior=prior,mcmc=mcmc,

state=state,status=TRUE)

## DIRICHLET PROCESS
# Prior information

prior <- list(a0=2,b0=4,m2=rep(20,1),s2=diag(100000,1),
psiinv2=solve(diag(0.5,1)), nu1=4,nu2=4,tau1=1,tau2=100)

# Fitting the model
fit2 <- DPdensity(y=speeds,ngrid=1500,prior=prior,mcmc=mcmc,

state=state,status=TRUE)

## BERNSTEIN DIRICHLET PROCESS
# Prior information

prior <- list(aa0=2.01,ab0=1.01,kmax=1000,a0=1,b0=1)
# Fitting the model

fit3 <- BDPdensity(y=speeds,ngrid=1500,prior=prior,mcmc=mcmc,
state=state,status=TRUE)

rg <- range(c(fit1$dens,fit2$dens,fit3$fun)) ## Plots
hist(galaxy$speeds,xlim=c(5,40),nclass=30,ylim=rg)
lines(fit1$x1,fit1$dens,lty=1,lwd=2)
lines(fit2$x1,fit2$dens,lty=2,lwd=2)
lines(fit3$grid,fit3$fun,lty=3,lwd=2)

Inference for the ANOVA DDP is implemented in the LDDPdensity() function of DP-
package. For the following example we generate n = 500 observations each from an assumed
simulation truth F o

0 = N(3, 0.8) and F o
1 = 0.6N(1.5, 0.8) + 0.4N(4, 0.6). Based on the

simulated data we estimate {F0, F1} under a DDP ANOVA prior for {F0, F1}. We assume
Fx(y) =

∫
N(y; m, s) dGx with {G0, G1} ∼ DDP ANOVA. The DDP ANOVA model is

based on an ANOVA model µxh = Mh + xAh, i.e., a main effect for x = 1 and a common
intercept Mh. Let d = (1, x) denote a design vector and let βh = (Mh, Ah) denote the vector
of ANOVA parameters. The DDP ANOVA model for {F0, F1} can be written as a mixture
of DP model

y | x ∼
∫
N(y; β′d, σx) dG(β) with G ∼ DP (G?, α).

See De Iorio et al. (2004) for more details of the model. The data structure prior in the
R code fragment below sets the parameters for the base measure G?, a hyperprior on the
residual variance σx and the total mass parameter α. We assume 1/σ2

x ∼ Ga(τ1/2, τ2/2)
and α ∼ Ga(a0, b0). Let B ∼ IW (ν, A) denote an inverse Wishart random (q × q) matrix
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Figure 6: Galaxy data. The histogram shows the data with n = 82 observations. The curves
show the density estimate using a DP mixture model (dashed line), a PT prior (solid line)
and a random Bernstein polynomial (dotted line).

B with expectation E(B) = A−1/(ν − q − 1). The base measure is G?(β) = N(µb,Σb) with
conditionally conjugate hyperpriors µb ∼ N(m,S) and Σb ∼ IW (ν, ψ). Figure 7 shows the
density estimates F x = E(Fx | data), x = 0, 1. The estimates are produced by the R code
below.

library(DPpackage)

## prepare simulated data: mixture of two normals
nobs <- 50; y1 <-rnorm(nobs, 3,.8)
y21 <- rnorm(nobs,1.5, 0.8); y22 <- rnorm(nobs,4.0, 0.6)
y2 <- ifelse(runif(nobs)<0.6,y21,y22); y <- c(y1,y2)

trt <- c(rep(0,nobs),rep(1,nobs)) # design matrix with a single factor
xpred <- rbind(c(1,0),c(1,1)) # design matrix for posterior predictive
m <- rep(0,2); psiinv <- diag(1,2); s <- diag(100,2) # prior
prior <- list(a0=1,b0=1/5,nu=4,m=m,s=s,psiinv=psiinv,tau1=0.01,tau2=0.01)

## Fit the DDP ANOVA model
mcmc <- list(nburn=100, nsave=500, nskip=5, ndisplay=100)
fit <- LDDPdensity(y~trt,prior=prior,mcmc=mcmc,state=NULL,status=TRUE,

grid=seq(-1,7,length=200),xpred=xpred)
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## Estimated densities F_x (posterior predictive distributions)
plot(fit$grid,fit$dens[1,],type="l")
lines(fit$grid, dnorm(fit$grid, 3.0, 0.8), lty=2) # simulation truth

# ... and x0=(1,1)
plot(fit$grid,fit$dens[2,],type="l",xlab="Y",ylab="p",bty="l")
p2 <- 0.6*dnorm(fit$grid, 1.5, 0.8) + 0.4*dnorm(fit$grid, 4.0, 0.6)
lines(fit$grid,p2, lty=2)

The implementation of DDP ANOVA in DPpackage is based on the R package ddpanova
which can be downloaded from http://odin.mdacc.tmc.edu/∼pm. The ddpanova package
has additional options, including options for censored event time data.
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Figure 7: Simulated mixture of normal data. The figures show the simulation truth (dashed
line) and the estimated distributions F x = E(Fx | data) (solid lines). The posterior means
are equal to the posterior predictive distribution for a future observation F x = p(yn+1 |
xn+1 = x, data).

7 Discussion

We have discussed some extensions and elaborations of the models introduced in Dunson
(2009). The discussion is by no means an exhaustive list of Bayesian nonparametric models.
Keeping the theme of Dunson (2009) we have focused on models that find applications in
biostatistics. This focus excluded, for example, interesting recent applications with spatial
and spatio-temporal data.

Many more nonparametric Bayesian models and methods are reviewed in other chapters
of this volume, including among many others, the Beta process, and the Indian buffet process.
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