
Joint modeling a primary endpoint and longitudinal data

Rolando De la Cruz1,⋆, Guillermo Marshall2,⋆, and Fernando A. Quintana2,⋆

1Departamento de Salud Pública, Escuela de Medicina

Pontificia Universidad Católica de Chile,
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Abstract

In many studies the association of longitudinal measurements of a continuous response

and a primary endpoint are often of interest. A convenient framework for this type of prob-

lems is joint models, which are formulated to investigate the association between a primary

endpoint and features of longitudinal measurements through a common set of latent random

effects. The joint model, which is the focus of this article,is a logistic regression model

with covariates defined as the individual–specific random effects in a non–linear random ef-

fects model for the longitudinal measurements. We discuss different estimation procedures,

which include two-stage, best linear unbiased predictors,and various numerical integration

techniques. The proposed methods are illustrated using a real dataset where the objective

is to study the association between longitudinal hormone levels and the pregnancy outcome
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in a group of young women. The numerical performance of the estimating methods is also

evaluated by means of simulation.

Key Words: Best linear unbiased predictor (BLUP); Gaussian quadrature methods; Laplace

approximation; Logistic regression model; Non–linear mixed effects models; Two–stage

estimator.

1 INTRODUCTION

In many scientific investigations, a primary endpoint and a number of longitudinal measure-

ments of a continuous response are collected for each individual along with other covariates,

the association between the primary endpoint and features of the longitudinal profiles being

of interest. One such example is the pregnant women data of Section 5. Investigators wished

to understand the association between the pregnancy outcome and features of hormonal pat-

terns over the gestational period. During the pregnancy, longitudinal beta human chorionic

gonadotropin (β–HCG) levels derived from the blood were obtained from 173 women. The

β–HCG concentrations for the173 women were measured during the first80 days of ges-

tational age. Consequently, pregnancy outcomes were divided into two groups: normal and

abnormal. The women were classified as having a normal pregnancy if they had a normal

delivery or as having an abnormal pregnancy if they had any complication resulting in a non-

terminal delivery and loss of the fetus. Figure 1 exhibits time profiles in log scale for both

groups. Unjoined points correspond to women for whom only one response was available.

We can see that there is a great variation inβ–HCG levels. Also, a non–linear relationship of

the logβ–HCG levels with gestational age (in days) is common for mostwomen. Assessing

whether logβ–HCG levels at early stages rise and fall are associated withthe pregnancy
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Figure 1: Observed time profiles ofβ–HCG for both normal and abnormal groups.

outcome would suggest the need for further evaluation and testing. However, these features

are observed only through the logβ–HCG measurements, which are subject to assay error

among other variations.

A framework that accounts for this variation is the ‘joint model’, which assumes that

the longitudinal data follow a non–linear random effects model whose random effects are

covariates in a logistic regression model for the primary endpoint. For the pregnant women

data, the woman–to–woman variation has been shown to be adequately accounted for by the
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introduction of random effects to model the asymptotic behavior of the logβ–HCG using

a three–parameter logistic curve model (see Marshall and Barón 2000), and for the primary

endpoint normal/abnormal pregnancy, a logistic model incorporating these effects and other

covariates appears to be a natural choice.

Much of the early literature on joint modeling focuses on models where the objective is to

characterize the relationship between a longitudinal response process and a time–to–event.

Here the primary endpoint is the time–to–event. Parametricand semiparametric survival

models for event times together with linear or non–linear mixed effects model for longi-

tudinal measurements are proposed for jointly modeling longitudinal data and event times,

where a set of random effects is assumed to induce their interdependence (e.g. DeGruttola

and Tu 1994; Wulfsohn and Tsiatis 1997; Hendersonand others 2002; Guo and Carlin 2004;

Vonesh et al 2006; Wuand others 2007). For a review of works in this direction see Tsiatis

and Davidian (2004).

For the special case where a linear mixed effects model is used for the longitudinal re-

sponse and the primary endpoint is a single binary response,count, or other continuous

measure, a number of different approaches have been proposed to estimate the parameters

of the joint model. Wangand others (2000) showed that replacing the latent random ef-

fects by individual–specific ordinary least squares estimators leads to biased estimation of

primary model parameters. Wangand others (2000) also proposed regression calibration

(Carroll and others 2006, Chapter 4), which in this context involves replacing the random

effects by estimated best linear unbiased predictors (BLUP) from a fit of the linear mixed

effects model to the longitudinal data. Because this methodreduces but does not eliminate

the bias, they also proposed complementary procedures to correct such problem. Follow-
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ing the strategy of Stefanski and Carroll (1987), Liand others (2004) proposed estimators

in the case of generalized linear models for the primary endpoint. Their method requires

no normality assumptions on the random effects and yields consistent inference regardless

the true distribution. Liand others (2007) consider a semiparametric joint model for which

the random effects distribution is left unspecified, but assumed to lie in a broad class whose

members have smooth densities that render them likely candidates to represent variation in

individual–specific random effects for continuous longitudinal responses. Extensions to a

joint model framework that incorporates multiple longitudinal data are developed by Liand

others (2007).

In this paper we develop a framework for the logistic regression model with covariates

that are individual–specific random effects in a non–linearrandom effects model for the

longitudinal measurements. We discuss different methods to estimate the model parameters,

including two-stage, best linear unbiased predictor, and approximations based on various

numerical integration techniques. The two-stage method fits the primary endpoint model

by replacing the unobserved latent random effects with their estimators obtained by fitting

individual non–linear regression models using each individual’s data. The BLUP method

replaces the unobserved latent random effects with the BLUPestimators obtained from fitting

a non–linear mixed effects model to the longitudinal data. Within the numerical integration

techniques we use adaptive Gaussian quadrature to approximate the marginal likelihood,

which involves an integral that cannot be solved analytically, and employ the quasi-Newton

algorithm to obtain the maximum likelihood estimation (MLE) of model parameters. The

proposed methods are illustrated with an application to thepregnant women data and their

performance is evaluated through a simulation study.
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The rest of this paper is organized as follows: In Section 2 the ‘joint model’ is for-

mulated. The estimation procedures are discussed in Section 3. In Section 4 a simulation

study is carried out to evaluate the performance of the estimating methods. In Section 5 the

methodology is exemplified using the pregnant women data set. Finally, we summarize and

discuss implications in Section 6.

2 JOINT MODEL

The structure of interest here can be described by two components. The first component

contains repeated observed measurements that are assumed to follow a non–linear random

effects model over possibly unequally spaced times. The second component is the primary

logistic regression where the random coefficients of the random effects model are used as

covariates.

Denote byYij the observed longitudinal measurement data of a continuousresponse for

individual i, i = 1, . . . , m, recorded at timestij (j = 1, . . . , ki). Assume thatYij follow the

non-linear random effects model

Yij = f(X i, tij) + Uij , (1)

whereX i = (Xi1, . . . , Xiq)
′ represents theith set of random effects. We further assume

thatX i is a multivariate normal with meanµx and variance-covariance matrixΣx. Also

let U i ≡ (Ui1, . . . , Uiki
)′ the within–individual errors reflecting uncertainty in measuring

Y i = (Yi1, . . . , Yiki
)′, which is assumed to follow a multivariate normal distribution and

satisfyE(U i|X i) = 0 and Var(U i|X i) = σ2

uIki
. The random errorU i is assumed to be

independent ofX i.
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Now, let Di be the binary response variable for theith individual, i = 1, . . . , m. We

assume that the primary regression satisfies

Pr(Di = 1|Xi) = H(X ′

i β), (2)

whereH(u) = {1 + exp(−u)}−1, β = (β0, β1, . . . , βq)
′ are the regression parameters and

Xi = (1, X ′

i)
′. Note that we can easily add a term likeα′Zi toX ′

i β in (2) to account for any

additional covariatesZi that may be observed.

Interest focuses on estimatingΘ = (β, σ2

u, µx,Σx)
′. We consider maximum likelihood

estimation of these parameters. As discussed in Wangand others (2000), we can further

assume thatY i andDi are conditionally independent givenX i, in which case

P (Y i, Di, X i) = P (Y i, Di|Xi)P (Xi) = P (Y i|Xi)P (Di|X i)P (Xi).

The likelihood for thejoint model(Y i, Di) is given by

P (Y , D) =

m
∏

i=1

∫

x
P (Y i|Xi)P (Di|X i)P (Xi)d xi. (3)

Maximum likelihood estimation (MLE) requires maximizing the integrated log-likelihood

L(Θ|Y , D) =
m

∑

i=1

log

∫

x
P (Y i|Xi)P (Di|X i)P (X i)d xi. (4)

Note that thejoint model(Y i, Di) is nonlinear inX i, thus the integral in (4) does not have

closed-form expression. However approximation methods can be used to help the estimation.

These will be discussed next.

3 ESTIMATION PROCEDURES

Several procedures are available for estimating the parameters involved in the joint model.

We discuss here the two-stage estimator, the approximate BLUP estimator and methods
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based on numerical integration techniques which include Gaussian quadrature, adaptive

Gaussian quadrature and Laplace approximation. In Section4 we describe the results of

a simulation study designed to evaluate the performance of the estimation procedures under

different configurations ofm andki.

3.1 The Two-Stage Estimator

Should the latent variablesX i be observed, it would be natural to estimateβ by fitting the

logistic model (2). Because the latent variablesX i cannot be observed, a convenient method

consists of imputing estimates ofX i in model (2).

One such method is the simple two-stage approach, also called the “naive” method. If

theki are sufficiently large, we can estimateX i under model (1) using standard nonlinear

ordinary least squares, which can be easily implemented using existing software like SAS

or R. Once we have individual estimates ofX i, we can fit model (2) by replacing eachX i

by its corresponding estimate. In case that the longitudinal measurements are assumed to

follow a linear mixed model, Wangand others (2000) showed that the “naive” method may

result in a significantly biased estimator.

3.2 The BLUP estimator

Because replacing individual estimates ofX i in model (2) results in biased estimates, it

seems natural to consider an improvement in the estimation of X i in stage one. A good

candidate is the shrinkage or empirical Bayes estimator, also known as best linear unbiased

predictors (BLUP) in the longitudinal literature. The BLUPestimator represents a compro-

mise between estimates based only on an individual subject’s data, and estimates based only
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on the population mean. Subjects with substantial data willhave estimates closer to their

individual least squares curves, whereas subjects with sparse data will have estimates closer

to the population mean.

Since in general the latent variablesX i enter model (1) in a nonlinear fashion, the BLUP

estimator can be approximately estimated using the conditional meanX̂ i ≈ E(X i|Y i) (see

Vonesh and Chinchilli 1997). Thus, we first fit the nonlinear mixed model (1) to obtain

the BLUP estimates ofX i, X̂ i, and then fit model (2) imputing theX i’s by these esti-

mates. In the special case where the longitudinal measurements follow a linear mixed model,

this method has been termed the regression calibration (RC)estimator by Wangand others

(2000). The name comes from the fact that this method can be viewed as a particular case of

measurement error problems. Wangand others (2000) show that their method reduces but

does not eliminate bias.

3.3 Exact estimation using numerical integration techniques

Since thejoint model will always be nonlinear in the latent variablesX i, even when the con-

ditional model forY i|X i is linear inX i, the integral (3) will generally have no closed form

expression. A number of methods have been proposed for approximating the integrated log-

likelihood, including various numerical integration techniques (Pinheiro and Bates 1995).

One such technique is the Laplacian approximation, a methodfrequently used in Bayesian

inference to estimate posterior densities and predictive distributions (see Tierney and Kadane

1986; Leonardand others 1989). The use of the Laplacian approximation for model (1) was

described by Pinheiro and Bates (1995). Write

kiℓ(X i) = log{P (Y i|X i)P (Di|X i)} −
1

2
log |Σx| −

1

2
X ′

iΣ
−1

x X i,
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whereP (Y i|X i) is the normal density function ofY i|X i andP (Di|X i) is the Bernoulli

density ofDi|X i. The Laplacian approximation entails taking a second–order expansion of

theith individual’s integrated likelihood,L(Y i) =
∫

exp[kiℓ(X i)] dXi, around the value of

X i that maximizeskiℓ(X i), holding all other parameters fixed.

Another numerical integration technique is the Gaussian quadrature. The Gaussian quadra-

ture approximates the integral of a function, with respect to a given kernel, by a weighted

sum over predefined abscissas for the random effects. Unlikeother numerical integration

techniques, the abscissas are spaced unevenly throughout the interval of integration. With

a modest number of quadrature points, along with appropriate centering and scaling of the

abscissas, the Gaussian quadrature approximation can be highly effective (see Abramowitz

and Stegun 1964 for details).

Adaptive Gaussian quadrature for the integral overX i centers the integral at the empiri-

cal Bayes estimate ofX i, defined as the vector̂X i that minimizes

− log{P (Y i|Xi,Θ)P (Di|Xi,Θ)P (X i|Θ)},

with Θ set equal to their current estimates. The final Hessian matrix from this optimization

can be used to scale the quadrature abscissas. Forj = 1, . . . , NGQ, suppose that(zj , wj) are,

respectively, the standard Gauss–Hermite abscissas and weights for the Gaussian quadrature

rule with NGQ points (Golub and Welsch 1969). The adaptive Gaussian quadrature is then

10



given by

ℓi(Θ|Y i, Di) =

∫

x
P (Y i|Xi,Θ)P (Di|X i,Θ)P (Xi|Θ)d X i

≈ 2q/2|Γ(Θ)|−1/2

NGQ
∑

j1=1

· · ·

NGQ
∑

jq=1

{

P (Y i|aj1,...,jq
,Θ)P (Di|aj1,...,jq

,Θ)P (aj1,...,jq
|Θ)

q
∏

s=1

wjs
exp[z2

js
]

}

,

whereq is the dimension ofX i, Γ(Θ) is the Hessian matrix from the empirical Bayes mini-

mization,zj1,...,jq
is a vector with elements(zj1, . . . , zjr

), and

aj1,...,jq
= X̂ i + 21/2Γ(Θ)−1/2zj1,...,jq

.

WhenNGQ = 1, adaptive Gaussian quadrature approximation is simply theLaplacian

approximation described previously, because in this casez1 = 0 andw1 = 1. This adaptive

Gaussian quadrature approximation is similar to the approximation obtained from adaptive

importance sampling; the basic difference is that the former uses fixed abscissas and weights,

but the latter allows them to be determined by a pseudo–random mechanism. As with the

importance sampling approximation, the adaptive Gaussianquadrature produces the exact

log–likelihood when the model function is linear in random effectsX i. In practice,NGQ ≤ 7

generally suffices andNGQ = 1 often provides a reasonable approximation (Pinheiro and

Bates 1995).

The objective function to minimize corresponds to the negative log–likelihood

QAGQ(Θ) = −
m

∑

i=1

log{ℓi(Θ|Y i, Di)}.

We employ a Newton–type algorithm to minimize the negative log–likelihood.
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4 SIMULATION STUDY

In this Section we discuss the results of a simulation study designed to compare the different

estimation methods described in Section 3. The true parameter values are chosen to mimic

what we find in the example presented below in Section 5. The longitudinal data were

generated according toyij = xi[1 + exp{−(tj − µ2)/µ3}]−1 + Uij , wherei = 1, . . . , m,

j = 1, . . . , ki, Uij ∼ N(0, σ2

u), andxi ∼ N(µ1, σ
2

x). For the logistic primary model we

assumeP (Di = 1) = [1+exp{−(β0 +β1xi)}]−1. One thousand datasets were generated for

each combination of the following number of individuals:m = 200 or 400, and the number

of measurements within each individualki = 5, 10, or15. Time points were chosen from the

empirical distribution of observed times of our example of Section 5.

Table 1 shows the simulation results for the primary logistic model parameters. Here,

“Bias” corresponds to the average of the(β̂−β) differences, SD denotes the sample standard

deviation of the estimators, mean(SE) denotes the average of the estimated standard errors

of the estimators, and95% CP denotes the95% confidence interval coverage probabilities.

We note here that it was not possible to implement the two–stage method for theki = 5

case, because convergence was not achieved when fitting the individual non–linear regression

model.

When the estimation was based on (adaptive) Gaussian quadrature, our results suggest

that the bias decreased when any of the number of individualsor longitudinal measurements

within each individual increased. Indeed nearly unbiased parameter estimates were obtained

when settingki = 15. In contrast biases observed forβ0 when applying the two–stage
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Table 1: Simulation results. Estimators are: TS, two–stage; BLUP, best linear unbiased

predictor; Laplacian, Laplacian approximation; GQ, Gaussian quadrature; AGQ, adaptive

Gaussian quadrature.NGQ indicates the number of quadrature points.
GQ(NGQ = q) AGQ(NGQ = q)

m ki TS BLUP Laplacian q = 10 q = 50 q = 100 q = 10 q = 50 q = 100

200 5 β0 Bias – -1.105 -0.227 -0.373 -0.187 -0.186 -0.186 -0.186 -0.186

SD – 2.361 2.297 2.471 2.502 2.501 2.501 2.501 2.501

Mean(SE) – 2.583 3.141 3.153 3.153 3.153 3.153 3.153 3.153

95% CP – 90.9 96.5 95.5 96.6 96.6 96.6 96.6 96.6

β1 Bias – 0.267 0.051 0.086 0.041 0.041 0.041 0.041 0.041

SD – 0.548 0.583 0.576 0.584 0.583 0.583 0.583 0.583

Mean(SE) – 0.601 0.734 0.736 0.737 0.737 0.737 0.737 0.737

95% CP – 90.9 96.9 95.5 96.9 96.9 96.9 96.9 96.9

10 β0 Bias -1.508 -0.563 -0.191 -0.396 -0.156 -0.198 -0.198 -0.198 -0.198

SD 2.336 2.302 2.322 2.387 2.344 2.312 2.312 2.312 2.312

Mean(SE) 2.503 2.641 2.872 2.842 2.879 2.872 2.872 2.872 2.872

95% CP 87.6 95.6 97.1 96.3 97.1 97.2 97.2 97.2 97.2

β1 Bias 0.354 0.133 0.041 0.092 0.033 0.043 0.043 0.043 0.043

SD 0.547 0.538 0.545 0.559 0.550 0.542 0.542 0.542 0.542

Mean(SE) 0.584 0.616 0.671 0.664 0.673 0.671 0.671 0.671 0.671

95% CP 87.8 95.2 97.0 95.6 97.0 97.0 97.1 97.1 97.1

15 β0 Bias -0.757 -0.229 -0.029 -0.262 -0.053 -0.026 -0.024 -0.024 -0.024

SD 2.353 2.357 2.346 2.376 2.319 2.348 2.347 2.347 2.347

Mean(SE) 2.606 2.685 2.827 2.792 2.820 2.827 2.827 2.827 2.827

95% CP 93.1 96.3 96.9 96.0 97.1 96.9 97.0 97.0 97.0

β1 Bias 0.178 0.056 0.006 0.063 0.012 0.006 0.005 0.005 0.005

SD 0.549 0.550 0.548 0.555 0.541 0.548 0.548 0.548 0.548

Mean(SE) 0.609 0.627 0.661 0.652 0.659 0.661 0.661 0.661 0.661

95% CP 93.2 96.1 97.0 95.8 97.2 97.0 97.0 97.0 97.0

400 5 β0 Bias – -1.034 0.105 0.037 0.160 0.160 0.160 0.160 0.160

SD – 1.834 2.012 2.044 2.021 2.021 2.021 2.021 2.021

Mean(SE) – 1.823 2.255 2.278 2.266 2.266 2.266 2.266 2.266

95% CP – 88.5 96.6 95.8 96.7 96.7 96.7 96.7 96.7

β1 Bias – 0.253 -0.025 -0.006 -0.038 -0.038 -0.038 -0.038 -0.038

SD – 0.427 0.471 0.476 0.473 0.473 0.473 0.473 0.473

Mean(SE) – 0.425 0.527 0.532 0.530 0.530 0.530 0.530 0.530

95% CP – 87.9 96.7 95.9 96.9 96.9 96.9 96.9 96.9

10 β0 Bias -1.496 -0.384 0.156 -0.119 0.161 0.167 0.167 0.167 0.167

SD 1.714 1.747 1.833 1.833 1.833 1.835 1.835 1.835 1.835

Mean(SE) 1.762 1.876 2.058 2.033 2.058 2.059 2.059 2.059 2.059

95% CP 83.1 95.2 98.0 97.1 98.0 98.0 98.0 98.0 98.0

β1 Bias 0.353 0.093 -0.038 0.030 -0.039 -0.040 -0.040 -0.040 -0.040

SD 0.400 0.408 0.429 0.428 0.430 0.430 0.430 0.430 0.430

Mean(SE) 0.411 0.438 0.481 0.475 0.481 0.481 0.481 0.481 0.481

95% CP 82.6 95.3 98.3 96.6 98.1 98.3 98.3 98.3 98.3

15 β0 Bias -0.811 -0.256 0.078 -0.202 0.066 0.067 0.087 0.081 0.081

SD 1.812 1.856 1.904 1.896 1.905 1.912 1.908 1.908 1.908

Mean(SE) 1.829 1.886 1.999 1.970 1.998 2.001 2.000 2.000 2.000

95% CP 92.3 95.7 96.8 96.0 96.9 96.8 96.9 96.9 96.9

β1 Bias 0.191 0.062 -0.019 0.049 -0.017 -0.022 -0.020 -0.020 -0.020

SD 0.421 0.432 0.444 0.441 0.445 0.446 0.445 0.445 0.445

Mean(SE) 0.427 0.440 0.467 0.460 0.467 0.468 0.468 0.468 0.468

95% CP 96.2 95.5 96.8 96.1 96.8 96.5 97.0 97.0 97.0
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estimator were quite large, regardless of the number of individuals. We also found fairly

substantial biases for the BLUP estimator in the case ofki = 5 observations per individual,

thus leading to low coverage probabilities. When increasing ki to 10 or 15, the BLUP esti-

mation reduces but does not eliminate bias. These findings agree with the results reported

in Wangand others (2000) in the context of longitudinal measurements following a liner

mixed effects model. Estimation based on adaptive Gaussianquadrature and Laplacian ap-

proximations yields almost unbiased estimates and better coverage probabilities, specially

whenki = 10, or15. For the non–adaptive Gaussian quadrature approximation we need

more than10 quadrature points to obtain results that are comparable to those obtained using

the adaptive Gaussian quadrature and Laplacian approximations.

In summary, the TS method has a serious bias problem, especially for β0. The BLUP

method does not perform well regardless of both the number ofindividuals and the number of

observations per individual. Because the results obtainedusing the Laplacian approximation

were very similar to those of the adaptive Gaussian approximation, we conclude that the

first is to be preferred for its greater simplicity and computational efficiency, specially when

ki > 10.

5 ANALYSIS OF PREGNANT WOMEN DATA

The main interest of the analysis of pregnant women dataset discussed in Section 1 was

to investigate the effects of theβ–HCG longitudinal process on the pregnancy outcome,

particularly the association between normal pregnancy andfeatures of longitudinalβ-HCG

profiles. The data were collected for a total of173 young women, representing different

pregnancies over a period of2 years in a private fertilization obstetrics clinic in Santiago,
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Chile. The resulting data set consists of124 patients diagnosed with normal pregnancy and

49 patients with abnormal pregnancy. LetDi = 1 and0 denote the normal and abnormal

pregnancy for womani, i = 1, . . . , m, (m = 173). For the longitudinalβ–HCG concentra-

tions, the173 women altogether contribute a total of375 observations, where the number of

observationski per woman ranged from 1 to 6 (median 2). Approximately30% of the173

women had oneβ–HCG measurement,31% had two,33% had three, and6% had four or

more measurements.

As discussed in earlier works (Marshall and Barón 2000; De la Cruz–Mesı́a and Quintana

2007; De la Cruz–Mesı́aand others 2007), a reasonable representation of the logβ–HCG

profile for theith woman is

yij =
xi

1 + exp{−(tij − µ2)/µ3}
+ Uij (5)

where time is measured in days,Uij is aN (0, σ2

u) measurement error,xi is the woman–

specific random effect, assumed to satisfyxi ∼ N (µ1, σ
2

x). The random effectsxi represent

the asymptotic behavior of the logβ-HCG. To describe the relation between pregnancy out-

come andxi, we consider the primary logistic regression model

Pr(Di = 1|xi) = [1 + exp{−(β1 + β2xi)}]
−1. (6)

We use different quadrature pointsNGQ (NGQ = 1, 10, 50, 200) for the methods based on

Gaussian quadrature. The caseNGQ = 1 corresponds to the Laplacian approximation. The

standard errors of parameters are constructed from the variance–covariance matrix computed

as the inverse negative Hessian matrix.

Table 2 shows results from fitting the joint model (5) and (6) by the methods described

in Section 3. Table 2 shows the results for the Gaussian quadrature and adaptive Gaussian
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Table 2: Parameter estimates for the pregnant women data viaseveral methods, with standard

errors within parentheses. Estimators are: BLUP, best linear unbiased predictor; Laplacian,

Laplacian approximation; GQ, Gaussian quadrature; AGQ, adaptive Gaussian quadrature.

NGQ indicates the number of quadrature points.

Parameter BLUP Laplacian GQ(NGQ = 10) GQ(NGQ = 50) AGQ(NGQ = 10) AGQ(NGQ = 50)

Longitudinal submodel

Est.(SE) Est.(SE) Est.(SE) Est.(SE) Est.(SE) Est.(SE)

µ1 4.506(0.064) 4.490(0.063) 4.476(0.054) 4.490(0.063) 4.490(0.063) 4.490(0.063)

µ2 15.048(0.381) 14.882(0.388) 14.913(0.376) 14.882(0.388) 14.882(0.388) 14.882(0.388)

µ3 7.375(0.506) 7.379(0.507) 7.329(0.485) 7.379(0.507) 7.379(0.507) 7.379(0.507)

σ2
x 0.287(0.045) 0.277(0.044) 0.321(0.048) 0.278(0.044) 0.278(0.044) 0.278(0.044)

σ2
u 0.128(0.013) 0.130(0.014) 0.122(0.013) 0.130(0.013) 0.130(0.013) 0.130(0.013)

Logistic submodel

Est.(SE) Est.(SE) Est.(SE) Est.(SE) Est.(SE) Est.(SE)

β1 -13.852(2.818) -17.398(5.049) -15.603(4.082) -17.213(4.772) -17.213(4.772) -17.214(4.772)

β2 3.313(0.628) 4.169(1.155) 3.752(0.930) 4.121(1.089) 4.121(1.089) 4.121(1.089)
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quadrature methods usingNGQ = 50 only, as those corresponding toNGQ = 100, 200 are

almost identical. Also, we remark that the two–stage estimator cannot be reliably imple-

mented in this case because of the insufficient number of measurements per woman (recall

ki ranged from 1 to 6). As was to be expected from the simulation results, the BLUP and

numerical integration techniques give different results.Also, the results obtained using the

Laplacian approximation and adaptive Gaussian quadratureare very similar. We also note

that the non–adaptive Gaussian quadrature method requiredmore than10 quadrature points

to obtain similar results than the adaptive Gaussian quadrature. From the BLUP estimates,

the odds ratio (eβ1) associated with a1–unit increase in the value ofxi is 27.5. From the

adaptive Gaussian quadrature estimates the odds ratio is61.6. The overall conclusion from

the various estimation methods is that an abnormal pregnancy may be negatively associated

with the asymptotic behavior of the logβ–HCG profile. Also in agreement with the simula-

tion results from Section 4, the adaptive Gaussian quadrature method with10 points seems

to provide cost-effective and reliable estimates for this particular application. Therefore, in

what follows calculations are based exclusively on this method.

Having theP (Di|xi) estimates available, we turn now to the underlaying classification

problem. To do so we calculate the confusion matrix of classification. Table 3 gives the

confusion matrix of classification for the adaptive Gaussian quadrature method. We found

an error rate estimation of approximately12.7%. We compare these results with those found

using discriminant analysis (see Marshall and Barón 2000)in which case the reported error

rate was approximately18.5%. The joint model is thus seen to improve classification.

The Receiver Operating Characteristic (ROC) curves and thearea under the ROC curve

(AUC) for the joint modeling and discriminant analysis method of Marshall and Barón
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Table 3: Confusion matrix of classification for the adaptiveGaussian quadrature method.

Clinical

classification Model classification

Groups Normal Abnormal

Normal 122 2 124

Abnormal 20 29 49

142 31 173

(2000) are presented in Figure 2. Specifically, we present two curves showing the changes in

sensitivity and specificity using the joint modeling based on the adaptive Gaussian quadrature

approximation withNGQ = 10 and the results obtained using the longitudinal discriminant

analysis method proposed by Marshall and Barón (2000). Again, using the joint modeling

approach improves sensitivity and specificity for predicting a normal pregnancy outcome for

this population of women.

6 DISCUSSION

In this paper we have proposed inferential strategies for logistic regression model for a pri-

mary outcome with covariates that are underlying individual–specific random effects in a

non–linear random effects model for a longitudinal response. We discussed several estima-

tion procedures for the model parameters.

Our results show that both the two–stage method and the BLUP method could yield

biased estimates, although the former often performs better than the latter. Also, the BLUP
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Figure 2: ROC curves with areas and standard errors for the joint modeling and the discrim-

inant analysis approach.

19



method attenuates but does not eliminate bias. The Gaussianquadrature approximation only

seems to give accurate results for a large number of quadrature points (> 10), which makes

it very inefficient computationally. Of all approximationsconsidered here, the Laplacian and

adaptive Gaussian approximations probably give the best mix of efficiency and accuracy. The

former can be regarded as a particular case of the latter, where just one quadrature point is

used. For statistical analysis purpose we would recommend use the Laplacian approximation

whether the number of observations per individual is at least 10, in other case, the adaptive

Gaussian approximations withNGQ = 10 seems preferable.

In our example, we only use as covariate the latent random effects in the logistic re-

gression model, but other women’s covariates, such as age, number of previous normal and

abnormal pregnancies, smoking status and normal pregnancytendencies, can be useful for

targeting specific individuals in future analysis. In our example a number of women had

missing covariate values.

All proposed estimators assume normality of random effectsand within–individual er-

rors. The latter is often reasonable, perhaps on a transformed scale. Some authors (e.g.,

Verbeke and Lesaffre 1997; among others) have shown that violation of this assumption can

compromise inference, thus raising such concerns for the proposed joint model. Further re-

search on methods that go beyond traditional normality assumption on random effects would

be useful. These topics are the subject of current research to be reported elsewhere.
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