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Abstract

The problem of outlier and change-point identification has received consid-
erable attention in traditional linear regression models from both, classical and
Bayesian standpoints. In contrast, for the case of regression models with measure-
ment errors, also known as error-in-variables models, the corresponding literature
is scarce and largely focused on classical solutions for the normal case. The main
object of this paper is to propose clustering algorithms for outlier detection and
change-point identification in scale mixture of error-in-variables models. We pro-
pose an approach based on product partition models (PPMs) which allows to
study clustering for the models under consideration. This includes the change-
point problem and outlier detection as special cases. The outlier identification
problem is approached by adapting the algorithms developed by Quintana and
Iglesias (2003) for simple linear regression models. An special algorithm is devel-

oped for the change-point problem which can be applied in a more general setup.
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The methods are illustrated with two applications: (i) outlier identification in
a problem involving the relationship between two methods for measuring serum
kanamycin in blood samples from babies, and (ii) change-point identification in the
relationship between the monthly dollar volume of sales on the Boston Stock Ex-
change and the combined monthly dollar volumes for the New York and American

Stock Exchanges.

Keywords: Dirichlet processes; Measurement error model; Outlier and change-

point identification; Product partition models.

1 Introduction

Regression diagnostics such as outlier or change-point identification have been exten-
sively studied in the statistical literature. Reviews of the different approaches include
Broemeling (1985), Chapter 7 and more recently Barnett and Lewis (1994), Carlstein,
Miiller and Seigmund (1994), Brown (1993), Stephens (2000), Hawkins and Olive (2002)
and Arellano-Valle, Galea-Rojas and Iglesias (2000). However, very few papers are de-
voted to studying this topic in measurement error models. Concerning change-point
problems (for which the underlying cluster structure is given in terms of contiguous
blocks), one exception is the paper by Chang and Huang (1997). They present an ap-
proach based on large sample theory for likelihood ratio tests. For small and moderate
samples, however, the efficacy of such approach is yet to be studied. Similarly, the
problem of outlier detection has been treated only from a classical viewpoint by Kelly
(1984), Abdullah (1995), Lee and Zhao (1996), Galea, Bolfarine and Vilca (2002) and
Galea, Bolfarine and Castro (2002). A common idea in these papers is to use measures
of local influence to examine the effect of deleting a given subset of observations. In this
paper we introduce a general approach based on the product partition models (PPMs),
which allows studying the identification of relevant subsets in the data, such as outliers

or change-points.



Measurement error models are important in most research areas, because they involve
variables that are measured with error or that can not be directly observed (latent vari-
ables). Different examples and applications of these models are considered in the books
by Fuller (1987), Carroll, Rupert and Stefanski (1995), and Cheng and Van Ness (1999).
Bayesian literature includes the pioneering work by Lindley and El-Sayyad (1968) and
some more recent results are found in Stephens and Dellaportas (1992), Dellaportas and
Stephens (1995), Bolfarine and Cordani (1993), Richardson (1993), and in Richardson
and Gilks (1993), among others. In the literature, the most common measurement error

model (MEM) is the additive structural model specified by the equations

yi = a+fzi+e, (1.1)
Zi = X + Us, (1'2)
i=1,...,n, where (y;, 2;) are observed variables, (z;, e;,u;), i = 1,...,n are unobserved

random quantities, and («, 3) are unknown parameters. Another specification considers
the z; as fixed quantities (parameters) leading to the so-called functional version. From a
Bayesian viewpoint however, no distinction is made since a prior distribution is assigned
to the parameters z;, ¢ = 1,...,n. It is typically postulated that

e; [ 0 o2 0 -|

~ N, , . i=1,....m, (1.3)
U [ 0 0 o2 J

u

and with the further assumption that x; ~ N(p,,02), we have an structural additive
normal model. This model has been extensively studied (see, e.g. Fuller, 1987). Recent
statistical literature, however, has incorporated models based on distributions with heav-
ier tails, which can accommodate outliers or spurious observations. For instance, one
can explore the possibility of replacing the normal distribution above by a scale-mixture
of normals, which includes the Student-¢ distribution as a special case (Arellano-Valle

and Bolfarine, 1996).

To identify change-points in the mean of a model defined by (1.1) and (1.2), Chang

and Huang (1997) proposed introducing change-points in the mean of the unobserved x
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as follows:

T; N(,Uq,O'i), Z':].,...,k, (14)
z; ~ N(ug,02), i=k+1,...,n, (1.5)

where k is unknown. In other words, it is assumed that the unobserved z;s are partitioned
into two contiguous blocks. In fact, combining (1.1) — (1.5), the following change-point

model is induced on the observed w; = (z;, ;)"

o’ +o? o?
W; ~ N2 H 3 ’ 2“ in 9 ) Z:]-a :ka
04"‘5#1/ IBGZ /Bo-z—i_o-e
[ 0%+ o2 o? ]
w; N2 H2 y ¥ 2u in ) y z:k+1,,n
O!+/3,LL2 /60-1 6O-z+0-e

Note that the marginal distribution of the observed w;s presents a change-point on the
mean vector as well. Chang and Huang (1997) dealt with the presence of multiple change-
point by splitting the original sequence at the change-point into two subsequences and
reapplying the log-likelihood ratio statistic to each part. This continues until no further
change-point is detected. Hence, there is no simultaneous (global) classical approach for
the detection of multiple change-points. We also point out that it seems unlikely that
the method by Chang and Huang (1997) can be extended for testing the presence of
change-points in the other parameters. Furthermore, it does not seem feasible to extend

their approach to models such as mixtures of normals.

Considering now the problem of outlier detection, a popular way of proceeding con-
sists of deleting cases and assessing how this impacts the estimation process. We consider
here an opposite approach, in the sense of accounting for the potential presence of outliers
without removing observations at all, which simultaneously yields outlier identification
and model robustification. Simply, we just consider partitions of the subjects into one
group representing the main body of “normal” data points and one or more group of
“atypical” observations, i.e. the outliers. More generally, either change-point or out-

lier detection imply a certain partition of the data points. By explicitly incorporating

4



partitions in the set of data points we propose a general method that, from a modeling
viewpoint, makes essentially no distinction between these two problems. However, the
selection of the adequate partition is done by means of a clustering algorithm derived
from a decision-theoretic view of the problem constructed according to the objective of
the analysis. An additional advantage of this procedure is the robustness of the related

parameter estimation.

In this paper we consider a Bayesian approach for detecting the presence of cluster
structures on the mean of x with applications to outlier detection and change-point
identification. The approach is based on the product partition model (PPM) introduced
by Hartigan (1990) and Barry and Hartigan (1992). See also Crowley (1997), and Loschi
and Cruz (2005). As such, it is a global approach in the sense that the main target
is to identify those groups that are defined by a common, possibly multidimensional
parameter. We apply the approach developed in Quintana and Iglesias (2003), who
established an important connection between PPMs and Bayesian nonparametric models
based on Dirichlet process priors (Ferguson, 1973, Antoniak, 1974), using a decision
theoretic approach. This connection facilitates the practical and operational use of

PPMs in complicated models such as those involving variables measured with error.

The rest of this paper is organized as follows. Section 2 presents a model for additive
linear mixture of normals with error-in-variables which incorporates a cluster structure.
Our general formulation includes normal and Student-t models as special cases. We
emphasize here that, to our knowledge, no approach has ever been proposed for cluster
(outlier and change-point) determination in Student-t measurement error models. Sec-
tion 3 presents the algorithms for cluster selection. We propose two algorithms, one for
each specific type of problem considered. This difference is justified by the intrinsic na-
ture of both problems. Section 4 presents applications to two data sets. One of the data
sets was previously analyzed for outlier detection using the classical influence function
approach. More general results on the partition structure for this data set stems from

the clustering approach considered. On the other hand we apply our change-point detec-



tion method to the Boston Stock exchange dataset which has been previously analyzed

in, e.g. Chang an Huang (1997). Some final conclusions are presented in Section 5.

2 The cluster structure in scale-mixtures of normals

error-in-variables models

The scale-mixture of normals error-in-variables model is specified by considering latent
variables w; = (w1, ..., wjn)T, 7 = 1,2, 3, and assuming that
[ o+ ﬁZEZ wli)\a 2 0 -|

ind
(yiazi)T‘xia,uiaa,ﬁaogaUQ ~ N2 [ )

B
x; 0 Wo; 02 J

and

ind
xi‘uw,aaﬁao}%:oj ZZL (,U':E:w?:io'i) (27)

where the components wj; are assumed independent of (., a, 3, 0%, 02)7, for j =1,2,3
and ¢ = 1,...,n, and A > 0 is a known constant. The above model includes several
interesting special cases. If w; = 1, 7 = 1,2,3 and ¢« = 1,...,n, then the normal
error-in-variables follows. On the other hand, if we define

Yi Y

ind
wy; ~ IG<2,5

), j=1,2,3 and i=1,...,n,

we arrive at the Student-t error-in-variables model, where IG(a,b) denotes the inverse

gamma distribution with positive parameters a and b.

To identify outliers or change-points we propose to consider groups or clusters of
observations based on the marginal mean of the x;s. Thus, the model is reformulated

by replacing (2.7) with

ind :
T3l i, o, B, 02,02 "% N (i, wai02),i=1,...,n. (2.8)
The cluster structure is introduced as follows. First note that g = (p1, g2, - - -, tin)
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can be re-expressed as

n

H= Z (uSiI{IESi}: SRR ,uSiI{HESi}) )

=1
where {Si,Ss,...,S;} is a partition of Sy = {1,2,...,n} and p € R denote the
common value for p;,7 € 5,5 C Sy. The prior for p is specified through the following

two steps:

(i) Assign a prior distribution on P, the set of all partitions of Sy. The random object

with values on P, is usually denoted by p.

(ii) Assign a prior distribution for p given p = {Si,..., Sk}, which is equivalent to

specifying a prior for p51, u%2, ... k.

The prior specified in step (i) reflects our belief about the groups defined by a common

S
L

the number of groups determined by p. Thus, we can rewrite (2.8) in the form

S)ol

mean. We note that g can be also represented as (u ,p) where |p| denotes

2 ind

',Ei‘(,U/SIa'"auslplap)aaaﬁﬂojaaz ~ (/Li,&)giO'i), 1= 1:"')”, (29)
where p; = % if and only if i € S;.

The prior that we put for g given the parameters is of the form

pt . el p, a, B, 0% o Z;i\'li]\f(m,Toai), (2.10)
and
k
P(p: {S1,...,Sk}|0[,5’0-2,0'32;) :K:HC(SZ) (211)
i=1

where ¢(S) > 0 is denominated cohesion, defined for each S € P and not depending
on (a,B,0% 02), and K is an appropriate normalizing constant. Here, the cohesions
represent prior weights on group formation and ¢(S) can be thought of as formalizing

our opinion on how tightly clustered the elements of S would be. By (2.11), the prior



probability of observing a partition including S as one of its subsets increases with the

value of ¢(S5).

Equation (2.11) is refereed to as the product distribution for partitions, and the model
specified by (2.9), (2.10) and (2.11) is usually called parametric partition product model,
a class introduced by Hartigan (1990) (see also Barry and Hartigan, 1992 and Crowley,
1997).

Remark 2.1: Some special cases can be obtained for particular elections of the

cohesion. For example, if we choose

1 if =8
((s)=4 ’
0 if S#S,

then we obtain a MEM defined by (2.6) and (2.7), without change-points. The MEM
considered by Chang and Huang (1997) is obtained when choosing cohesions of the form

Cr ifS={Slk,Sgk},k=1,...,n—1

0 otherwise,

c(8) =

where S1y = {1,2,...,k} and Sopy = {k + 1,...,n}.

We note that given 0 = (o, 3,02%,02) and p, and integrating out ', ..., e, model

(2.9) - (2.10) becomes

k
p($|p = {Sla .- '7519}’0) = Hpsz(mszlo)a
=1

where © = (z1,...,%,), s = (z;, 1 € S), and ps(xs|0) is the conditional density of xg

given S € p and 6.

To define the prior distribution on partition, we need to adopt specific values for the
set of all cohesions ¢(S), for all nonempty S C S;. Any specification is theoretically
possible. In practice, however, there is 2" — 1 such numbers so that it is convenient
to choose a functional form for ¢(S). A simple way of accomplishing this is to use the

existing connection between PPMs and nonparametric Bayesian models using Dirichlet
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process priors (Ferguson, 1973; Antoniak, 1974) pointed out by Quintana and Iglesias
(2003). A key advantage of this connection is that MCMC algorithms such as those by
Bush and MacEachern (1996) or MacEachern and Miiller (1998) can be adapted from the
nonparametric to the parametric case. Essentially, both types of models have identical

probability distribution on partitions, provided the cohesions in (2.11) are given by
c(S)y=cx(|S|-1), SCS, (2.12)

where |S| represents the number of elements in S. In addition to the computational
advantages implied by the above choice, the behavior of the implied distribution on
partitions can be further understood by noting that the prior mean and variance of the
number of clusters are respectively given by

n n

c c(i—1)
Yomon ™ Xy

i=1 i=1
These values can be approximated, as n grows, by clog(1+n/c) and c{log(1+n/c)—1}
(Liu, 1996), expressions that can be useful for elicitation purposes if prior information
is available on the number of clusters. Parameter ¢ thus plays a key role in controlling
the clustering structure. It can also be argued (Quintana and Iglesias, 2003) that for
moderate values of ¢, e.g. ¢ =1 or ¢ = 2, these cohesions yield a prior distribution that
favors the formation of partitions with a small number of groups. This is a desirable
feature of the model, because we do not want a prior probability model that stimulates
partitions with too many subsets, i.e., excessively many outliers or change-points. Of
course, the posterior distribution will reflect the adequate partition structure as required
by the data. See further discussion on this and related issues in Section 5. The actual
mechanism we use to select partitions is based on minimizing a loss function and will be

described later in Section 3.

The prior distribution on @ is specified as follows. Assume that « is independent of



B and o2 given o2 and o2 is independent of o with

alo? ~ N(a,&,07%) (2.13)
Blo* ~ N(b,&go®) (2.14)
o? ~ IG (v, 602) (2.15)
o2 ~ IG (v1,601) (2.16)

Finally the model specification is completed by assigning a distribution to the latent
variables w; = (wj;, 1 = 1,...,n) for j = 1,2,3. This is done according to the specific
type of error we wish to consider. Typical options are w;; = 1 for normal errors, or

wj; ~ IG(vj/2,v;/2) for t(v;) errors.

To fit the above normal mixture measurement error model, we adapt the algorithm
proposed by Bush and MacEachern (1996) in the context of nonparametric Bayesian

inference. Details are given in the Appendix.

3 Selecting a partition

To find the optimal partition, Quintana and Iglesias (2003) proposed a decision the-
oretic approach based on a loss function that depends on the objective of the anal-
ysis. Here we have a double purpose: on one hand we want accurate estimation of
the model parameters, particularly o and [, and on the other hand we want to select
a partition with the specific purpose of identifying outliers and/or detecting change-
points. Let ¢ = (u,x,q, 3,02 02, wy, ws, w3) denote the vector of all parameters
and latent variables in the model, and let M, denote the model that corresponds to
a given value p of the partition. Note that fixing p gives a specific meaning to u:
it sets the coordinates on the same subset to be equal, and different across subsets.
Of course, this implies that all the remaining parameters change their meanings. Let

_ 2 2 :
¢, = (p,p, z,, ap,ﬂp,op,am,p,wlyp,wz,p,wg,p) denote the version of ¢ that results when

10



fixing p.

The combined decision problem can be approached by minimizing a single loss func-
tion that takes into account all aspects of the problem as detailed earlier. Quintana and
Iglesias (2003) considered a two-component loss function, that involved a specific term
for parameter estimation, and a second term giving a penalization on model complexity,
i.e., on the number of subsets |p| in the partition. We now consider an extension of such
definition, splitting the parameter vector ¢ into all relevant components and considering

separate losses on an individual basis. Thus we define the following loss function:
K1 2, Ko 2 2 2
My, s ®) = iz, = I + 2, — 2l + r(ap — )7 + a5y — 5+

3
K
ks(0; — 0°)? + ko0, — 03) + 57 > llwj, — w;l” + kslpl. (3.17)

j=1
Here || - || is an appropriate norm, the weights k = (k;,j = 1,...,8) satisfy x; > 0 and
Z?Zl k; = 1. More generally, it is straightforward to allow each component in (3.17) to

be defined in terms of different distances or norms. By simplicity we have chosen to use

a single norm, but all the later development can be easily stated in this general context.

The form of (3.17) and the fact that the coefficients add up to 1 allows us to view the
loss function as a weighted average of losses corresponding to the various parameters in
the model. The k weights control the relative impact of each term when determining the
optimal partition. In principle they can be defined arbitrarily, subject to the restrictions
noted above. For a common loss function on all parameter components, one is typically
interested on the case of unequal weights. For instance, note that kg penalizes the
number of clusters and k; penalizes possible heteroskedasticity in the data. Thus, if
S% ok is close to 0, the selection is focused on cluster identification and if 0 < x4 <
1, k4 > Z?:3 ks, cluster identification is associated to the estimation of 5. Consequently,
the selection of weights k are directly determined by the purpose of study. When || -|| is

the Euclidean norm, the results in Quintana and Iglesias (2003) imply that minimizing
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the expected value of (3.17) is equivalent to choosing p* that minimizes

K1 . N K2 . . A~ A~ 5 5
SCulp) = s, = sl + 211, — &5 + 30 — ) + a5y — )+
3
~ A ~ K . .
—05) + hal0h, — 0L) + 0D i — Wyl + sl (3.18)
=1

K)5(5’§

where for any parameter 7 in the model,

s = E(nly,z) and 17, = E(n|p,y, 2).

From the earlier discussion it follows that to select the optimal p* we need to exploit
the specific underlying structure in the problem at hand. In the upcoming subsections

we discuss appropriate algorithms for outlier detection and change-point identification.

3.1 Outlier Detection

Quintana and Iglesias (2003) proposed an algorithm to identify the optimal partition
as part of a clustering problem. However, as mentioned in that paper, the algorithm
does not necessarily lead to the optimal partition but it comes close to it in the special
case of outlier detection. The iterative procedure works by detaching, one by one, the
most outlying components from the main body of elements in the Bayes estimate of the
target parameter vector 17 encoding the cluster structure. This process continues until no
further improvement can be obtained according to (3.18). Concretely, let S C {1,...,n}

and denote

= -1 ~
s = |9 ZnB,i(y)a
i€eS
the average of the components of 7, with index contained in S. For any i € S, we
determine the most outlying point using the discrepancy function d(i, S) = |75, — 05 ||?,

which measures the squared || - ||-distance between component i € S and the average 7).

Here, || - || will typically refer to the Euclidean norm.

The specific steps in the algorithm are given next:
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Step 1: Set j =1, St ={1,2,...,n}, p1 = {S1} and evaluate SC,(p;) using (3.18).
Step 2: Let j = 2, and obtain kf € S such that d(k{, S]) = max;c s {d(i, S)}-

Step 3: Increase the number of elements in the partition by 1, setting S? = S} —
{k;},82 = {ki} and p, = {S},S2}. Compute SCy(ps). If SCx(ps) > SCk(p1) choose

p* = pp; and stop. Otherwise, continue to the next step.

Step 4: Set j = j + 1 and find the element ki_, € S{~' such that d(ki_,,5{"") =
max;e gi-1{d(7, SO}

Step 5: Let pj; = {S17 —{kj_, 1,85, SI0L ST Uk ST S0

1} for
1 = 2,...,|pj_1| + 1. Define Pj 1mpllcltly as SCn(pJ) = min1§i§|pj_1|{SCn(ﬁj_i)}. If
SCy(p;j) > SCk(pj—1) choose p* = p;_; and stop. Otherwise go back to step 4, unless

j = n in which case p* = p,.

A natural choice for n is the vector (u1, ..., uy,), but a more general approach can

be taken by letting ) represent the matrix with rows (u;, wy;, wa;, ws;).

3.2 Change-Point Identification

As mentioned above, the previous algorithm works well for identifying a small number
of outlying points, but is not efficient at identifying change-points, because these involve
partitions of an entirely different nature. We propose now a more suitable strategy
for change-point detection. The basic procedure consists of recursively assessing subse-
quences of So = {1,...,n} and identifying change-points by splitting each subsequence

into two parts. The steps are given next:

Step 1: Set C=0,l=1, u=n, p* ={{1,...,n}}.
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Step 2: In the current partition p*, split the set {l,...,u} into {l,...,7 — 1} and
{j,...,u} for j =1+1,...,u. Denote by p; the corresponding partition. Let k* be
defined as SCy(pg+) = ming1<j<y—1 SCx(p;)-

Step 3: If SCx(pr<) < SCk(p*) then add k* to C, replace p* by pg+, and recursively
repeat Step 2 for I =1, u = k* — 1 and for | = k*, u = u. Otherwise, stop.

The above algorithm considers partitions that are specifically designed to detect
change-points. Once a change-point is identified according to the expected loss criterion,
the corresponding set is divided into two parts, and then other potential change-points in
each of these two subsets are assessed by using the same procedure. It is worth pointing
out that, to the best of our knowledge, no methods for globally detecting change-points

in MEM are discussed in the statistical literature.

In the next section we illustrate the two algorithms described here.

4 Applications

4.1 Outlier identification

In this section we consider first an application of the results considered in the previous
sections to the data set reported in Kelly (1984). The data consist of measurements of
serum kanamycin level in blood samples drawn from twenty babies. One of the mea-
surements was obtained by a heelstick method (X) and the other by using an umbilical
catheter (Y). The basic question was whether the catheter values systematically differed
from the heelstick values. Given the special nature of the data, it was reasoned that
A = 1.0 was correct. We present now a reanalysis of these data by using a Student-t

structural model with equal variances described earlier.
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In this example we used the following hyperparameter values: a = 0, b = 1, m = 25,
vor = vgg = 2.01, dg1 = Gop = 1.01, &2, = &2, = 0.1 and 7¢ = 4. In addition, we chose
¢ = 1 so that the prior mean and variance of the number of clusters are 3.598 and 2.002,

respectively.

Some marginal posterior summaries for selected parameters are indicated in Table 1,

considering the model with normal errors:

Median Mean MC Error  95% HPD
a -0.082  -0.083  0.0026  (-1.334,1.177)
3 1.017 1017 0.0002  (0.937,1.102)
# Clusters | 4.000  4.030 0.0049 (2.000,6.000)
o 3.948 4187  0.0055  (2.060,6.820)
02 3150  3.745  0.0104  (0.885,7.992)

Table 1: Posterior summaries for selected parameters in the serum kanamycin levels in

blood example.

Next, we ran the clustering algorithm described in Section 3.1. The weights for the
loss function in this particular application were chosen to be as follows:

1
= ——(10,1,10,10,3,3,0.1,0).
K 371( ) Ly ) 3 Yy Yy 7)

As argued earlier, these values assign more importance to the regression parameters «
and (3, putting no restriction to the formation of clusters. Note also that the partition
structure is explicitly encoded in g which is why we weigh more heavily the p; parameters

rather than the x;s.

Intuitively, the algorithm evaluates partitions, selecting the one with smallest ex-
pected loss. In this process, a key role is played by the Bayes estimate pp, because
partitions to be evaluated are determined by selecting those components in py that

deviate most from the mean. The algorithm applied to this problem converged to the
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partition
{{So —{1,2,4,11,12,17,18} }, {1,11,12},{2,17,18}, {4} },

which is depicted in Figure 1. The plot reveals that the three small clusters are formed
with the 7 observations with posterior means p; departing the most from the main body
of points. The specific assignments of these points to the subsets is governed by the

above choice of k weights.

Final Clustering for Kanamycin Example
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Figure 1: Optimal clustering for kanamycin example. Here we identified 4 clusters,
which correspond to observations 1, 11 and 12 (squares), 2, 17 and 18 (diamond), 4
(triangle) and the rest (circles)

Finally, we point out that when repeating the analysis with values of A given by 0.5,
2 and 5, the same partitions were obtained (data not shown). This suggests robustness

under different choices of \.
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Remark 4.1: We point out that the approach proposed by Kelly (1984) for outlier
detection, requires a more complex structure than the one we have discussed. Neverthe-

less, we obtained nearly the same results for this particular data set.

4.2 Change-point identification

We consider now a dataset reported in McGee and Carleton (1970) and also analyzed
by Holbert (1982) and Chang and Huang (1997). Here, it is of interest to investigate the
relationship between the monthly dollar volume of sales on the Boston Stock Exchange
(Y) and the combined monthly dollar volumes for the New York and American Stock
Exchanges (X). The data consists of n = 35 records, corresponding to the period January

1967 — November 1969. To avoid problems related to excessively different scales, we

divided the y values by 100.

In this example we used the following hyperparameter values: a« = 0, b = 1, m = 140,
vo1 = 2.64, §o1 = 656, vgg = 335.33, doo = 33433.33, &2, =1, €2, = 0.5 and 7¢ = 4. With
this, a priori we have F(02) = 400, Var(c2) = 250000, E(0?) = 100 and Var(c?) = 30.
In addition, we chose A = 1 and ¢ = 1, which implies that the prior mean of the number

of clusters is 4.147 and the variance is 2.530.

Median Mean  MC Error 95% HPD
« -57.873 -57.960 0.0434 (-74.546,-41.804)
3 1353 1.354  0.0003 (1.231,1.483)
# Clusters | 4.000 4.491 0.0064 (2.000,8.000)
o? 123.224 123.459 0.0289 (111.200,137.023)
o2 516.162 539.488 0.6640 (270.298,947.881)

Table 2: Posterior summaries for selected parameters in the Boston Stock Ezxchange

example.

Posterior summaries can be found in Table 2. We began the analysis by applying
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the clustering algorithm in Section 3.1, using

= 1,0.1,100, 10000, 10, 10, 1,0
K 10122.1( Y ? Y ? Y ? Y )7

which found no outlier. Next, we applied the change-point version of the algorithm, as

explained in Section 3.2 which converged to the partition

{{1,...,9},{10,...,19},{20,21},{22,...,35}}.

In other words, changes occurred at points 10, 20 and 22. Compared to Chang and

Huang (1997), our analysis agrees on point 10, but detects points 20 and 22 rather than
19 and 24. The difference is not substantial though. See Figure 2.

Change—Points for Stock Dataset
155

150

~—145

140 |

Posterior Mean of mu

1
135

o
130 | p

Month

Figure 2: Change-point identification (marked as a square) for the Boston Stock FEi-
change dataset.
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5 Conclusions

Our proposal follows a coherent approach from a Bayesian decision theory. Moreover, it
robustly estimates model parameters, incorporating the possibility of outlier or change-
point. We point out that Chang and Huang (1997) approach is not robust with respect
departures of normality. On the contrary our approach naturally incorporates the possi-
bility of non-normal distributions with heaver tails than the normal distributions as for
example the student-t distribution considered in this paper. We are currently investi-
gating the possibility of mixing the two algorithms, for cases where it is suspected that
the data set contains both outliers and change-points. The approach can also be used,

with only a slight modification, for the problem of detecting change-points in «, g and

2

lopd

The cohesion functions ¢(S) govern the partition structure in the context of PPMs,
their specification being a key aspect of the modeling process. Of all possible ways to
do this, we chose the DP-style case, which has the computational advantages described
in Section 2. But such cohesions also imply a simple prior structure that may be ad-
vantageous from a prior elicitation viewpoint. Parameter ¢ plays an important role in
controlling the number of clusters in the prior PPM. For the purpose of outlier detection
and change-point identification our recommendation is to choose a default value of ¢ =1
or ¢ = 2. Additional runs with ¢ = 5 in the outlier detection example from Section 4.1
converged to the same partition, which suggest the robustness of the procedure (data
not shown). An alternative approach would consider a prior distribution on c. Learn-
ing about ¢ may be quite useful for parameter estimation or other inference problems.
For our clustering application, however, the robustness mentioned earlier suggests that
a prior on ¢ will most likely not change the selected partitions. Additionally, setting
¢ ~ p(c) for some convenient specification of p(c) complicates the simple interpretations
in terms of prior mean and variance of the number of clusters. Therefore, we do not

recommend it.
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The loss function (3.17) combines all the aspects of the decision problem underlying
the selection of a partition, as desired. Of course other alternative specifications can be
used. However, note that the additive structure in (3.17) allows handling the various
parameters separately, which simplifies the computational and theoretical approach. The
choice of Euclidean norm provides further analytical simplifications, but this is not too
critical in the end, as the MCMC scheme allows deriving virtually any required posterior

summaries, such as medians or percentiles.

Appendix: MCMC detalils

We now give a detailed account of all the conditional distributions required for MCMC

implementation. From (2.6) to (2.16) we obtain the following joint posterior density

n

do1 0oz 1 i (yi — a — Bz;)? 1

W1, 20’2 Wa;

=1 =1

RS (zi — p%)? 1 & S; 2 1 2 1 2
—Z — + ]Z(N —m) —@(a—a) —@(5—5)

T 202 S ws 21§07
d - - 1 *{2+u02+2.—n} 2 {1+V01+n+‘p|} : p(wﬂ) .
_522—” (o) 2} x (02) =] 7 | [ (S0
j=1 i=1 Wy j=1i=1 Wj =1

We adapt here the algorithm by Bush and MacEachern (1996). Thus, for given start-
ing values pg, o, g, Bo, 02y, and o3, we need to sample from the following conditional

distributions:

2 2 2?21 zi(y; — o) Jwy A + b/§§2 o? )
Z7 b) a’ O-Z" O- ) X7 b W ~ N n b n b
Bla.y " ( ST P Pun+ 18, S 2 s+ 18,

a|z’y’/8’0-32:’0-2’x’u ~ N (Z?:l(yz - ﬂxz)/wh)\ + a/fgl 0-2 ) ’

Z?:l 1/ wy; + 1/, T 1w+ 1/84
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o?lz,y,a, 02, %, u~ GI (n+1/02+1 Z i — a — Bx;)% /2wy

=1

+ Z ;= 23)°/2wa; + (a — a)? /265, + (B — ) /265, + 602) ,

2 2
0'$|Z,y,06,0' )y Xy U~

14 1d

1 .
GI n/2+p/2+1/01, ZZ /’[1]3Z WZ(MSJ —m)2+501 .

z;|z,y, B, X_i, b, 02,0° ~ N (yi — @) B/ (w1 Ac?) + 2/ wa;0? + ;w302
LBy Yy My =1y My Yy ﬁQ/(wli)‘UQ)+1/w2i02+1/w3,~o§ .

1
52/(11)11')\0'2) + 1/w2i02 + 1/’(1)3“7%) ’

1
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2 2
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T

where a_; = (ai,...,0;_1,0i41,...,a,)T, for any vector a = (a1, ...,a,)%.

In the special case

then

L — _ 2
wy;|0,x ~ IG (M di | (yi—« Bx;) ),

2 92 2)\o2
d2 + 1 d2 (Zz — .Tz')Q
7 9, ~ I ' ey — a_9 |
wail6, % G( 2 2 T o
ds+1 dy (@ — wi)?
2|V ~ I » o a9 |-
w36, x G ( 5 207

Finally, to update the unique values p% we use

Y ies; Tif/wsi +m/Tg o2

S, 2 2
12 J‘Il:_i,O'm,Z,O{,O' ,CCNN(

fori=1,...,n.
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