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Abstract

Based on a constructive represetiation, which distinguishes between a skewing
medanism P and an underlying symmetric distribution F, we introduce two exi-
ble classesof distributions. They are generatedby nonparametric modelling of either
P or F. We examine properties of these distributions and consider how they can
help us to identify which aspects of the data are badly captured by simple symmetric
distributions. Within a Bayesian framework, we investigate useful prior settings and
conduct inferencethrough MCMC methods. On the basis of simulated and real data
examples,we make recommendationsfor the use of our modelsin practice.

Keyw ords : density estimation; location-scale; modal regression;momert existence;
skewness;unimodality

1 Intro duction

In many applications, modelling cortinuousvariablesusing simple default distributions, sud
as the normal, may not be appropriate and we needto considermore exible alternatives.
In adopting sud general models, howewer, we typically leave one question unanswered:
which aspect of normality was inappropriate in the cortext of the speci ¢ application? Was
it symmetry, unimodality, or the light tails? Or somecombination of these? In other
words, we wish to assessvhich features of the default distribution are not well supported
by the data. Therefore,we will consider exible modelling within a constructive framework,
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provided by Ferreira and Steel (2006), which applies a skewing medanism (a probability
density function p on the unit interval) to an underlying symmetric distribution, say, F with

density f. The form of the multiplicativ e skewing medanism can give us a more precise
idea of what speci ¢ aspects of F are not correctly capturing the data. This could include
any of the characteristics already mertioned plus others sut as the existenceof momerns

or di erent left and right tail behavior. By separatingout p and f , we maintain a certain
amourt of cortrol over properties of the distributions, aswell asinterpretability.

We adopt exible represemations for either p or f. In a rst model, we usea exible
skewing medanism, basedon Bernstein densities,which allows for a large variety of distri-
butional shapes, keepinga simple default form for f. In a secondmodelling approad, we
usea parametric construct for the skewing medanism asin Ferreira and Steel (2006), but
allow for a exible f through a nonparametric mixture of uniforms. The latter framework
will always generateunimodal distributions, which can be desirablein regressiormodelling.

In this paper, inferencewill be conductedwithin a Bayesianframework, but the sampling
models proposedhere could, of course,also be analysedthrough other inferertial schemes.
A Bayesiansetting, however, makesit easierto cortrol the properties of the modelsthrough
careful prior choices.

This article is structured as follows. Section 2 presens and discusseghe two models,
including our proposedprior de nition. Section3 appliesthesemodelsto se\eral simulated
data sets. Section4 discussespplicationsto two real data sets,also consideringextensions
to linear regressionwith exible error distributions. We concludein Section5 with some
nal remarksand recommendations.

2 Mo del De nition

We considerthe generalmodelling strategy introducedin Ferreira and Steel (2006) based
on a multiplicativ e skewing medanism, leadingto a univariate probability density function
(pdf) of the form

h(yjF; P) = f (y)p[F (V)] (1)

where F is the cumulative distribution function (cdf) correspnding to a symmetric uni-
modal pdf f, and p is the pdf of a distribution P on the unit interval. Throughout the
paper, we will consistetly usethe notation F and P for the distributions (and their cdf's)
de ned above, and useH for the distribution generatedby (1). Generally pdf's are denoted
by the correspnding lower-caseletters and  will indicate a prior pdf or probability mass
function. We will focuson random variablesY de ned on the real line <, but extensionsto



subsetsof < are straightforward, by appropriately de ning the domain of F. The skewing
medanismP doesnot dependon the underlying symmetric distribution F. Without this re-
quiremert, other modelling strategies,sud asthe generalizedskew-elliptical classof Gerton
and Loper do (2005) can alsobe generated,but we would losethe separateinterpretability
of P and F. Throughout, we assumethat both p andf exist and are cortinuous. The choice
of p determinesthe form of h. For instance,p(x) = 1 for all x 2 (0;1) meansh(y) becomes
just f (y). Other interesting properties are related to the limiting valuesof p. For example,
p(0) = 0 implies a downweighting of the left tail, while p(1) = 0 doesthe samefor the right
tail. By making the limits of p zeroor in nit y, we can make the order of momen existence
of h(y) di erent from that of f (y).

For modelling purposes,considerthe location-scalefamily correspnding to (1), de ned
as

hyjFP: )=2f Y pr Y . 0

A generalmodel for density estimation problemsbasedon a sampleof sizen assumeghat
Yi i Y RSP h(yjF;P;; )

with h de ned asin (2). Extensionsto regressionmodels are immediate, as discussedin
Subsection4.2.

A exible model basedon (2) will be constructed using either of the two procedureswe
descrile next. In the rst, which we will call the Bernstein-sk ew model, we adopt a
parametric form for the pdf f and model p(x) nonparametrically using Bernstein densities.
The other model, namedthe exible unimo dal construct considersaparametricde nition
of p(x) and a exible de nition of f (y) through a nonparametric mixture of uniforms. The
two approadies have di erent properties and motivations. The exible model for p(x) will
support multimo dality of the resulting pdf h(y); the other approad, howeer, is constructed
with the speci ¢ purposeof generatingonly unimodal outcomes.

Density estimation is formalized by meansof the posterior predictive density p(Yn+1 |

2.1 The Bernstein-Sk ew Mo del

We start by specifying a corveniert symmetric density f (y). We choosea Studert t dis-
tribution with unknown degreesof freedom . Next, we adopt a exible represemation for
the skewing medanism p(x). Given the constructive represetation of skewed distributions
introducedabove, a completely unrestricted nonparametric treatment of the skewing med-
anism may look appealing. As P can be any distribution in (0;1), the possibility to model
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it in an unrestricted fashion seemstempting. Howewer, this would e ectively generatethe
ertire classof cortinuous distributions and, thus, we would lose cortrol over the properties
of the resulting skewed distributions.

Herewetry to readh a compromisebetweenan unrestricted nonparametricskewing med-
anismand onefor which someinterestingresultsare still available. We make useof Bernstein
densities(seee.g. Petrone, 1999and Petrone and Wasserman,2002) to model p. Given a

positive integer m and a weight vectorw™ = (w7";:::;w[), a Bernstein density is de ned
as
X
p(xjmw™) = w"Be(xjjm j+ 1) (3)
j=1 5
wherem 2 £1;2;:::9, w™ is constrainedby w" Oforall1 j m and jm_l wh =1,
and we usethe Beta pdf's
- . m! - -
Be(xjjim j+1)= X! o x)m I, 0 x 1L

G DYm j)

Bernstein densitieshave characteristics that make their useas exible skewing meda-
nismsquite attractive. Obsene that m = 1 leadsus bad to the original model F. Also, for
any choiceof m, if wetakew™ = 1=m; i = 1;:::; m, then P is Uniform which impliesthat we
retain the original symmetric distribution F. Further, aslongasthereisaj 2 f1;:::;m g,
with m = m=2if misevenandm = (m 1)=2 otherwise,such that w™" & wy ; ,;, then
p(xjm;w™) is asymmetric.

Members of the classof distributions generatedby this skewing medanism are often
multimodal. Multimo dality becomesnore commonas m increases.

For a given , our choiceof f (y) has nite momerts up to order lessthan . We now
presen the following de nitions to characterizetail behaviour.

De nition 1. Let G be the distribution of a random variableY in <. We de ne:

R
(i) Largestleft momert of G: ME = supfq2 <, : jyj9dG < 1g .

1
R
(i) Largestright momen of G: MC = supfq2 <, : 01 y9ddG < 1g .
(i) Largestmomen of G: M€ = minfME; M Cg.
If distribution G is symmetric with cortinuous pdf, asis the casefor F, then M® =

MS = M. As examples,the Normal and Logistic distributions have M® = 1 while the
heavier tailedt hasM € =



As the parametersof the Beta distributions in the mixture in (3) are never smaller than
unity, p(xjm; w™) is bounded and, therefore, one can easily deducethat M!;MF  MF.
Actually, if we excludezeroweights we obtain M = M™ = MF. Now we discusshow to
allow for more exible tail behaviour.

The next Theorempreseits a usefulresult regardingtail behaviour of h(y). For the sake
of brevity, we only analysethe e ect on M*. Treatmert for M is ertirely analogous.

Theorem 1. If limy; % is positive and nite for someb2 <, thenM* = MF b
The result in Theorem 1 is particularly interesting when f (y) is a Student-t pdf, since
we can derive the following:

Theorem 2. In the model (2) with skewing medanism (3) and a Studert distribution with
degreesof freedomfor F, the restriction wy" = = w" = Oimpliesthat M1 = (k+ 1) .
Similarly, wh ., = = wDl = 0impliesM/! = (k+ 1) .

Therefore,we have a speci ¢ interestin the casewheresomeof the weights at the extremes
are zero. This is done by meansof a prior distribution that assignspositive probability to
sud ewvents. For simplicity, we considerhereonly the casek = 2, i.e., we assessvhether the
data supports existenceof two or three times the number of original momerts, in the left or
the right-hand tail. The tail(s) that is (are) not a ected by zeroweights will have the same
momert existenceas F and will, in principle, allow us to learn about . In practice, when
facedwith very multimodal data, we will needto usefairly large valuesfor m and we will
then often x  to avoid introducing too much exibilit y.

In summary, the Bernstein-slew model accommalatesvery generaldistributional shapes,
with e.g. multimodality, but doesallow us to cortrol or monitor the relative tail behaviour
(in terms of left and right momert existence)by manipulating the weights. By allowing for
k zeroweights on either end, we give the data the opportunity to inform us on di erencesin
momert existenceup to a factor of k + 1. Finally, both the skewing medanismin (3) and
the symmetric density f are smooth functions, which meansthat the Bernstein-slew model
will generatesmooth skewed distributions.

2.1.1 Prior specication

In the sequelw mi represets the w™ vector with the coordinatesini  f1;:::; mgremoved.
Also a point-massdistribution at a is denotedby g( ). In view of the discussionfollowing



Theorem 2, we adopt the following prior for the weights in (3)
W™jmic™ 35 5 = 1@ 3 o(w!);Dirm (W™ jcmy)
+ 1% oWIW3);Dirm 2(W™up i C a2)
+ 11 3 o(wm);Dirm (W™, jc™y)
+ 12 ©0(Wn 1;Wn);Dirg 2(Wm(m 1m) J € (m 1m))
1 1 DDirm(w™jc™); (4)
for known constarts |; [ 2 [0;1);i = 1;2such that |+ [ < 1. Here
— (Cli"' + Ct) k1 k1

Dir(z* j c¥) z z

‘ () (™ ‘
denotesthe Dirichlet pdf, given a parameter vector of positive ertries ck = _(c;:::;c),
and where z* = (zy;:::;z) is constrainedby z, > Ofor all 1 i k and ik:l z = 1.

Also, | and ! in (4) represenh the marginal prior probabilities that w® = 0 and w™ = 0,
respectively. Likewise, , and 5 represen the conditional probabilities that w)' = 0 and
wn ;= 0, giventhat w" = 0and w] ; = O, respectively. If, for instance,w?" = wj' = 0,
then (w3';:::;w]) have a joint Dirichlet distribution in the appropriate space. By taking
1= 1= 0, werestrict left and right momerns to be the sameas that of the underlying
symmetric distribution.

We treat the number of componerts m asunknown, and adopt a prior for it basedon a
Poissondistribution. In particular, we choose0< < land > Oanddene (m) as

@ ) Mexp( ) .
m!(1 exp( ) exp( )’
The useof a point massat one implies that the symmetric model F is assigneda positive
prior probability equalto

The prior on (m;w™; ; ; ) isthen chosenas

(mw™ 5 ;)= (m) w™jm) () () ()

where () = U(0; max), () =U(0;S), ()= N(yo ) and (w™jm)and (m) are
given by (4) and (5), respectively. Choicesfor the Dirichlet parametersc™ in (4) will be
discussedn the next subsection.

@Q= ; (m) = m=2,3;:::: (5)

2.1.2 Choices for Diric hlet parameters

In the prior for w™ in (4), the choice of the Dirichlet parameter vector c™ is critical. As
we know, equalweights w™ = 1=m result in maintaining the original symmetric distribution
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F, and certring the prior over F might be a reasonablechoice. Abstracting from the point
massesat the extremes,this is obtained for equalvaluesof ¢, say ¢" = b. This will leadto

m 1

1
E(Wlm = E and Var(Wlm) = m,

implying a coe cient of variation equalto

r
m 1
Cv(w") = pr T

As m increasesthe sampleinformation on ead w™ will normally decreasesoit might be
reasonableto impose more prior structure. This reasoningwould have CV(w") decrease
with m, which suggestschoicesfor b that are increasingin m. For exampleb = =~ m=10
would leadto a coe cient of variation of 1.374for m = 5 and 0.667for m = 500.

Another consideration, howeer, is that accouring for outlying obsenations far out in
the tails through the incorporation of extra (smaller) modes might be di cult if the prior
on the weights is too tight. Sudr modeshave to be accommalated by oneor at best a few
Bernstein densitieswith j closeto 1 (in the left tail) or m (in the right tail). This implies
that many of the weights out in the tails will have to be very closeto zero. The densities
building up the certre of the distribution (correspndingto j around m=2) do not have this
problem, as there is rarely needto let the resulting density dip down all the way to zero
in the certral part of the distribution. This would suggestthat the prior on the extreme
weights should be lessconcerttrated, and can be accommalated by taking e.g.

Cim:

Pa
10+ (T i)’

(6)

which leadsto coe cien ts of variation 50times aslargein the extremesthan for the cerral
weights (using m = 300). In addition, this makes the mean weighs in the certre much
larger than in the tails, which seemsa priori reasonable.This also hasthe advantage that
it concefrates the skewing medanism to assigna relatively large amourt of massto the
certre of the distribution. This ties the distribution down somewhatand avoids artifacts of
too much exibilit y, sud as multimodal inferenceon . Of course,now we losethe exact
certring over F asthe prior weights are no longer all the same. A lessextreme version of
the prior above is generatedby

p o .
50+ (3 i)

¢ = (7)

which leadsto a CV in ation by a factor 22 in the tails for m = 300.
In the sequel,we shall investigatea number of prior choicesfor c™, denotedas follows:
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Prior 1: ¢" =1

p

Prior 2: ¢" =~ m=10

p

Prior 3: ¢" = m=50

Prior 4: the prior in (6)
Prior 5: the prior in (7)

For prior 1 the variance coe cient slowly increaseswith m, while for all other priors it
decreases. Prior weights are exchangeablefor Priors 1-3, but not for Priors 4 and 5 as
explainedabove.

2.2 The Flexible Unimo dal Construct

The Bernstein-slew model is especially targeted to density estimation problems, wherethe

goalis to provide asmuch exibilit y aspossible,without imposingrestrictive conditions on

the shape of the distribution. The exible unimodal construct involvesa di erent modelling

strategy. Here we start with a generalunimodal symmetric distribution, and incorporate a
skewing medanismp that is constrainedto be unimodal with mode at 1=2. >Fom Theorem
2 in Ferreiraand Steel(2006), this ensureghat the resulting skewed distribution is unimodal

with the samemode asf, a necessaryproperty in the context of modal regressionmodels.
In particular, we follow Ferreira and Steel (2006) and choose their constructed skewing
medanism with proportional tails p(x) = p(x j ;r). The latter accommalates skewness
around the mode and in the tails of the distribution, without altering momen existence.
Both tails are proportional to eat other and M" = M = MF. The parameter 2 <

cortrols skewnessaround the mode, while r > 0 is the ratio of the right to the left tail,

which inducesskewnessn the tails. For = 0andr = 1 we recover the original symmetric
distribution F. Positive valuesof indicate positive (right) skewnessn the cerral part of

the distribution, and r > 1 leadsto more massin the right tail than in the left.

In order to aid the interpretation of P asa skewing medanism, this approad formally
restricts the classof P sud that the only P leading to a symmetric h is the uniform. We
choosethe skewing medanism sud that p hastwo cortinuous derivatives. Howeer, the
smoothnessof P will not be inherited by the resulting distribution H, as the symmetric
distribution F (to be de ned belown) will not have the samesmaothnessproperties. As a
consequenceahe exible unimodal constructwill not necessarilygeneratesmaooth predictives,
but it will have a lot of exibilit y to adapt to the data.



Thus, in this approad, we maintain unimodality and cortrol skewness.An interesting
skewnesgamneasurefor unimodal distributions is the one proposedby Arnold and Groeneeld
(1995), de ned as 1 minus twice the massto the left of the mode (denotedby AG skewness,
henceforth). Ferreira and Steel (2006) give an expressiornfor AG skewnessas a function of
and r, which applieshereaswe are using their proposalfor P, and the choiceof F doesnot
a ect this measureof skewness.

To model F in a exible manner, we use the represetation of unimodal symmetric

densitiesas mixtures of uniform distributions:
Z 1

)= ty2( ;)gde(); ®)
0

asdiscussedn Brunner and Lo (1989), wherel f g is the indicator function and whereG is
a distribution function on the positive real numbers. In particular, for G in (8) we adopt a
stick-breaking prior distribution with a nite number of terms. Thus, G canbe expresseds

X
GO=" w0 ©)

where,for independert random vagiablesvl; i Wn 1 with V; Be(a;h) andknown g and
b, wesetw; = Vi andw = Vi~ f(1 V) fork = 221N, and Viy = 1, which guar-
anteesP ( iN=1 w; = 1) = 1. Furthermore, .;:::; n arei.i.d. draws from someabsolutely
cortinuous certering probability measureG, on the positive real numbers, and independert
of the weights w;. Under this speci cation, the resulting G will be certered around G, for
any given N, in the sensehat for any Borel measurablesubsetof <*, E(G(B)) = Go(B). A
natural choiceis an exponertial Gy with mean1= , which is thus the meanand the standard

a Gammaudistribution with shape parameter2 and unknown scale,but resultswerevirtually
idertical.

The reasonfor usinga nite represetation in (9), rather than the more commonin nite
one(giving rise, for constart 8 = 1 and b = M to Dirichlet processpriors) is that it allows
explicit expressiongfor f and F in (1) or (2). In the particular implemenation used for
the examples,we have taken N xed, but we could, in principle, alsoallow for unknown N.
Howeer, we feelthat taking, say, N = 50 allows for su cient exibilit y in practice.

The resulting skewed density function can be expressedasbeforein (2), whereF (y) now
correspnds to the pdf in (8) and we usethe constructed skewing medanism p(x j ;r).
The resulting distribution will be unimodal with mode equalto . We adopt a; = 1 and
bh=Mforl i N 1sothat apriori E(wy) = Mk =M + 1)kfor1 k N 1
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and E(wy) = [M=(M + DN 1, which descrikesthe expected weight given to ead of the
di erent atomsin (9). The prior on the remaining parametersis taken to be

(v ssnM )= () C) () (r)y (M) ()

where ()= N( o; ), ()=U(0;S), (r)correspndsto alog-normalwith scale ,, and

( ) to at distribution with  degreesf freedomand scaleparameter . Thus, the prior is
certred over symmetry. For (M) we take a Gammadistribution with shape parameter
and mean =y, and the prior for is a Gammawith shape parameter  and unitary
mean. Making and M stochastic allow us to learn about the spreadof the N atoms and
the di erent weights assignedto ead of them.

3 Results with simulated data

For all applications (on simulated data in this section and on real data in the next), we
use the following prior settings. The Bernstein-slew model is used with U(0; 100),
U(0; 100), N (0; 10(%). Throughout, wetake | = | = 024and ,= 5= 1=6and
= 0:1. Furthermore, we vary prior choicesfor c™ and in the priors (4) and (5), and
sometimeswe keep  xed.
In the exible unimodal construct, we usethe samepriors for and asin the Bernstein
caseand choosethe prior hyperparameters , =5, =25, =5, y =04, , = 0:2and
= 0:1. We basethe model on a stick-breaking prior for G with N = 50.
For both models, the prior is certred over symmetry.

3.1 Student t

We simulate samplesof n = 100and n = 2000obsenations from a Studert-t distribution
with 5 degreesof freedom.

For the Bernstein-slew model, we usefairly low valuesfor in the prior for m (see(5)), as
theseare obviously very regularand unimodal data. Posterior predictive resultsare virtually
una ected by the choiceof c™ (seeSubsection2.1.2)and by the selectionof = 10or = 20,
especially whenwe usePriors 4 and 5 (in (6) and (7)). For the sampleof 100 obsenations,
the left-hand panel of Figure 1 shaws the predictive densitiesfor Prior 5 with = 10 and

= 20, overplotted on the normalized data histogram. For both samples,the generated
data display a slight right skew (as measuredby the AG skewness)and, as a consequence,
the posterior probability of m = 1 is actually smallerthan its prior courterpart, takento be
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Figure 1: Simulated Student-t data, Bernstein-skew model: Posterior predictive densities, over-

plotted with the normalized data histogram. Left panel: n = 100, using Prior 5 for = 10 (solid

line) and = 20 (dashedline). Right panel: n = 2000, with Prior 5 for = 10 (solid line) and
= 20 (dashedline).

= 0:1, for almost all conbinations of c™ and . Newertheless,the predictive results with

the Bernstein-skew model are very smaoth and similar to the actual data generatingprocess.

For n = 100, the posterior probabilities of zero weights in the tails tend to be rather
similar to the prior probabilities. For the large sample of 2000 obsenations, zero weighs
get very small posterior probabilities. For both samples,posterior inferenceon is quite
concetrated around the value usedto generatethe data if we take = 10. For = 20the
increasedamourt of prior exibilit y leadsto slightly more dispersedposterior distributions
for

Using the exible unimodal model on the samedata, we obtain the posterior predictive
results in Figure 2 for n = 100 and in Figure 3 for the large sample. The main di erence
with the Bernstein-slew results is in the smaothness:the exible unimodal model leadsto
lesssmaoth predictives, as expected, and very closely follows the shape of the data. By
construction it can not reproduce the vaguely multimodal character of the small sample
but closely ts most other aspectsof the histogram. Interestingly, the Bernstein-slkew model
could accommalate multimo dality, but doesnot do soin this case(seeFigure 1) becauseof its
inherert smoothness. Evenwith the large sampleof 20000bsenations, the exible unimodal
model tracks someminor irregularities of the data. The mode of the data is estimated at
around -2 (  hasmedian 2:08, with rst and third quartiles equalto 2:19and 1:83).
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Figure 2: Simulated Student-t data, exible unimodal construct, n = 100: Left panel: posterior
predictive density, overplotted with the normalized data histogram. Right panel: posterior density
of AG skewnessmeasure.

In cortrast, inferencefor in the Bernstein-slew model (where is not interpretable asthe
mode) is quite di erent with a posterior median equalto 0:32 and quartiles 0:43 and
0:23.

Figures 2 and 3 also display the posterior density of the AG skewnessmeasure,which
is in line with the slight positive skew in both samples. Taking as an examplethe caseof
n = 2000, inferenceon and r shaws that somepositive skewnessis present both in the
certral massof the distribution (the rst and third quartiles of are 2.01and 3.09)and in
the tails (rst and third quartiles of r are 2.13and 2.68).

In addition, the posterior distribution for had median 0:427 and quartiles 0:288 and
0:633for n = 100,and median0:379with quartiles 0:299and 0:476for n = 2000,revealinga
fairly spreadposteriordistribution of the atoms. For M the posteriormedianfor n = 100was
2:779(with quartiles 1:405and 5:690and posterior mean4:282)and 3:935for n = 2000(with
guartiles 2:819and 5:269). This revealsthat in both examplessubstartial posteriormasshad
to be assignedo quite a few di erent atomsin orderto capture the data features. Howe\er,
the di erence in samplesizesis re ected in the more conceirated posterior distributions for
n = 2000.
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Figure 3: Simulated Student-t data, exible unimodal construct, n = 2000: Left panel: posterior
predictive density, overplotted with the normalized data histogram. Right panel: posterior density
of AG skewnessmeasure.

3.2 Mixture of two Normals

A sample of n = 100 data is generatedfrom a mixture of two Normals, with density
0:3N( 2;4) + 0:7N(4;1), where N(; 2) is the pdf of a Normal distribution with mean

and variance 2. As the data are clearly bimodal, we usethe Bernstein-skew model, but
given the relatively regular nature of the data, we again adopt a fairly small value for the
prior meanof m, choosing = 10and 20. Figure 4 presers the posterior predictive densities
for two choicesof and all v e priors on the weighs mertioned in Subsection2.1.2. Prior 1
is the only onewhich leadsto perhapstoo little separationbetweenthe two modes. Posterior
meansof the implied skewing medanism are presetied in Figure 5, which suggestghat the
behaviour induced by Prior 1 is indeed somewhatdi erent from the others (it is somewhat
shifted towards the right). Comparing the skewing medanismsfor = 20, it becomes
clear that larger m allows for a lot of exibilit y, which results in rather disparate skewing
medanisms. The predictives, howewer, are very similar to eah-other, asthe di erences are
largely courteracted by di erencesin the inferenceon ; and . This suggestghat, even
in this bimodal case,priors with too much emphasison large value of m are not required,
and perhapsbest avoided. The posterior meansof the skewing medanismsclearly indicate
how the bimodality is induced and the relatively large valuesof p(x) closeto x = 0 generate
the larger spreadin the left tail. In line with this, there is strong posterior evidencefor zero
weights in the right tail, but not in the left tail.
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Figure 4: Simulated mixture of Normals data, Bernstein-skew model: Posterior predictive densities,
overplotted with the normalized data histogram. Left panel: = 10. Right panel: = 20. Priors
usedare Prior 1 (solid line), Prior 2 (short dashes),Prior 3 (dots), Prior 4 (dot-dashed) and Prior
5 (long dashes).
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Figure 5: Simulated mixture of Normals data, Bernstein-skew model: Posterior meansof the pdf
of the skewing mechanism. Left panel: = 10. Right panel: = 20. Priors usedare Prior 1 (solid
line), Prior 2 (short dashes),Prior 3 (dots), Prior 4 (dot-dashed) and Prior 5 (long dashes).
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3.3 Skew-t

The distribution usedto generatethe data in this caseis the skew+ distribution proposed
and analysedby Jonesand Faddy (2003). This is an interesting distribution for our purpose
asit displays both skewnessand di erent momen existencein ead tail. In particular, if X
hasa Be(a; b) distribution sud a skew+ distributed random variable can be generatedas

Ll @rhex 1),
2" X@T X)

In casethat a = b this results in a Studert-t with 2a degreesof freedom. For a < b we
obtain left (negative) skewnessand for a > b the distribution is right skewed. The AG
skewnessequalsl 2B,(a;b), where B,(a;b) is the regularisedincomplete Beta function
with z = (a+ 1=2)=(a+ b+ 1). In terms of momert existence,the right-hand tail behaves
ast [min @b+ - whereasthe left tail is always thinner in caseof skewnessand behaves
like t Pmax@b+1l Sotails will be proportional to those of a t-distribution with 2min(a;b)
degreesof freedomon the right and 2max(a;b) degreesof freedomon the left. Finally, the
distribution of T is always unimodal with mode given by

(@ B arbh |
U (2a+ 1)(2b+ 1)

We generaten = 20000bsenations from this skew+ distribution with a= 20andb= 2,
which implies positive skewnesswith an AG skewnessmeasureof 0:3645, tail behaviour
characterisedby M|" = 40, M = 4 and a mode equalto 5:897.

We nd that predictive results with the Bernstein-skew model are virtually idertical
for eat of the v e prior choiceson the weighs, and closely match the data histogram, as
illustrated in Figure 6 (left panel). In line with the tail behaviour of the skew+ distribution,
as explainedabove, the posterior probabilities of the extremeweigtts in the right tail being
zerois virtually zero, and inferenceon the degreesof freedomparameter is certered on
fairly small values(most of the posterior massis in the interval (2,4) for all priors). The left
tail weights, howewer, do get appreciablezeroprobabilities, consistem with the much thinner
left tails of the sampling distribution. Table 1 shaws that, especially for Priors 1,2 and 4,
theseposterior probabilities are substartially higherthan their prior courterparts (which are
chosento be 0.2). Thus, overall, the tail behaviour of the samplingdistribution is relatively
well captured by the Bernstein-slew model.

The exible unimodal construct leadsto the predictive preserted in the right panel of
Figure 6, which is, again, lesssmaoth than the Bernstein-slkew predictive and follows the
data quite closely The t to the data is perhapslessgood in the lower left tail, wherethe
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Figure 6: Simulated skew-t data: Posterior predictive densities, overplotted with the normalized
data histogram. Left panel: Bernstein-skew model with Prior 5. Right panel: exible unimodal
construct.

Prior | P(w]’ = 0) PW3} = Qw]" = 0)
Prior 1 0.99 0.95
Prior 2 0.91 0.61
Prior 3 0.49 0.27
Prior 4 0.70 0.47
Prior 5 0.42 0.22

Table 1: Simulated skew+t data, Bernstein-skew model: Posterior probabilities of zero weights in
the left tail.

Bernstein-slew seemscloserto the actual data. This seemsa consequence®f the fact that
the skewing medanism hasa fairly simple parametric form (with only two parameters)and
the rather extremedi erence betweenthe tails can not totally be accourted for (except for
scaling by a factor r). Inferenceon skewnessthrough the AG measurereveals a posterior
distribution with median0.332and rst and third quartiles 0.321and 0.340,which isin line
with the samplevalue of 0.329(and a bit below the theoretical value of 0.3645). This right
skewnessoriginatesto someextert from the certral part of the distribution, but especially
from the tails, aswe canjudgefrom the fact that r hasposterior median15.49(with quartiles
15.07and 16.05) while  obtains posterior median 1.161 (quartiles 0.761and 1.382). The
posterior median of the mode is 5.78 (with quartiles 5.54 and 6.00), which ts with the
theoretical value of 5.897. Also, the posterior median of M was 5:304 with quartiles 4:519
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and 5:878, while for we obtained a posterior median of 0:344 with quartiles 0:302 and
0:353. Thus, the form of the posterior predictive is a consequencef fairly spreadatoms
with relatively small weights ead.

4 Real data applications

4.1 Galaxy data

Thesedata are velocities of 82 distant galaxies,diverging from our own galaxy. They are
descriked in somedetail in Roeder (1990) and were usedfor both parametric and nonpara-
metric mixture modelling (seeEscobarand West, 1995,and Richardsonand Green, 1997).
The normalized histogram of these data (seeleft panel of Figure 7) clearly shows the
multimo dal nature. This meanswe will needa fairly large amourt of componerts, so we
take = 300in the prior for m in (5). The amourt of exibilit y that this ertails means
that we recommend xing the degreesof freedom . We have used = 50 in the plots
presetted, but = 5 canequally well be used. This leadsto di erencesin the inferenceon
the weights w" and and , but resultsin avirtually indistinguishable posterior predictive.
The Bernstein-slew model with largem (the posterior massfor m is concettrated in between
210and 260)is so exible that the weights simply compensatefor the tails of F and we can
take pretty much any reasonablevalue for . Interestingly, the fact that we can learn only
very little about is corroborated by the posterior probabilities of zeroweighs in the tails.
The latter arenot very di erent from the prior probabilities and they hardly changeif we use
= 5 instead. Howewer, we recommendagainst taking valuesmuch smallerthan = 5 as
they tend to smaoth out the posterior predictive too much. We have usedthe prior structure
on the Dirichlet parametersin (6), but resultswith (7) are very similar. Howeer, the useof
exdangeableprior weights through ¢" = = m=50doesnot leadto a good t of the data for
= 50, as weights remain too uniform and do not get closeenoughto zero (although this
choice of the prior weights does t well for = 5).

4.2 Biomedical data

We now considerdata on the body massindex of 202 Australian athletes. Thesedata were
usedin e.g.Azzalini and Capitanio (2003)in a location-scalecortext and are includedin the
SN padkageavailable in R. Herewe will usea linear regressiormodel, with a constart term
andthree other covariates: red cell court, white cell court, and plasmaferritin concertration.

So,in the model (2) for Y;, we replace by x° , wherex; groupsthe covariate valuesfor
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Figure 7: Galaxy data, Bernstein-skew model. Left panel: Posterior predictive overplotted with
the histogram of the data. Right panel: posterior meansof the weights. The degreesof freedom
are xed at 50, = 300, and the prior on the Dirichlet parametersis (6).

obsenation i and = ( o;:::; 3) is the four-dimensionalvector of regressioncoe cien ts.
The priors for the ;'s areindependen normalswith meanzeroand variance 10,000.

We usethe exible unimodal construct, asthis imposesunimodality and doesnot a ect
the mode, which is a desirableproperty in this regressioncortext, which canthen be inter-
preted as modal regression. Even though it was not designedfor this case,we also apply
the Bernstein-slew model to thesedata, with prior 5 asin (7) and two di erent priors on
m, using = 20and = 100. The resulting posterior densitiesfor and are presened
in Figure 8, which also displays the posterior predictive density for the mean valuesof the
covariates. Interestingly, inferenceon the regressioncoe cien ts correspnding to the three
variable covariates is not a ected much by the choice of model. The main di erences are
in the intercept o and , but ewen these are not dramatically di erent. Of course,the
latter parametersdo not have the sameinterpretation for the Bernstein-slkew and exible
unimodal construct models. Thus, despiteits lack of unimodality constrairts, the Bernstein-
skew model leadsto very similar inferenceon the parametersthat can be comparedacross
models( 1;:::; 3) and, especially for the casewith = 100,leadsto very similar conditional
predictive densitiesasthe exible unimodal construct.

Posterior inferenceon the degreesof freedomparameter in the Bernstein-skew model
clearly indicates very heavy tails for the regressiorerror term, with the rst three quartiles
equalto 1.16, 1.59, 2.21 for the casewith = 20 and 0.90, 1.53,2.38for = 100. The
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Figure 8: Biomedical data: Posterior densities of regressioncoe cien ts and . Lower right panel:
posterior predictive density. Models used are the Bernstein-skew model with Prior 5 and = 20
(solid line), the Bernstein-skew model with Prior 5 and = 100 (dashed line) and the exible
unimodal construct (dotted line).
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number of componerts usedin the Bernstein-slew model does vary quite a bit with the
prior assumptions,as it rangesfrom 8 to 30 for = 20 and from 93 to 133if we adopt
= 100. Howewr, the resulting predictives and the inferenceon the other parameters
are quite similar, with the model with many componerts generally closerto the exible
unimodal construct. Soevenwith = 100there is no suggestiornthat seriousviolations from
unimodality have occurred. This is con rmed by Figure 9, which presetits the posterior mean
of the skewing medanismsfor all three models. Both Bernstein mean skewing medanisms
suggestunimodality, with a slight squeezean the tails, especially the left tail. Yet, there is
no strong evidenceof zeroweighs, sothis doesnot really courteract the very small values
for wefound. It alsoshowvsthat the skew-Bernsteinmodel with = 100almostretains the
mode of F (sincep hasa singlemode at approximately 0.5), sothat the regressiorfunction
can approximately be interpreted asthe mode, whereasthere is a more noticeable shift for
= 20 (which a ects the posteriorfor g in Figure 8). Note alsothe bump in the right hand
shoulderof p for = 100, which is re ected in a similar bump in the predictive, mimicking
that of the exible unimodal construct. Clearly, the exibilit y of F is what drivesinference
in the exible unimodal construct, with very little addedthrough the skewing medanism.
This is in line with a small amourt of skewness.Indeed, this model iderti es only a slight
positive skew in the error distribution with median AG skewnessequalto 0.09and rst and
third quartiles 0.05and 0.14,with small cortributions of both the certre of the distribution
and the tails. Interestingly, the posterior medianof was0:923,with rst andthird quartiles
0:696 and 1:207 while for M the posterior medianwas 3:639with quartiles 2:727 and 4:828.
Again, the posterior weights are fairly small but the atoms are not so dispersedasin the
previous examplesusing simulated data, which leadsto a relatively smaoth predictive pdf.

5 Recommendations and Conclusions

Based on a constructive represetation, we have proposedtwo exible modelling strate-
giesfor univariate cortinuous distributions. The generalconstructive represetation we use
separatesthe skewing medanism P from the underlying symmetric distribution F. The
Bernstein-slew model is de ned by a nonparametric model for P through Bernstein densi-
ties, in conbination with a Studert t speci cation for F. This can generatevery general
distributions and is ideal for density estimation. The exible unimodal construct adopts a
parametric speci cation for P and takesa very exible form for F through a nonparametric
mixture of uniforms. This imposesunimodality with cortrol over the mode and wasdesigned
with modal regressiormodelling in mind.
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Figure 9: Biomedical data: Posterior meansof p, the pdf of the skewing medhanism. Models used
are the Bernstein-skew model with Prior 5 and = 20 (solid line), the Bernstein-skew model with
Prior 5and = 100 (dashedline) and the exible unimodal construct (dotted line).

Our constructive approad helpsusin more preciselyidertifying the key featuresof the
data for which a simple model would be inappropriate. In particular, the Bernstein-slew
model allows us to investigatemomert existenceand alsoleadsto an easycalculation of the
Bayesfactor in favour of the symmetric model F. The exible unimodal construct leadsto
straightforward inferenceon skewnessboth emanating from the certre and the tails of the
distribution. For both models, consideringthe skewing medanismp is helpful in nding out
how massis shifted with respect to the underlying symmetric model F .

The questionnaturally ariseswhich of the two proposedmodelsto usein which situations.
For multimodal data, we would naturally use the Bernstein-slew model, as it alone can
accommalate multimodality. In casesof relatively \regular" (e.g. smooth, bimodal) data
shapes, we would recommendto use relatively small and free . For situations with
more irregular data, we think larger should be used (to induce su cient exibilit y) in
combination with keeping xed at an intermediate value. If the data are unimodal, the
best model to usedependson the interests of the investigator: if the interest is primarily in
density estimation or in the tail behaviour, it may still be bestto usethe Bernstein-slew
model. If the main interest of the analysisis in inferenceon the mode or the skewness
properties, the exible unimodal construct would be the best option.

Note, nally, that the Bernstein-skew model generally leadsto smaoth predictives and
the exible unimodal construct tries to get as closeto the data as it can, without any
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clear preferencefor smoothness. Howewer, the (sparse) parametric form of the skewing
medanism underlying the exible unimodal construct does not always lead to su cient
exibilit y. Overall, the Bernstein-skew model seemsmore useful for density estimation (it
leadsto smaoother, more exible shapesand can be usedfor multimodality) and should be
recommendedgenerally exceptin those caseswhere we really wish to imposeunimodality
and where we are mainly interested in the location (as in modal regression)or in direct
inferenceon skewness.
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A Pro ofs

Pro of of Theorem 1. If limy,; % is nite then, asP is a cortinuous distribution, it

is possibleto nd 0< K; K,< 1 sud that Kijyj® Pp[F(y)] Ksjyj°andthus
Z Z Z

Ki  jyi"™" " (y)dy jyiI"dH (YjF;P) Ky jyj" P (y)dy:

< < <

Now, asthe largestmomert of F is M F, the left and right-hand side of equation above are
nite if andonly if r + b< MF and consequetty M® = MF b,

Pro of of Theorem 2. We shall apply Theorem1 and, thus, considerthe limiting behaviour
of p[F (y)]. For a Studert t distribution, F(y) is

Fy)=1 %BZ( =2;1=2); ify> 0; and F(y) = %Bz( =2;1=2); otherwise

wherel=z= [1+ (y?= )] and B(a;b) is the incomplete Beta function, regularizedsud that

Bi(a;b) = B(a;b). As we are consideringlimits for y> ! 1 we needto considersmall

valuesof z. For thesevaluesB,( =2;1=2) will behave like z ¥ and thus like jyj . As a
consequencen the extremeleft tail we will obtain
xn i 1

"B@;m j+1)

plF (y)] jyi 0,

j=1
so that if w® > 0, we seethat p[F(y)] will behave like a constart and M = MF =
Howewer, if the rst k weiglts are zero, the relevant behaviour of p[F (y)] will be asjyj “
and using Theorem1 we then obtain M" = MF + k = (k+ 1) . Resultsfor the right-hand
tail are derived in a totally analogousmanner.
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