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Abstract

We consider a 2D Schrédinger operator Hy with constant magnetic field, on a
strip of finite width. The spectrum of Hj is absolutely continuous, and contains a
discrete set of thresholds. We perturb Hg by an electric potential V' which decays
in a suitable sense at infinity, and study the spectral properties of the perturbed
operator H = Hy + V. First, we establish a Mourre estimate, and as a corollary
prove that the singular continuous spectrum of H is empty, and any compact
subset of the complement of the threshold set may contain at most a finite set of
eigenvalues of H, each of them having a finite multiplicity. Next, we introduce the
Krein spectral shift function (SSF) for the operator pair (H, Hy). We show that
this SSF is bounded on any compact subset of the complement of the threshold
set, and is continuous away from the threshold set and the eigenvalues of H. The
main results of the article concern the asymptotic behaviour of the SSF at the
thresholds, which is described in terms of the SSF for a pair of effective Hamilto-
nians.
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1 Introduction

In the present article we consider a 2D Schrodinger operator Hy with constant magnetic
field b > 0 defined on a strip §; of width 2L. The spectrum of H, is absolutely
continuous, equals the interval [£;,00) with & > 0, and contains a countable set of
thresholds Z. This model is related to some aspects of the quantum Hall effect (see e.g.
2], [10]). We perturb Hy by an electric potential V' which decays in a suitable sense at
infinity, and study some basic spectral properties of the perturbed operator H. First
we establish a Mourre estimate (see [20]) with an appropriate conjugate operator, and
as a consequence we show that the singular continuous spectrum of H is empty, and
any compact subset of R\ Z may contain at most a finite number of eigenvalues of H,



each of them having a finite multiplicity. Similar Mourre estimates for other magnetic
Hamiltonians have been obtained in [7] and [12, Chapter 3].

Further, we introduce the Krein spectral shift function (SSF) for the operator pair
(H, Hy) and prove that it is bounded on every compact subset of R\ Z, and is continuous
on R\ (ZUo,(H)) where 0,(H) is the set of the eigenvalues of H. The main results
of the article concern the asymptotic behaviour of the SSF near the thresholds of the
spectrum of Hy. We show that this asymptotic behaviour is similar to the asymptotics
near the origin of the SSF for a pair of effective Hamiltonians which are 1D Schrodinger
operators. As a corollary we show that if the decay rate o of V' is on the interval (1,2),
then the SSF has a singularity at each threshold, and describe explicitly the leading
term of this singularity; if o > 2, then the SSF remains bounded at the thresholds. The
threshold behaviour of the SSF for a pair of 3D Schrodinger operators with constant
magnetic fields has been investigated in [9] (see also [23]). In that case the thresholds
coincide with the Landau levels, and the threshold singularities of the SSF have different
nature, related to the spectral properties of compact Berezin-Toeplitz operators.

The paper is organized as follows. In Section 2 we introduce some basic notations,
describe the operators Hy and H, formulate our main results, and briefly comment on
them. Section 3 contains the proof of our results related to the Mourre estimates, while
the proofs of the results concerning the SSF' can be found in Section 4.

2 Main Results

2.1. In this subsection we introduce some basic notations used throughout the section.
Let X3, X, be two Hilbert spaces.! We denote by B(X7, Xs) (resp., by Se(X1, X2))
the class of bounded (resp., compact) operators 7' : X; — Xs. Further, we denote
by S,(Xi1,Xs), p € [1,00), the Schatten-von Neumann class of compact operators
T : Xy, — X, for which the norm ||T||, : = (Tr |T)"/? is finite (sce e.g. [25]). In
this paper we will use only the trace class S; and the Hilbert-Schmidt class S;. If
X; = Xy = X we write B(X) or S,(X) instead of B(X, X) or S,(X,X), p € [1,00].
Also, if the indication of the Hilbert space(s) where the corresponding operators act is
irrelevant, we omit it in the notations of the classes B and S,, p € [1, 00].

Let "= T*. We denote by Pn(T) the spectral projection of T" associated with the Borel
set O C R.

Finally, if T € B(X), we define the self-adjoint operators Re T := (T + T*) and
Im T = (T —T%).

2.2. In this subsection we introduce the operators Hy and H, and summarize some of
their spectral properties which will play a crucial role in the sequel.

LAll the Hilbert spaces considered in the article are supposed to be separable.



For L >0 put I, = (—L,L), S = I xR. Let

i 0 2

be the 2D Schrodinger operator with constant scalar magnetic field b > 0, defined on
{u e H*(SL) | wpas, = 0} where H?(S;,) denotes the second-order Sobolev space on Si.
Then we have

7]
FHyF* = / H(k)dk,
R

where F is the partial Fourier transform with respect to y, i.e.

Fu)e k) = —= [ Pulgay, @k €S,

and

H(k) = —— + (bx — k)*, k€ER,

dx?
is the operator defined on D(H) := {w € H2(I})|w(—L) = w(L) = 0}. In what follows,
we will consider D(H ) as a Hilbert space equipped with the standard scalar product of
H2(11).

The spectrum o(H(k)) of the operator H(k), k € R, is discrete and simple. Let
{Ej(]{?)}J | be the increasing sequence of the eigenvalues of H(k), which are even real
analytic functions of £ € R (see [15]). The minimax principle easily implies

E;(k) = K*(1+0(1)), k — Foo. (2.1)
By [10, Theorem 2] we have
kE(k) >0, k#0, (2.2)
E;j(k) =& + uk*> + O(kY), k— 0, (2.3)
with X
&= E;(0) > (2j = )b, p; =S E/(0) > 0. (2.4)

Thus 0(Hy) = 0ac(Ho) = [£1,00), and &;, j € N:= {1,2,...}, are thresholds in o(H)).
Set 2 = U (€}
Let V : S;, — R be an electric potential such that the operator ]V|1/2H0_1/2 is compact.

We define the perturbed operator H := Hy + V as a sum in the sense of the quadratic
forms. Then we have 0ess(H) = 0ess(Ho) = 0(Hp) = [E1, 00).

2.3. In this subsection we formulate our result concerning the absence of singular
continuous spectrum of the operator H, and some generic properties of its eigenvalues.



Theorem 2.1. (i) Assume

VHy' € S, (2.5)
oV
Ho‘lya—yHo_l € Soo- (2.6)

Then any compact subinterval of R\ Z may contain at most a finite number of eigen-
values, each of them having a finite multiplicity.
(i1) Suppose moreover

_12 OV ___
HO 1/2ya_yH0 1 € B, (27)
0%V

Then og.(H) = 0.

The proof of Theorem 2.1 is contained in Section 3.

Remark: Let U : §;, — [0,00), and let Ap be the Dirichlet Laplacian on Sy,. The Sobolev
embedding theorems imply that the inclusion UY2(—Ap)~Y2 € B (resp., UY?(—Ap) /2
€ Sw) is ensured by U € L(Sr)+L>*(Sy) (resp., U € LU(Sy)+LP(Sy), i.e. for each e >
0 we have U = Uy + Uy with Uy € Lq(SL), U, € LOO(SL), HUQHLoo(SL) < E), qg > 1. Simi-
larly, the condition UAL! € B (resp., UAL' € Sy) follows from U € L*(Sy) + L>(Sy)
(resp., U € L*(Sr) + L=(Sr)). On the other hand, by the diamagnetic inequality (see
e.g. [25, Chapter 2]), we have |[U"H,"|| < [[UY(=Ap)~ ||, v > 0, and, moreover,
UY(—=Ap)™7 € Sy entails UTH, " € Sw. These facts could be used in order to deduce
sufficient conditions which guarantee the validity of the hypotheses of Theorem 2.1.

2.4. This subsection contains our results on the threshold behaviour of the spectral shift
function for the operator pair (H, Hy). Let us recall the abstract setting for the SSF.
Let Hyg and H be two lower-bounded self-adjoint operators acting in the same Hilbert
space. Assume that for some v > 0, and Ey < inf 0(Hy) U o(H), we have

(H — f?o)i7 — (H(] — f?o)i7 - Sl. (29)

Then there exists a unique &(+;H, Ho) € L*(R; (E)™7"'dFE) which vanishes identically
on (—oo, Ey) such that the Lifshits-Krein formula

Te(f(H) — f(Ho) = / E(E:H, Ho) [ (E)dE (2.10)

holds for each f € C§°(R) (see [18], [17], [27, Chapter 8]). The function &(.;H, Ho)
is called the spectral shift function (SSF) for the pair of the operators (H,Ho). If
E < info(Hyp), then the spectrum of H below E could be at most discrete, and for
almost every E < inf o(H,) we have

§(E H, Ho) = —N(E; H) (2.11)
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where N(E;H) := rankP(_. g)(H). On the other hand, for almost every E € 0a.(Ho),
the SSF &(E;H,H,) is related to the scattering determinant det S(E;H, Ho) for the
pair (H,Ho) by the Birman-Krein formula

det S(E;H, Hy) = e 2m(FHHo) (2.12)

(see [4], [27, Section 8.4]).
Next, we define the SSF for the pair (H, Hy). We will say that V' satisfies condition D,,,
a € R, if

‘V(x>y)‘ < c<y>7a> c>0, (x,y) S SL?
where, as usual, (y) := (1 + »?)'/2. Assume that V satisfies condition D, with a@ > 1.
Then (2.9) holds for H = H, Hy = Hy, and v = 1, and hence the SSF &(+; H, Hy) is
well defined as an element of L!(R; (E)~2dE). In the present article we will identify this
SSF with a representative of the corresponding class of equivalence described explicitly
in Section 4.3 below.

Proposition 2.1. Assume that V' satisfies D, with o > 1. Then the SSF &(-; H, Hy) is
bounded on every compact subset of R\ Z and continuous on R\ (Z U o,(H)).

The proof of Proposition 2.1 can be found in Subsection 4.6 below.

Set
. 1 if V(z,y) >0,

Fix j € N. Let ¢;(+k) : I — R, k € R, be the real-valued normalized in L?*(I)
eigenfunction of the operator H(k) corresponding to the eigenvalue E;(k). For e €
(—1,1) introduce the effective potential

wie(y) = [ V(e yl(J(,y) — &) "y(2;0)%dr, yeR,
I,
so that w;(y fIL z,y)Y;(x;0)?dx, and the effective Hamiltonians
d2

hOJ‘ = —,u]'d—yQ, hj(E) = h()’j + ’I,Ujﬁ,

the number p; being defined in (2.4). Note if V satisfies D, with a > 1, then (2.9)
holds for H = h;(e), Ho = ho,, and v = 1, and hence the SSFs &(-; h;(e), hoj) JjEeN,
€ (—1,1), are well defined.

For A > 0 set
1 if g>1/2,
05(\) =< [InA] if B=1/2, (2.13)
AP 0< B<1/2.
If A <0, then
0s(A) =1 (2.14)
for all g > 0.



Theorem 2.2. Assume that V satisfies D, with o > 1. Fix q € N. Then for each
e € (0,1) we have

ENhy(—2), o) + OB (N) < €&, + N H, Ho) < €N hy(2), hog) + 00 (V). (2.15)
as A — 0, for any v € (0,(a—1)/2), v < 1.

The proof of Theorem 2.2 can be found in Subsection 4.7.
Assume now that « € (1,2). Then there exists v € (0, (o —1)/2), v < 1, such that

a2y (N) = o(|]A\|z"=) as A — 0. Hence, using well-known results concerning the asymptotic
behaviour of the SSF &(A; hj(e), ho;) as A — 0 (see e.g. [24, Theorem XIII.82] in the
case A T 0, and [26] in the case A | 0), we obtain the following

Corollary 2.1. Let V satisfy D, with o € (1,2). Fiz ¢ € N. Suppose that for each
€ € (—e0,€0) and some gy € (0,1) there exist real numbers w, +(g) such that

lim  |y|"wgee(y) = we,+(€) (2.16)

y—too

uniformly with respect to €. Then we have

. 1_1 . . —1/2 _
lim A 26(E, — N H, Ho) = —p, ' ?CoQy (2.17)

liﬁ)l )\i’%ﬁ(é’q + X\ H, Hy) = —uq’lﬂca (esc (m/a)Q; + cot (/)2 ), (2.18)

where Cy 1= = fol (t=—1)"2dt, and QF = )P wq,g(())i/a, while wy<(0)4 and w, (0) -
denote the positive and the negative part of w, (0) respectively.

For the sake of completeness we include a sketch of the proof of Corollary 2.1 in Sub-
section 4.8.

Remark: 1f ¢ =1 and A > 0, we have £(&; — \; H, Hy) = —N(& — A\ H) (cf. (2.11)).
Note that the spectrum of H below &; is discrete if V' satisfies D, with any a > 0.
Moreover, as in (2.17) we have

lim NaTEN(E = N H) = p 120,07 (2.19)
for all o € (0,2) and not only for a € (1,2).

Similarly, using well known results on the asymptotic behaviour as A T 0 of the SSF
E(A; hy(€), hog) in the case o = 2 (see [16]), we obtain the following

Corollary 2.2. Assume the hypotheses of Corollary 2.1 with a = 2. Fiz ¢ € N. Then
we have

o g 4
Moreover, if wy+(0) > —pu,/4, then (€, — \; H, Hy) = O(1) as A | 0.

1 1 1/2
i 10 \|1€(E, — A . Ho) = (“’—@) ; -) |
S=+,— -
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Remark: In the case a = 2, the analysis of the asymptotic behaviour of {(\; hj(e), ho ;)
as A | 0 requires some additional estimates similar to those obtained in [26]. In order
to avoid the inadequate increase of the size of the article, we omit these results.
Finally, in Subsection 4.9 we prove

Corollary 2.3. Let V satisfy D, with o > 2. Then for each ¢ € N we have

(&, + N H, Hy) = 0(1), A — 0. (2.20)

3 Mourre estimates

In this section we prove Theorem 2.1 using an appropriate Mourre estimate established in
Proposition 3.1. Similar Mourre estimates have been obtained in [7] for a 2D magnetic
Schrodinger operator defined on the half-plane, and in [12, Chapter 3] for a 3D one
defined in the whole space.

Lemma 3.1. Let n € N, E € (&,,&n41). Then there exists 6 = 6(E) € (0,dist (E, Z))
such that the interval [E — 6, E + 6] satisfies

EN[E-6E+0)=0, r>n+1, (3.1)
and, if n > 2,
ENE-6E+0)NEME—-6E+6)=0, r#s, ns=1,...,n (3.2)

Proof. First, (3.1) follows trivially from [E — §, E + ] N [E,41, 00) = 0.
Set B, := E;Y([E — 0, E 4 4]) N[0,00), 7 = 1,...,n. Since E, are even functions of k,
it suffices to show that

B.NB,=0, r#s, nr,s=1,...,n, (3.3)

instead of (3.2). Denote by E;! r € N, the function inverse to E, : [0,00) — R.
Since [E — §, E + 6] C (&, 00), this interval is in the domain of all the functions E
r=1,...,n, and we have

B, =[E;YE—-6),E; Y E+6)], r=1,...,n

Therefore, in order to prove that there exists § € (0,dist (F, Z)) such that (3.3) holds
true, it suffices to show that there exists 6 € (0,dist (£, Z)) such that

ENE+8) <ENE-6), r=1,...,n—1,

which is evident since E; | (E) < E;!(E), the functions E, ! are continuous, and n — 1
is finite. [



Lemma 3.2. Assume (2.5). Let x € Ci°(R). Then x(H) — x(Hp) € Sx.
Proof. By the Helffer-Sjostrand formula, we have

X(H) = x(Ho) = = [ (0 — )7V (o — =) dedy
™ JR2 0z
where z = x+1iy, Z = x — 1y, X is the quasi-analytic extension of y, and the convergence
of the the integral is understood in the operator-norm sense (see e.g. [8, Chapter 8]).
Since the support of ¥ is compact in R?, and the operator %(H —2)"W(Hy —2)"tis
compact for every (z,y) € R? with y # 0, and is uniformly norm-bounded on R? we
have x(H) — x(Hp) € Sx. O

Introduce the operator
1 0 0
A=A"=——y— + —
2 <y oy " 8yy)
defined originally on C5°(R,; D(H)) and then closed in L?(S;,). Note that
(") (x,y) = ¢ f(x,e'y), tER, feL*Sy),

and the unitary group ¢4 preserves D(Hj). In what follows, we will consider D(Hy),
v > 0, as a Hilbert space equipped with the scalar product (Hgu, Hjv)r2s,), u,v €
D(H{). Denote by D(Hg)*, v > 0, the completion of L*(Sy) with respect to the norm
1Hy "ullr2s,)s w € L*(St).

Note that C5°(R,; D(H)) is dense in D(Hy), and, hence, D(A) N D(H,) is dense in
D(H,).

Proposition 3.1. Assume (2.5) - (2.6). Let n € N, E € (&,,E,41). Assume that
d € (0,dist(E, Z)) is chosen to satisfy (3.1) and (3.2) according to Lemma 3.1. Let
X € C°(R), supp x = [E — 0, E + 0]. Then there exists K € Sy, and a constant C > 0
such that

X(H, (A (H) > Ox(H)? + K (3.9

where the commutator [H,iA] is understood as a bounded operator from D(Hy) into

D(Hy)".

Proof. A straightforward calculation yields

[H,iA] = [Hy, 1Al + [V, iA] (3.5)
where
[Hy,iA] = —28—2 + 22’bx2 (3.6)
05 - 8:1/2 aya .
and oV ( )
. z,y
Al = —y———22. .
Viid] =~y (37)



Evidently, [Hy,iA] is a bounded operator from D(H,) into L*(Sz), and, hence, is a
bounded operator from D(H) into D(Hg)*. On the other hand, [V,iA] is a compact
operator from D(Hy) into D(Hy)*. Hence, [H,iA] is a bounded operator from D(H,)
into D(Hy)*. Further, for y € C§°(R) we have

X(Ho)[Ho, i A]x( (2 > / B, (k))kp, (k) (k — bx)ps(k;)dk> F,
r,s=1 (38)
where
pr(k) == (0 ( k)Y (5 k), keR, reN, (3.9)

¥ (+; k) being the eigenfunction defined in Subsection 2.4 before the formulation of The-
orem 2.2. Using (3.1) and (3.2), we find that (3.8) reduces to

\(Ho) [Ho,iAl(Ho) = 2F* (2 / — b )b (k). (k) >dk> F.
(3.10)
This, combined with the Feynman-Hellmann formula
B (k) = 2((k = bx )i (k), i (R)), (3.11)
yields
x(Ho)[Ho, iA]x (Z / kE!(k (k))? T(k)dk:) F. (3.12)

Moreover, by (2.2), we have
kB (k)X (E:(k)* > Cox(E, (k)

with C, = minge(p_s 10 KE.(k) > 0, r = 1,...,n. Therefore,

where C' := min,_;

X(H)[H, iA]x(H) = x(Ho)[Ho, iAlx(Hy) + Ko, (3.14)



K, + Ky + K.

We have
Ky = x(Ho)HoHy '[Ho,iA] (x(H) — x(Ho))

and the operators x(Hy)Hy and H, '[Hy,iA] extend to bounded operators in L?(Sp)
(see (3.6)). Since the operator x(H) — x(Hp) is compact by Lemma 3.2, we conclude
that K; € Soo(L*(Sz)). Similarly, taking into account that y(H) — x(Hp) is compact,
and the operators [Hy,iA|Hy ' and Hox(H) = Hx(H) — Vx(H) are bounded, we get

Ky = (x(H) — x(Ho)) [Ho, iA]Hy " Hox(H) € Sc(L*(S1)).

Finally, the operator

1y = x(H Yy 2 (H) = x(H) HoHy 'y 2

Elya—yHngoX(H)

is compact in L?(Sy) since Ho_ly%—‘y/HO_l is compact by (2.6), and x(H)Ho = (Hox(H))*
is bounded in L?*(Sr). Therefore, Ky = K| + Ky + K3 € So. Combining (3.13) and
(3.14), we get

x(H)[H,iAlx(H) > Cx(Hy)* + Ko = Cx(H)*> + Ko + Ky, (3.15)

where Ky := C (x(Hy)* — x(H)?) € S by Lemma 3.2. Hence (3.15) implies (3.4) with
K == K() + K4. D

For E € Rand 6 > 0set Ag(d) :=(E—0/2,E+§/2).

Corollary 3.1. Assume (2.5) —(2.6). Fiz E € (€,,E,11), n € N. Letd € (0,dist (E, Z))
be chosen as in Proposition 3.1.
(i) We have .

Papo)(H)H, iAIPA o) (H) 2 CPage)(H) + K (3.16)

where K = Pa,5)(H)KPa ) (H) € Sao, C and K being the same as in (3.4).
(11) Suppose moreover that E & o,(H). Then for §' € (0,9) small enough we have

. 1
]P)AE((;/) (H) [H, ZA]]P)AE((;/)(H) Z §CPAE(5/)(H) (317)
Proof. Choose x in (3.4) to be equal to one on Ag(§), and multiply (3.4) from the left
and the right by Pa,)(H). Thus we get (3.16). In order to obtain (3.17), we repeat
the argument of the proof of [6, Lemma 4.8]. Pick ¢’ € (0, ) and multiply (3.16) from
the right and the left by Pa ) (H). We get

P (o) (H)H iAIPA ) (H) 2 CP ) (H) + P (H)KPage(H).  (3.18)
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Since E ¢ 0,(H) and, hence, s — limg o Pa 51 (H) = 0, while K is compact, we have
n — limg o Pa o) (H)KPa ey (H) = 0. Choose ¢' € (0,0) so small that

IPa g (H)KPa o0 (H)|| < C/2

which implies

~ 1
Papen(H)KPa @) (H) > _§CPAE(6’)(H)- (3.19)
Combining (3.18) with (3.19), we obtain (3.17). O

Since the unitary group e/ preserves D(H,), and [H,iA] : D(Hy) — D(Hy)* is a
bounded operator, the Mourre estimate (3.16) entails the following

Corollary 3.2. [20], [6, Theorem 4.7], [11] Assume (2.5) - (2.6). Let E, ¢, and Ag(0)
be as in Corollary 3.1. Then Ag(6) contains at most finitely many eigenvalues of H,
each of them having a finite multiplicity.

Now we are in position to prove Theorem 2.1. Let A C R\ Z be a compact interval.
If A C (—00,&1), then ANoes(H) = () and A may contain at most a finite number of
eigenvalues, each having a finite multiplicity. Assume A C (&,,&,41), n € N. For each
E € A choose § = §(E) as in Proposition 3.1. Then we have A C UgeaAg(d). Since A
is compact, there exists a finite set {Ej}év:l of energies F/; € A such that

A C UL, A, (0). (3.20)

Assume (2.5) — (2.6). Then (3.20) and Corollary 3.2 imply that A may contain at most
a finite number of eigenvalues, each having a finite multiplicity. Hence, the first part of
Theorem 2.1 is proved.

Assume moreover (2.7) — (2.8). It follows from (2.7) that [H,iA] extends to a bounded
operator from D(Hy) to D(Hé/Q)*, while (2.8) combined with (2.6), implies that the
second commutator [[H,iA],iA] extends to a bounded operator from D(Hy) to D(Hy)*.
Then Corollary 3.1 ii) together with the results of [6, Corollary 4.10] and [11] (see also

20]) imply that ow(H) N ((5n,5n+1) \ ap(m) — 0, n € N. Since the set (€, Enr1) N

o,(H) is at most discrete, we get 0s(H) N (En, Ent1) = 0, n € N. Finally, since & =
inf oess(H) we have og.(H) N (—00,&1) = (). Therefore, oi.(H) N (R\ Z) = (). Since Z
is discrete, os.(H) = (). The second part of Theorem 2.1 is now proved too.

Remark: Mourre estimates and their corollaries concerning the spectrum of H could be
also deduced from the general scheme for analytically fibered operators developed in
[13]. The advantage of our approach is that it relies on an explicit and simple conjugate
operator A, and offers an explicit description of the “exceptional set” Z.
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4 Analysis of the Spectral Shift Function

4.1. In this subsection we summarize some simple properties of compact operators
which will be systematically used in the sequel. For s > 0 and T* =T € S, set

n+(s;T) := rank P o) (£T).
For an arbitrary (not necessarily self-adjoint) operator 7' € S, put
n.(s;T) == ny(s*TT), s>0. (4.1)
If T'=T*, then evidently
ne(s;T) =ny(s,T)+n_(s;T), s>0. (4.2)
If 1y, T, € Sy, and s; > 0, s9 > 0, then the well known Weyl — Ky Fan inequalities
N (s1 4 S2; 11 + To) < nu(s1;T1) + na(s2;12) (4.3)
hold true. Moreover, it T; =T}, T; € S, and rank Ty < 0o, we have
ny(s;Th) —rank Ty < ny(s; Ty 4+ To) < ng(s;T1) +rank Ty, s> 0. (4.4)
If T €S, pe|[l,00), then the following elementary Chebyshev-type inequality
ni(s;T) < 57| T3 (4.5)

holds for every s > 0.

4.2. In this subsection we introduce the concepts of index of a Fredholm pair of orthog-
onal projections, and index for a pair of selfadjoint operators, and discuss some of their
properties. More details can be found in [1] and [5].

A pair of orthogonal projections (P, Q) is said to be Fredholm if

{_17 1} N UesS<P - Q) = @

In particular, if P — @ € S, then the pair (P, Q) is Fredholm.
Assume that the pair of orthogonal projections (P, Q) is Fredholm. Set

index(P, Q) := dim Ker (P — Q — I) — dim Ker (P — Q + I).

Let M, M, be bounded self-adjoint operators. If the spectral projections IP’(_OO,O)(]\;[ )
and P(_0)(M) form a Fredholm pair, we will use the notation

ind(M, M) := index(P (o0 0)(M), P(_oo.0y(M)).

A sufficient condition that the pair IP’(_OQO)(]\Z), P(_o6,0)(M) be Fredholm, is M=M+A
where M is a bounded self-adjoint operator such that 0 € ge(M), and A = A* € S,
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Lemma 4.1. [5, Subsection 3.2] Let M be a bounded self-adjoint operator such that
0¢&o(M). Let A and B be compact self-adjoint operators. Then for s € (0,00) such
that [—s,s|No(M) = () we have

ind(M+s+B, M+s)—ni(s; A) <ind(M+A+B, M) <ind(M—s+B, M —s)+n_(s; A).
(4.6)

Assume, moreover, that the rank of A is finite. Then we have
ind(M + B,M) —rank A <ind(M + A+ B, M) <ind(M + B, M) +rank A. (4.7)
Remark: Note that in the case B = 0, estimates (4.6) imply
[ind(M + A, M)| < n.(s; A) (4.8)
for any s > 0 such that [—s, s] No(M) = 0.

Lemma 4.2. [21, Lemma 2.1], [5, Subsection 3.3] Let M be a bounded self-adjoint
operator such that 0 & o(M). Let Ty = Ty € Sy and Ty = Ty € Sy. Then for each
s1 >0, s3>0 such that [—s,s|No(M) =0 with s = s1 + s2, we have

. 1
R 2

1 dt
T 14+t2°

where du(t) =

4.3. In this subsection we describe a representation of the SSF &(E;H, Hy) which is a
special case of the general representation of the SSF due to F. Gesztesy, K. Makarov,
and A. Pushnitski (see [21], [14], [22]).

Let X; and X5 be two Hilbert spaces. Let 'H and Hy be two lower bounded self-adjoint
operators acting in X;. Assume that (2.9) holds for some v > 0. Next suppose that

Vi=H-Hy=KITK (4.10)

where K € B(X1,X,), J = J* € B(X;), and 0 € (7). Finally, assume that
K(Ho — Eo) Y2 € Soo(X1, Xa), (4.11)
K(Hy — Eo)™ € So(X1, X), (4.12)

for some Fy < info(H)Uo(Hy) and 7/ > 0. For z € C4 :={( € C|Im( > 0} set
T(2) :== K(Ho — 2)'K*.
Evidently, 7 (2) € Soo(X2).

Lemma 4.3. [3] Let (4.10) - (4.12) hold true. Then for almost every E € R the
operator-norm limit T (E) :=n —lims o 7 (E + i) exists and by (4.12) we have T (E) €
Seo(X2). Moreover, 0 <Im 7T (E) € S1(Xa).

13



Theorem 4.1. [21], [14], [22] Let (2.9) and (4.10) - (4.12) hold true. Then for almost
every £ € R we have

E(E;H, Ho) = / ind(J '+ ReZ (E)+tImT(E),J ) dult). (4.13)
R
Note that the convergence of the integral in (4.13) is guaranteed by Lemma 4.2.

Now suppose that the electric potential V satisfies D, with o > 1. Then relations (2.9)
and (4.10) — (4.12) hold true with X; = Xy = L*(S.), Ho = Hy, H = H, V =V,
K=|V|"? J=J=signV,and y =+ = 1. For z € C, set

T(z) = [V[V*(Hy — 2) V|2,
By Lemma 4.3 for almost every F € R the operator-norm limit

T(E):=n-— 1§f€ T(E +10) (4.14)

exists, and

0<ImT(E) € 8. (4.15)

In Corollary 4.1 below we will show that the limit (4.14) exists, and relation (4.15) holds
true for every E € R\ Z. Then Theorem 4.1 implies that for almost every E € R we
have
£(B: H, Hy) = / ind(J + ReT(E) + ¢ Im T(E), J) du(#), (4.16)
R
the right-hand-side being well defined for every £ € R\ Z. In this article we identify
the SSF &(FE; H, Hy) for energies E' ¢ Z with the r.h.s. of (4.16).

4.4. Fix j € N. Denote by ¢; : [0,00) — [0, 00) the function inverse to E; — &;. In the
following lemma we describe some properties of ¢; which will be used in the sequel.
Let § and 1 be two functions with values in [0,00), and O C D(5) N D(n). We will
write B(s) < n(s), s € O, if there exist two constants ¢y > 0 such that for each s € O
we have c_n(s) < ((s) < epn(s).

Lemma 4.4. Let j € N. We have

pi(s) = s s €0,00), (4.17)
©5(s) =< 5712 5€(0,00). (4.18)
Moreover,
pi(s) = V/s2(s), s €[0,00), (4.19)
where & € C*°([0,00)), and
®(0) = p; ?, (4.20)
the number p; being defined in (2.4). In particular, we have
i (s)| = O(s73?), s€(0,50), so€ (0,00). (4.21)
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Proof. By (2.1) and (2.3) we have
E;(k)— & =< k*, keR, (4.22)
which implies immediately (4.17). On the other hand, (3.11) and (2.2) easily yield
Ei(k) <k, kel0,00). (4.23)

Bearing in mind the formula for the derivative of an inverse function, we find that (4.17)
and (4.23) imply (4.18).

Further, for ¢ > 0 introduce the function E;(v/t) — &;, and denote by ¥ = ¥, : [0, 00) —
0, 00) its inverse. By (4.18) we have ¥'(s) < 1, s € [0, 00). Since Ej is analytic, we find
that U € C>([0,00)). Moreover, ¥(0) = 0 and W'(0) = ;. Since p(s) = \/¥(s), we
get (4.19) with ®(s) = /¥(s)/s, which on its turn implies (4.20). O

For j € N set
®
P; = ]:*/ p;(k)dkF,
R

the orthogonal projections p;(k), k € R, being defined in (3.9). For z € C; and j € N
put
Ty(z) = [V['2Py(Ho — 2) ' [V|'2.

Lemma 4.5. Assume that V' satisfies D, with o > 1. Fiz j € N. Then for each
z € Cy we have Tj(z) € Sy and the operator-valued function T; : C4 — Sy is analytic.
Moreover, for E € R\ {&;} the limit

T;(E) =l T;(E + i) (4.24)

exists in Sy, and Tj : R\{&;} — S is continuous. Next, if E—E&; <0, then the operator
T;(E) is self-adjoint, and if E — &; > 0, we have
0<ImT;(E), rankImT};(E)<2. (4.25)

Finally, for each A\g > 0 there exists C; = Cj(Ng) such that for 0 < |E — &;| < Ao we
have
1T ()l < Cil B = &7V (4.26)

if B —&; <0, then C; could be chosen independent of Ay.

Proof. Let G = G : R — S5(L*(S1), C) be the operator-valued function given for k& € R
by
1

G(k)u = N

// e MV (@, y) "2 (x; k)u(z, y)dedy, u € L*(Sy).
RJIp
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Evidently,
1
IGE) G = IG5 < e = 5—sup [ |V(z,y)ldy (4.27)

T zelr JR
for any k € R. Next,

1 . .
IG (k1) — G(ka)II2 = o / |V (@, y)[le™" 09, (2 kr) — €™ e ko) Pdwdy <
R JIp,

22(1-7)

sup / V (@, y)| |y dylky — ko + 2e1 [ [0(x; k1) — (s ko) Pda
R

(4 zelr I

for ki, ko € R, and 7y € (0, (a — 1)/2), v < 1. Since ¢ € C®(Ry; L*(11)), we have

(s k1) — (ko) |Pdz = O(|ky — kao|?)

I,

for ki, ko € (—ko, ko) with kg € (0, 00). Therefore,
|G(k1) — G(ka)ll2 = O(Jk1 — k2|") (4.28)

for ki, ke € (—ko, ko), ko € (0,00), and v € (0, (o — 1)/2), v < 1. Taking into account
(4.27) and (2.1), we find that if z € C,, then

IG:G;(E; — 2) |l € L'(R). (4.29)

Then the spectral theorem implies

Ti(z) = /R %dk, seC,, (4.30)

where, due to (4.29) and the continuity of the functions G; : R — S5(L?*(S;),C) and
E; : R — R, the integral admits an interpretation as a Bochner integral in the Banach
space 51 (see e.g. [19]), and it is easy to see that T; : C; — S; is analytic.

Let F = Fj : (0,00) — S3(L?*(SL),C?) be the operator-valued function defined for
s € (0,00) by

F(s)u:= v/¢'(s)(G(p(s))u, G(=¢(s))u), u € L*(SL),

where, as above, ¢ = ¢; denotes the function inverse to £; — &;. Then we have

* Fj(s)"F;
Tj(z):/o Mds z=E& +A+1i0 € Cy.

s—A—i0
Further, if A := ' — &; <0, set
< Fi(s)*F;
T,(E) = / B ) 4 (4.31)
0 5—A
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Evidently, the operator T;(F) is self-adjoint. Also, it is easy to check that (4.24) holds
true, and the function T : (—o0,&;) — S; is continuous. By (4.27) and (4.18),

oo /5 [e¢] dS B
175 (E)x SQCl/ 2 45— 0 (/0 w) =O(IA7"?), A<,
0

s+ | Al s+ |A])

so that (4.26) holds in this case as well.
Let now A = EF —&; > 0. For £ = &; + X put

ReT;(E) := v.p. /OOO %d&, (4.32)
I T(E) = mF, ()" Fy (), (133)

T)(E) := Re Tj(E) + ilm T;(E).
Note that (4.33) immediately implies (4.25). Moreover,

< F(s) F(s) M2 F(s)*F(s) > F(s)"F(s)
V.p. /0‘ ﬁds = /0 ﬁds + /i;A/Q ﬁdé"i‘
/ Y FO A ) FO ) — FO— ) Fr— 1) d—y”. (4.34)
By (4.18) and (4.21),
A+ 1) — oA =) =0 (A + )2 = (A= v)/?), (4.35)
WA+v) = A=v)| =0 (A=v) = (A+v)?), (4.36)

for v € (0,A/2), A € (0, \o).
Taking into account (4.27) - (4.28), (4.18), and (4.32) - (4.36) we find that the operator
T;(E) is well defined, that (4.24) holds true again, and

IFQ) F)[i=0(A2),  A>0,

[ rrr,,

=0(\%), A>0
e s OA"7%), A>0,

1

M2 F(s)*F(s)
/0 — ds

—o0, |

1

/W(F(A + V) FA+v) — FOA—v)* F(\ — ,,))@ =0\, Xe(0,)),

v

1
which yields again (4.26). O

4.5. Let j € N. Set P := >°% . P, where the convergence of the infinite sum is
understood in the strong sense. For z € C, Rez < &;, put

T (z) == |V['2P}(Ho — )MV [V,

J
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Lemma 4.6. Fiz j € N. Let E € (—00,&;). Then the limit

T} (B) = T} (E)' = n— I T} (E + i6) (4.37)
exists. Moreover, for any z € C, \ [€;,00) we have T} (z) € S, and the operator-valued

function TJ-Jr : Cy\[E,00) — Sy is continuous. Finally, there exists a constant C'y which
depends on V', but is independent of E and j, such that

1T (B)ll < C1&;(&; — E)™,  E € (-0,&;). (4.38)

Proof. We have
P (Hy = 2)7" = P}'Pe, o) (Ho) (Ho — 2) ™" (4.39)

and the operator valued function Pig, o) (Ho)(Ho — z)~" is analytic even on C\ [£;, 00).
Since P} and |V]"/? are bounded operators, this analyticity implies, in particular, the
existence of the limit in (4.37) and the continuity of 7" : C, \ [;,00) — B. Further,

[|V[V2P (Hy — B) V2|, < b \V (2, )| 2| P (Hy — E) ™" Hol| || Hy ' |V /2|2
x,Y S L

(4.40)
By (4.39),

1P (Ho — E) ™ Ho|| < |Ple, o) (Ho) (Ho — E) ™" Hol| < \Sup )A(A—E)_1 =&(&-B)7"
€|&4,00
(4.41)
On the other hand, the diamagnetic inequality for Hilbert-Schmidt operators (see e.g.
25, Theorem 2.13]) implies

1 V2]l < AR V2] (4.42)

where, as above, Ap is the Dirichlet Laplacian defined on S;. The integral kernel of
Ap is explicitly known, and we easily find

L3 & > dg
AGNVIV22 < 166, = —3/ . 4.43
H D |V| H2 < 16¢1 3 ;n o (ég + 1)2 ( )

Putting together (4.40) - (4.43), we obtain (4.38).

Finally, an estimate similar to (4.40) of the Hilbert-Schmidt norm of the difference
|V|1/2Pj+(H0 — 2 HVI2 |V|1/2P]~+(H0 — 29) YVIV2) 2,29 € Cp \ [€),00) easily
implies the continuity of ;" : Cy \ [€;,00) — Ss. O

4.6. In this subsection we prove (4.14) - (4.15) as well as Proposition 2.1.
Let £ € R\ Z. If E has one nearest element from Z, let ¢ = ¢(F) be the number of
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this neighbour; if £ has two nearest elements from Z, for definiteness let ¢(F) be the
number of the greater of these elements. Set

a(E)
T(E) =Y Ti(E)+ Ty, (E). (4.44)

J=1

Corollary 4.1. Let V satisfy D, with o > 1, and let E € R\ Z. Then (4.14) - (4.15)
hold true, the limiting operator T(E) being defined in (4.44). Moreover,

rank ImT'(F) < 2¢(E). (4.45)
Proof. In order to prove the existence of the limit (4.14), we just have to write

q(E)
T(E+i6) =Y T{(E+i0) + Ty . (E+id), §>0,

=1

and to apply (4.24) and (4.37). In order to prove (4.15) and (4.45), it suffices to apply
(4.25), bearing in mind that Im T'(E) = Y- Im T} (E). O

Next we prove Proposition 2.1. The proof of the continuity of the SSF repeats word by
word the proof of the continuity part of [5, Proposition 2.5]. Let us show that the SSF
is locally bounded, i.e. that it is bounded on every compact subset of R\ Z.

Let £ € R\ Z. Applying (4.16), (4.8), and (4.7), we get

|E(E; H, Hy)| < nu(s;ReT(E)) +rankImT'(E), se(0,1). (4.46)
By (4.3),
q(E)
n.(s;ReT(E)) < n.(s/2; Z ReTy(E)) + nu(s/2 Ty o1 (E)). (4.47)

Using (4.5) with p =1 and p = 2, as well as (4.26) and (4.25), we get

o(B) o 4(E) o 4(E)
ni(s/2 ) ReTy(E) < “ Y IGE)L < S GIIE &2 (448)

j=1 j=1 j=1
2: T+ E <i T E 2<£(J252 g — E)? 4.49
n.(s/2; q(E)+1< ) < 32” q(E)+1( Mz < 2+ q(E)+1( q(E)+1 ) (4.49)

Now the combination of (4.46), (4.25), and (4.47) - (4.49) implies the local boundedness
of the SSF.

4.7. In this subsection we prove Theorem 2.2.
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Proposition 4.1. Assume that V satisfies D, with a > 1. Pick ¢ € N and A # 0 such
that E ==&, + X\ & Z. Then we have

ind (J4+e+ReTy(E),J+e)+0(1) <&(E; H,Hy) <ind(J—e+ReT,(F),J—¢e)+0O(1)

(4.50)
as A — 0 for each ¢ € (0,1).
Proof. Applying (4.16), (4.7), and (4.45), we get
|E(Ey H, Hy) —ind(J + ReT(E), J)| < 2q(E). (4.51)

Write Re T(E) = Re T,(E) + T(E) where T(E) := Y., _ ReTj(E) + T,;,(E). By (4.6),
ind (J + ¢+ ReT,(E), ] +¢) —n.(e;T(E)) <ind(J +ReT(E),J) <
ind (J — e+ ReT,(E), ] — &) + n.(e; T(E)). (4.52)

Using (4.3) and arguing as in the derivation of (4.48), (4.49), we get

~ 2 4
n.(e;T(E)) < B Z CylE, — &+ MV + ?C’i&fﬂ(c‘,’qﬂ —&-N"?=0(1), A—0.
J:<q
(4.53)
Now the combination of (4.51) — (4.53) yields (4.50). O

Fix j € N. Let g = g; : R — S5(L?*(SL), C) be the operator-valued function given for
k € R by

(kju= = [ [ eV s Ot )y, e 1S,

Similarly to (4.27) and (4.28) we have

loMIE < e, keR (45)
lg(k1) — g(k2)ll2 = O(lky — k2[?), ka1, k2 €R, (4.55)
for any v € (0, (v — 1)/2) such that v < 1. By analogy with (4.30) set
- 9;(k)"g;(k)
(2) = | ==——F—"F . 4.56

As in the case of the operator 7}(z) (see Lemma 4.5) we can show that in S there exists
a limit
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Proposition 4.2. Let V satisfy D, with « > 1. Fixq € N, and let E =&, + X & Z.
Then for each e € (0,1/2) we have

ind (J + 26 + Re7,(E), J +2¢) + O(1) < ind (J + £ + Re Ty(E), J +¢),  (4.57)
ind (J —2¢ +ReTy(F),J —2¢)+O(1) > ind (J —e+ ReT (E),J —¢), (4.58)
as A | 0.
Proof. Using (4.6) and (4.8), we obtain
ind (J+2e+Re7,(E), J+2¢)—n.(e;Re T, (E)—Re 7, (E£)) < ind (J+e+ReT,(E), J+¢),

ind (J—2e+Re7,(F), J—2¢)+n.(e;Re T, (E)—Re7,(E)) > ind (J—e+Re T, (E), J—¢).
Hence, in order to prove (4.57) — (4.58), it suffices to show that for each ¢ > 0 we have

n«(e;ReT,(FE) — ReT,(E)) = O(1), A —0. (4.59)

Let again ¢ = ¢, be the function inverse to E, — &,. Denote by f = f, : (0,00) —
So(L*(Sr), C?) the operator-valued function defined for s € (0, 00) by

F(s)u = /¢ (s)(g((8))u, g(—(s))u), u € L*(SL).
Then similarly to (4.31), (4.32), and (4.34), we have
- - e 7 Ja(8)" fo(s)
Tq(gq + )\) = Tq(gq + )\) = /0 ﬁds
if A <0, and

M2 fo(s) fuls)

Re7,(& + N) —/0 P s L s+ = Jo(3) fols)

e ds+
3X/2 s—A

A/2 y
| G a0 = 0= i =)

if A > 0. Further, we have
G(k) = g(k) + ko(k)

where ¢ : R — L?(L*(S;), C) is the operator-valued function given for & € R by
k)u = eV (z, )|V 2z K u(z, y)dedy, ue LS
olbyu = o= [ eI ) e e ey (51,
where 9(x; k) == w Evidently,
lo(k)||2 < et | O(x;k)de, keR, (4.60)
L
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lo(k1) — o(k2)ll2 = Ok = k2|") (4.61)
for ki, ke € (—ko, ko) with ko € (0,00), and v € (0, (a — 1)/2), v < 1. Next, we have
F(s) = f(s) +p(s)r(s)
where r : (0,00) — Sy(L?*(Sr), C?) is the operator-valued function defined for s € (0, 00)
by
r(s)u = /¢'(s)(e(e(s))u, —o(—p(s))u), ue€ L*(Sy).

Therefore,

F(s)"F(s) = f(s)"f(s) + 2p(s)Re f(s)"r(s) + ¢(s)"r(s)"r(s). (4.62)
Note that

p(s)f(5)1(s) = @(s)¥'(s) (g(p(s)) alp(s)) — g(—w(s)) o(—p(s))) =

P(s)¢'(s) (9((s))"(al(s)) — a(—¢(s))) + (g(w(s)" — g(—p(s))")e(—p(s))) -
Hence, by (4.17) — (4.18), (4.54) — (4.55), and (4.60) — (4.61), we have
p(s)If(s)r(s)h = O(s77?), 7€ (0,(a=1)/2), <1, (4.63)
o(s)?|lr(s)*r(s)h = O(s?) (4.64)

for s € (0, s0) and s¢ € (0,00). By (4.62), for a fixed sy > 0 we have
ReT,(E,+A) —ReTy(E,+ N) =Ty(E+ N —T(E,+ N) =

[ PUYTle),, [ JO116),, . [ 2R o)+ o),

s — s— A

if A <0, and

ReT,(E,+ ) —ReTy(E + \) = /°° F(s)'F(s) ) /°° f(s)*f)fs)d8+

s— A s —

ds+

/50 2p(s)Re f(s)"r(s) + 90(8)27“(8)*7“(8)d8+/”2 2p(s)Re f(s)"r(s) + p(s)*r(s)"r(s)

30/2 5—A s— A

A2
2/0 (AN +1v)Re fA+v)'r(A+v) —p(A—v)Re f(A—v)'r(A\—v))—+

A/2 dv
/0 (A +v)2r N+ ) r(AN+v) — o\ —v)*r(A —v)'r(A — 1/))7

if A is positive and small enough (say, A € (0,50/2)). Using estimates (4.35) - (4.36) as
well as (4.54) - (4.55), (4.60) - (4.61), and (4.63) - (4.64), we obtain

IReT, (& + A) — Re7,(E,+ N1 =0(1), X—0,
which combined with (4.5) for p = 1 yields (4.59), and hence (4.57) - (4.58). O
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Fix j € N. By analogy with (4.30) and (4.56) set
k)*g(k
7;(2) = / Mdk, z € Cy.
R

pik? — z
As in the case of the operators Tj(z) and 7(z), in S} there exists a limit

7 (E) = lgﬁ)lTj(E +15), EeR\{0}.

Proposition 4.3. Let V satisfy D, with o > 1. Fix ¢ € N. Then for each € € (0,1/2)

and v € (0, (a« —1)/2), v < 1, we have

ind (J + 2 + Rery(N), J + 2¢) + O(02,(N)) <ind (J + ¢ + Re7,(§, + A), J +¢), (4.65)

ind (J — 2 + Rery(N), J — 2¢) + O(62,(N)) > ind (J — e + Re7 (€, + A), J —¢), (4.66)

as A — 0, the functions 03 being defined in (2.13) - (2.14).

Proof. Similarly to the proof of Proposition 4.2 (see (4.59)), it suffices to show that for

each € > 0 we have
n.(e;Re7,(&; + A) —Re1y(N)) = O(62,(N), A — 0.
Let at first A < 0. In this case we have
Re7,(& +A) —Rer,(\) = 7,(& + A) — 1,(N\) =

" ,qu2 - Eq(k) + <c"q
[ 9 sutt (E(k) — & — N)(agk® — )

dk

and
~ C1 |Eq(k) — & — ,uqu‘
T+ A) =1, N1 £ — dk=0(1), X710,
H ( q ) Q< )Hl 1g Jx kQ(Eq(k)_Sq) ( )
which combined with (4.5) for p =1 yields (4.67) in the case A < 0.
Let now A > 0. As above, let ¢ = ¢, be the function inverse to £, — &,. Set

O(8) = ¢g(s) := ,u;lﬂsl/?, s> 0.

By (4.19) - (4.20),
p(s) — o(s) = O(s*),

¢'(s) = ¢/(s) = O(s"?),

(4.67)

(4.68)
(4.69)

for s € (0,s9) and sy € (0,00). Fix sg € (0,00) and assume A < s3/2. For n = ¢ or

n = ¢ define the operator-valued function I, : (0,00) — So(L*(S.),C?) by
Ly(s)u = (g(n(s))u, g(=n(s))u), s>0, we L*(Sy),
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and
T O

50 2Re ', (s)*T",,(A) — Ty (A)*T, (A
M, 2()) = v.p. /O 7(s) el'y(s) ni_))\ n(A) T ( >d8,
50 r — I, (\)*(T - I, (A
M) = [ T = O o) L),
Then we have
TEg+N) =) M (N = > M\
1=1,2,3 1=1,2,3
It is easy to see that
[Mp (Ml =0(@1), AL0, n=¢, 0, (4.70)
rank M, 2(A\) <6, A>0, n=o,0, (4.71)
[ My 3Nl = 00,(N), AL0, n=p09. (4.72)
Let us show that
[My3(A) — My (N[ = O(02,(2)), A L0 (4.73)

We have

[ 6 Bl Tl =L+ B0 =L,
[ 1B B L0 Tl =) £ 1o,
Il + ]2 + ]3.
Using (4.69), (4.55), and (4.18) which implies |¢(s) — @(A)] = O(|v/s —VA|), s € (0, s0),
we get
_ Vs = VAP
L], = O </0 / S s> =0(1), Alo. (4.74)

Further, for s, A > 0, and v € (0, (o« — 1)/2), v < 1, we have
ITo(s) = Ty(s) = To(N) + T (N5 <

— sup |V l‘ Y |/ |ew(s . z¢(s _eigo(/\)y_f_eiqﬁ(A)y|2<y>—adyS

xy GSL
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2372’y

sup )V (z,v)| / 2 () dy (e (s) — S + [o(A) — dN)PT).

d (x7y)€SL

Using (4.68), we get

80 3y A3 1/2 — VA
;]| = O (/ 571/2(8 AV = VA ds
0

) =0(02,(N), A10, j=23.

s = Al
(4.75)
Putting together (4.74) and (4.75), we obtain (4.73). Now the combination of (4.70) —
(4.73) with (4.4) and (4.5) for p = 1 yields (4.67) in the case A > 0. O

Next, we note that for each A > 0 and ¢ € N we have rank Im 7,(\) < 2, while Im 7,(\) =
0 if A < 0. Therefore,

ind (J—e+ReT,(N), J—¢) = / ind (J—e+Re 7,(A)+tIm 7, (X), J—e)du(t)+0(1), X — 0,

R
(4.76)
for each € € (—1,1). On the other hand, we have

Wy = (J —¢) ', e€(-1,1),
TQ(Z> :%(hoﬂl—z>7l%*a z Ga\{0}>
where s : L*(R) — L?*(Sy) is the operator defined by
(seu) (@, ) == (2, 0)[V (z,9)[*uly), ue L*(R).

By Theorem 4.1 we have
/ ind (J — e + Rery(A\) + tIm 7, (N), J — e)du(t) = E(A; hy(e), hoy), AF#0.  (4.77)
R
Combining (4.50), (4.57) — (4.58), (4.65) — (4.66), (4.76), and (4.77), we obtain (2.15).

4.8. In this subsection we give a sketch of the proof of Corollary 2.1. Let w = w €
L>*(R). Set
d2

hyg = ———
0 dyQ?

D(ho) = H2(R), h:=he+w, D(h)=D(h).

Assume that for some o > 0 there exist real numbers w4 such that

lim |y|®w(y) = wx. (4.78)

y—+o0

In particular, (4.78) imples that oess(h) = [0, 00).
Set w( ) = max{0, —w. }, wi = max{0, wy }.
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Lemma 4.7. [24, Theorem XII1.82] Assume that (4.78) holds with o € (0,2). Then we
have y y
lim AETEN (=X h) = Ca ((w(_)> + (&ﬁ) > . (4.79)

Remark: Under the hypotheses of Lemma 4.7, relation (4.79) is equivalent to the stan-
dard semiclassical formula

N(=Xh) = (27) 7 [{(5om) € T'R| 7 + w(y) < —A} (1 +0(1)), A L0,
where | - | denotes the Lebesgue measure, provided that w ws:) > 0.
Recall now that £(—X; hy(e), hoy) = —N(—=X;hy(€)), A > 0. Since the operator hy(e)

is unitarily equivalent to the operator h = hg + w with w(y) = qug(u;ﬂy), and the
quantities w, 1 (¢) are continuous at ¢ = 0, we find that (2.15) and (4.79) imply (2.17).

Lemma 4.8. Assume that (4.78) holds with « € (1,2). Then we have

Hm Az~ s E(A; R, ho) =

L0
—Cq (csc (/) ((w_)>l/a + (w()>l/a) + cot (7/ ) ((w_ﬂ)l/a + (wf)>1/a>> :
(4.80)
Proof. Set ,
hi = _j_?ﬂ’ D(h§”) = {u € H*(0, 00) | u(0) = 0},

B = 16 + i, DY) = D(G”).
By the Birman-Krein formula (2.12), and [26, Section 7, Corollary],

lim /\%—ég()\; A, h(()+)) =—C, (CSC (/) (w(_)>1/a + cot (7/ ) <w(++)>1/a) . (4.81)

AL0
Now put
2
() d

0 =g D(h{”) = {u € H3(—00,0) | u(0) = 0},

) = B +wy sy, D(R)) = D(R{T).

Since the operator h((f) is unitarily equivalent to h(()+), and the operator h(~) is unitarily
equivalent to h(()+) + @ with w(y) = w(—y), y > 0, we find that (4.81) entails

Hm Az~ = E(A; RO, hé_)) = —C, (csc (/) (w(__)>1/a + cot (/) (w(f))l/a) . (4.82)

A0

26



Making use of the orthogonal decomposition L?(R) = L?*(—oc0,0) & L*(0, 00), introduce
the operators héf) & h(()+) and A7) @ M) self-adjoint in L?(R). Evidently,

£ RO @ B T @ h§T) = 6RO B) + e RS (4.83)

Note that the resolvent differences (hg — Ep) ™' — (h((]_) &> h(()+) — Eg) ™' and (h— Ep)™' —
(R @ k) — Ey)~! with Ey < info(h) are rank-one operators. This fact as well as
the definition of the SSF for a pair of semibounded operators satisfying (2.9) (see e.g.
[27, Theorem 8.9.1]), the chain rule for SSFs for trace-class perturbations (see e.g. [27,
Proposition 8.2.5]), and Krein’s estimate of the SSF for finite-rank perturbations (see
e.g. [27, Theorem 8.2.1]), imply

£ R, hg) = € RT) @ R hS @ iy +0(1), A > 0. (4.84)
Now (4.80) follows from the combination of (4.84), (4.83), and (4.81) — (4.82). O
The combination of (2.15) and (4.80) easily yields (2.18).

4.9. Finally, we assume that o > 2 and prove Corollary 2.3. If A < 0, then (2.20) is an
immediate consequence of Theorem 2.2 and the well-known fact that the 1D Schrodinger
operator —j—; + w(y), y € R, has a most a finite number of negative eigenvalues if
w(y) = o(ly|™?) as |y| — oo (see e.g. [24]). Assume A > 0. Combining (4.8), (4.7),
(4.4), and (4.5) with p = 1, we obtain

lind (J — e+ Rey(N),J —¢)| <n.(1—|e[;Rery(N)) <

(L= [eD) M 1Mo (M)l1 + rank Mo (A) + (1 = [e)) M| Mps(Ml1, €€ (=1,1).  (4.85)

Pick v < (o —1)/2, v < 1, v > 1/2. Using (4.70) — (4.72), we find that the r.h.s. of
(4.85) remains bounded as A | 0.

Putting together (4.50), (4.57) — (4.58), (4.65) — (4.66), and (4.85), we obtain (2.20) in
the case A > 0.
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