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Abstract. We consider the Pauli operatorH(b, V ) acting inL2 (R2; C2). We describe a
class of oscillating magnetic fieldsb for which the ground state of the unperturbed operator
H(b, 0) which coincides with the origin, is an isolated eigenvalue of infinite multiplicity. Un-
der the assumption that the matrix-valued electric potentialV has a definite sign and decays
at infinity, we investigate the asymptotic distribution of the discrete spectrum ofH(b, V )
accumulating to the origin. We obtain different asymptotic formulae valid respectively in
the cases of power-like decay ofV , exponential decay ofV , or compact support ofV .

1 Introduction

In the present article we consider the two-dimensional Pauli operatorH(b, V ) = H(b, 0)+V
which describes a quantum non-relativistic particle of spin1

2
subject to a magnetic fieldb

and electric potentialV . The unperturbed Pauli operatorH(b, 0) given by

H(b, 0) :=

(
(−i∇−A)2 − b 0

0 (−i∇−A)2 + b

)
:=

(
H1(b) 0

0 H2(b)

)
, (1.1)

acts inL2(R2; C2), and is essentially self-adjoint on the Schwartz classS(R2; C2). Here
A = (A1, A2) : R2 → R2 is the magnetic potential, and

b :=
∂A2

∂x1

− ∂A1

∂x2

(1.2)

is the magnetic field.
We will say thatb : R2 → R is anadmissible magnetic fieldif b = b0 + b̃ whereb0 ∈ R is a
constant, and̃b is such a function that the equation

∆ϕ̃ = b̃ (1.3)

1Partially supported by the Chilean Science FoundationFondecytunder Grant 1020737.
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admits a solutioñϕ ∈ C2(Rd) satisfying

sup
x∈R2

|Dηϕ̃(x)| <∞, η ∈ Z2
+, |η| ≤ 2. (1.4)

A similar class of magnetic fields has been considered in [Ber.Shu, Supplement 3].
Note that if there exists a solutioñϕ of (1.3) satisfying (1.4), then Liouville’s theorem im-
plies that it is unique up to an additive constant. In order to fix this constant, we suppose
that, in addition to (1.3) – (1.4),̃ϕ obeys

lim sup
T→∞

T−2

∫
(−T

2
, T
2 )

2
ϕ̃dx = 0. (1.5)

If b is admissible, then Green’s formula and (1.4) with|η| = 1 imply

lim
T→∞

T−2

∫
τ+(−T

2
, T
2 )

2
bdx = b0, τ ∈ R2,

so thatb0 can be interpreted as the mean value ofb.
Let b be an admissible magnetic field. Setϕ0(x) := b0|x|2/4, x ∈ R2, so that we have
∆ϕ0 = b0. Pick ϕ̃ satisfying (1.3) – (1.5). Putϕ := ϕ0 + ϕ̃ so that∆ϕ = b, andA =

(A1, A2) :=
(
− ∂ϕ

∂x2
, ∂ϕ

∂x1

)
. Hence,∂A2

∂x1
− ∂A1

∂x2
= ∆ϕ = b, i.e. (1.2) holds. Introduce the

operators

a = a(b) := −2ie−ϕ ∂

∂z
eϕ, a∗ = a(b)∗ := −2ieϕ ∂

∂z
e−ϕ, (1.6)

wherez := x1 + ix2, z := x1 − ix2. Then we have

H1 = a∗a, H2 = aa∗, (1.7)

where the operatorsHj = Hj(b), j = 1, 2, are introduced in (1.1). The operatorsa and
a∗ defined initially on the Schwartz classS(R2), and then closed inL2(R2), are mutually
adjoint. Therefore,

Ker H1 = Ker a =

{
f ∈ L2(R2)|f = ge−ϕ,

∂g

∂z
= 0

}
, (1.8)

Ker H2 = Ker a∗ =

{
f ∈ L2(R2)|f = geϕ,

∂g

∂z
= 0

}
, (1.9)

Ker H(b, 0) = {f = (f1, f2)|f1 ∈ Ker H1, f2 ∈ Ker H2} . (1.10)

Note thatKer H1 (respectively,Ker H2) coincides with the weighted holomorphic (respec-
tively, antiholomorphic) space of Segal-Bargmann type with weighte−ϕ (respectively,eϕ)
(see e.g. [H, Section 2, Subsection 3.2]).
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Proposition 1.1. Let b be an admissible magnetic field. ThenHj ≥ 0, j = 1, 2, and hence
H(b, 0) ≥ 0. Moreover, ifb0 > 0, we havedim Ker H1 = ∞, dim Ker H2 = 0, if
b0 < 0, we havedim Ker H1 = 0, dim Ker H2 = ∞, while in the caseb0 = 0 we have
dim Ker H1 = dim Ker H2 = 0. Hence, ifb0 6= 0, we havedim Ker H(b, 0) = ∞, and if
b0 = 0, the kernel ofH(b, 0) is trivial.

Proof. The positivity of the operatorsHj, j = 1, 2, andH(b, 0) follows from (1.7) and (1.1),
while the assertions about the deficiency indices are implied by (1.8) – (1.10).

Since the operatorsH(b, 0) andH(−b, 0) are anti-unitarily equivalent under the action of

the operator

(
0 1
1 0

)
C whereC is the complex conjugation, it suffices to consider the

casesb0 > 0 andb0 = 0.

Proposition 1.2.Letb be an admissible magnetic field withb0 > 0. Then0 = inf σ(H(b, 0))
is an isolated eigenvalue of infinite multiplicity. More precisely, we have

(0, λ0) ⊂ R \ σ(H(b, 0)) (1.11)

with
λ0 := 2b0 exp (−2 osc ϕ̃), (1.12)

andosc ϕ̃ := supx∈R2 ϕ̃(x)− infx∈R2 ϕ̃(x)

The proof of Proposition 1.2 is contained in Subsection 3.1. Note that the proof for periodic
b with positive mean value can be found in [B], and the proof for general admissibleb with
b0 > 0 is essentially the same.
If b0 = 0, by Proposition 1.1 we haveKer H(b, 0) = {0}. However, in this case it can be
shown again thatinf σ(H(b, 0)) = inf σess(H(b, 0)) = 0.
Introduce the matrix-valued electric potential

V (x) :=

(
V11(x) V12(x)
V21(x) V22(x)

)
, x ∈ R2,

whereV11 andV22 are real-valued functions whileV12 andV21 = V12 may take complex
values. Throughout the paper we assume that the operators|Vjk|1/2(−∆+1)−1/2, j, k = 1, 2,
are compact inL2(R2), and thatb is admissible, and hence bounded. Therefore, the operator
|V |1/2(H(b, 0) + 1)−1/2 is compact inL2(R2; C2). Set

H = H(b, V ) := H(b, 0) + V

where the sum should be understood in the sense of the quadratic forms. Due to H.Weyl’s
theorem concerning the invariance of the essential spectrum under relatively compact per-
turbations, we haveσess(H(b, V )) = σess(H(b, 0)). In particular,0 = inf σess(H(b, V )) if
b0 ≥ 0, and(0, λ0) ⊂ R \ σess(H(b, V )) if b0 > 0 (see (1.12)).
The aim of the paper to study the asymptotic distribution of the discrete spectrum ofH(b, V )
near the origin. The type of the results are quite different in the casesb0 > 0 andb0 = 0. In
the present paper we will consider the caseb0 > 0, while the results forb0 = 0 we will be
published in a future work.
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2 Formulation of the main results

2.1. In order to formulate our main results we need the following notations. LetT be a
linear self-adjoint operator in a Hilbert space. Denote byPI(T ) the spectral projection ofT
corresponding to the Borel setI ⊂ R. Set

N(λ1, λ2;T ) := rank P(λ1,λ2)(T ), λ1, λ2 ∈ R, λ1 < λ2,

N(λ;T ) := rank P(−∞,λ)(T ), λ ∈ R.
If T is compact, we will also use the notations

n±(s;T ) := rank P(s,∞)(±T ), s > 0. (2.1)

Finally, if T is a linear compact operator which is not necessarily self-adjoint, set

n∗(s;T ) := n+(s2;T ∗T ), s > 0. (2.2)

2.2. In the sequel we assumeb0 > 0. In the following Theorems 2.1 – 2.4 we will discuss
the asymptotic behaviour of the negative or the positive discrete spectrum of the operator
H(b, V ) which accumulate to the origin respectively on the left or on the right of it. For the
sake of the compact formulations of these theorems we set

N−(λ) := N(−λ;H(b, V )), λ > 0,

N+(λ) := N(λ, λ′;H(b, V )), 0 < λ < λ′ < λ0.

Theorems 2.1 – 2.4 below contain independent assertions about the asymptotic behaviour of
N−(λ) orN+(λ) asλ ↓ 0 which correspond respectively to the superior or the inferior sign
wherever double signs “±” are met.
The main asymptotic term ofN±(λ) asλ ↓ 0 depends only on the entryV11 of the matrixV
as a consequence of our choice to consider only positiveb0 in the caseb0 6= 0.
Our first theorem treats the case whereV11 admits a power-like decay at infinity. For the
sake of simplicity we will formulate and prove this theorem for a class of almost periodic
magnetic fields although, evidently, it remains valid for a larger class of admissibleb (see
[Bel]).
Let us recall that a bounded continuous functionf : Rd → C, d ≥ 1, is calledalmost
periodic if there exists a sequence of trigonometric polynomials{fN}N≥1 wherefN(x) =∑nN

k=1 fk,Ne
iγk,Nx, x ∈ Rd, with fk,N ∈ C, γk,N ∈ Rd, such thatlimN→∞ supx∈Rd |f(x) −

fN(x)| = 0. Then we writef ∈ CAP (Rd) (see [Shu 1]). The inclusionf ∈ CAP (Rd) is
equivalent also to the fact thatf is bounded and continuous onRd, and its uniform hull is
compact (see e.g. [Shu 1, Proposition 1.2 a]).
We will say thatb is anadmissible almost periodic magnetic fieldif b = b0 + b̃, where
b0 ∈ R is a constant, and̃b(x) := Re

∑∞
n=1 bne

iγnx, x ∈ R2, with bn ∈ C, γn ∈ R2 \ {0},
n ∈ N := {1, 2, . . .}, such that

∑∞
n=1 |bn|(|γn|−2 + 1) <∞. Then equation (1.3) admits the

solutionϕ̃(x) = −Re
∑∞

n=1 |γn|−2bne
iγnx, x ∈ R2, satisfying (1.4), andDηϕ̃ ∈ CAP (R2)

for each multi-indexη ∈ Z2
+ with |η| ≤ 2. Finally, the mean value of̃ϕ is equal to zero, so

that (1.5) holds as well.
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Theorem 2.1. Let b be an admissible almost periodic magnetic field withb0 > 0. Assume
that the matrix-valued potentialV satisfies the following properties:
a) the matrix±V (x), x ∈ R2, is non-negative;
b) the operators|Vj2|1/2(−∆ + 1)−1/2, j = 1, 2, are compact inL2(R2);
c) the entryV11 ∈ C1(R2) obeys the asymptotic estimates

V11(x) = ±v11(x/|x|)|x|−α(1 + o(1)), |x| → ∞, (2.3)

with α > 0, 0 < v11 ∈ C(S1), and|∇V11(x)| = O(|x|−α−1) as|x| → ∞. Then we have

N±(λ) =
b0
2π

∣∣{x ∈ R2 |±V11(x) > λ
}∣∣ (1 + o(1)), λ ↓ 0, (2.4)

where|.| denotes the Lebesgue measure.

Remark: Under the hypotheses of Theorem 2.1 asymptotic relation (2.4) is equivalent to

lim
λ↓0

λ2/αN±(λ) =
b0
4π

∫
S1

v11(s)
2/αds. (2.5)

Results quite similar to that of Theorem 2.1 in the case ofconstantmagnetic field were ob-
tained in [Rai] (see also [Iv, Chapter 11]) where the Schrödinger and not the Pauli operator
was considered; in the case of constantb however this difference is not essential. Let us men-
tion here another result due to A. Iwatsuka and H. Tamura which influenced considerably
the present paper. Forx ∈ R2,m ∈ R, set〈x〉 := (1 + |x|2)1/2,Wm(x) := 〈x〉−m.

Theorem 2.2.Assume that the inequalities

c1 ≤ b(x) ≤ c2, (2.6)

|∇b(x)| ≤ c3Wm(x), (2.7)

hold for eachx ∈ R2, somem ∈ (0, 1], and some constantscj > 0, j = 1, 2, 3. Let V
be multiple of the unit matrix, i.e.V11 = V22 = V0, andVjk = 0, j 6= k. Suppose that
0 < ±V0 ∈ C1(R2; R) satisfies the asymptotic estimates

V0(x) = ±v0(x/|x|)|x|−α(1 + o(1)), |x| → ∞,

with α > 0, 0 < v0 ∈ C(S1), and|∇V0(x)| = O(|x|−α−1), |x| → ∞. Then we have

N±(λ) =
1

2π

∫
{x∈R2|±V0(x)>λ}

b(x)dx (1 + o(1)), λ ↓ 0. (2.8)

The result of Theorem 2.2 concerningN−(λ) essentially coincides with [Iw.Tam, Theo-
rem 1(i)], and the one concerningN+(λ) – with [Iw.Tam, Theorem 1(ii)]. Let us compare
Theorem 2.2 with Theorem 2.1. First, (2.6) implies that the magnetic fields considered in
Theorem 2.2 should be strictly positive while no such restriction is imposed in Theorem
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2.1. Moreover, due to (2.7), Theorem 2.2 does not include the case of almost periodic non-
constant magnetic fields. However, ifb is an arbitrary admissible magnetic field, andV
satisfies the assumptions of Theorem 2.2, then∫

{x∈R2|±V0(x)>λ}
b(x)dx = b0

∣∣{x ∈ R2 |±V0(x) > λ
}∣∣ (1 + o(1)), λ ↓ 0,

i.e. in this case the right-hand sides of (2.8) and (2.4) coincide.
In the following two theorems we treat potentialsV which decay exponentially fast or have
a compact support.

Theorem 2.3.Let b be an admissible magnetic field withb0 > 0. Assume that conditions a)
and b) of Theorem 2.1 hold. Suppose thatV11 ∈ L∞(R2) obeys the asymptotics

ln(±V11(x)) = −κ|x|2β(1 + o(1)), |x| → ∞,

with some constantsκ > 0 andβ > 0. Then

lim
λ↓0

N±(λ)

| lnλ|1/β
=

b0
2κ1/β

, 0 < β < 1, (2.9)

lim
λ↓0

N±(λ)

| lnλ|
=

1

ln(1 + 2κ/b0)
, β = 1, (2.10)

lim
λ↓0

N±(λ)

(ln | lnλ|)−1| lnλ|
=

β

β − 1
, β > 1. (2.11)

Theorem 2.4. Let b be an admissible magnetic field withb0 > 0. Assume that conditions
a) and b) of Theorem 2.1 hold. Suppose thatV11 ∈ L∞(R2) has a compact support, and
±V11 ≥ C > 0 on an open non-empty subset ofR2. Then we have

lim
λ↓0

N±(λ)

(ln | lnλ|)−1| lnλ|
= 1. (2.12)

Remark: Under the assumptions of Theorem 2.3 we have

∣∣{x ∈ R2 |±V11(x) > λ
}∣∣ = π

| lnλ|1/β

κ1/β
(1 + o(1)), λ ↓ 0,

for eachβ > 0, while under the assumptions of Theorem 2.4 we have∣∣{x ∈ R2 |±V11(x) > λ
}∣∣ = O(1), λ ↓ 0.

Hence, the only asymptotic relation amongst (2.9) – (2.12) which could be re-written in a
form analogous to (2.4), is the first one, namely (2.9).
Results similar to those of Theorems 2.3 – 2.4 in the case of the Schrödinger operator with
constantmagnetic field can be found in the recent work [Rai.War].
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3 Proof of the main results

3.1. In this subsection we prove Proposition 1.2. Denote byP = P(b) : L2(R2; C2) →
L2(R2; C2) the orthogonal projection ontoKer H(b, 0), and byP = P (b) : L2(R2) →
L2(R2) – the orthogonal projection ontoKer H1. SetQ := Id−P, andQ := Id−P . Note

thatP andQ admit the matrix representationsP =

(
P 0
0 0

)
, Q =

(
Q 0
0 Id

)
. Further,

the restriction of the operatorH1 ontoQ Dom(H1) is unitarily equivalent to the operator
H2 (see (1.7)). Moreover, (1.6) – (1.7) imply

〈H2(b)u, u〉 = ‖a∗(b)u‖2
L2(R2) = 4

∫
R2

e2ϕ

∣∣∣∣∂ (e−ϕu)

∂z

∣∣∣∣2 dx, u ∈ Dom(H2(b)), (3.1)

where〈., .〉 denotes the scalar product inL2(R2). Thus we find that in order to prove that
(1.11) holds, it suffices to show that the inequality

4

∫
R2

e2ϕ

∣∣∣∣∂ (e−ϕu)

∂z

∣∣∣∣2 dx ≥ λ0

∫
R2

|u|2dx (3.2)

is valid for eachu ∈ Dom(a∗(b)) = Dom(H2(b)
1/2) sinceDom(H2(b)) ⊂ Dom(a∗(b)).

Moreover, the multiplication bye−ϕ̃ is a bijection fromDom(a∗(b)) ontoDom(a∗(b0)) (ac-
tually, since∂ϕ̃

∂z
is bounded,Dom(a∗(b)) andDom(a∗(b0)) coincide as functional sets, but

we will not use this fact here). Changing the functional variableu = eϕ̃w in (3.2), we find
that this inequality is equivalent to

4

∫
R2

e2ϕ

∣∣∣∣∂ (e−ϕ0w)

∂z

∣∣∣∣2 dx ≥ λ0

∫
R2

e2ϕ̃|w|2dx, w ∈ Dom(a∗(b0)).

Hence, (3.2) would follow from the inequality

4

∫
R2

e2ϕ0

∣∣∣∣∂ (e−ϕ0w)

∂z

∣∣∣∣2 dx ≥ 2b0

∫
R2

|w|2dx, w ∈ Dom(a∗(b0)), (3.3)

sinceλ0 = 2b0
infx∈R2 e2ϕ̃(x)

supx∈R2 e2ϕ̃(x) (see (1.12)).

Taking into account (3.1) withb = b0 and the well-known fact thatinf σ(H2(b0)) = 2b0 (see
e.g. [Av.Her.Si]), we immediately get (3.3).
3.2. In this subsection we establish some estimates which allow us to reduce the asymptotic
analysis ofN±(λ) asλ ↓ 0 to the investigation of the discrete spectrum of compact operators
of Toeplitz type.

Proposition 3.1. Letε ∈ (0, 1). Then under the hypotheses of Theorems 2.1, 2.3, or 2.4, we
have

n−(λ;PV11P ) ≤ N−(λ) ≤ n−((1− ε)λ;PV11P ) +O(1), λ ↓ 0, (3.4)

n+((1 + ε)λ;PV11P ) +O(1) ≤ N+(λ) ≤ n+(λ;PV11P ), λ ↓ 0, (3.5)

n± being the counting functions defined in(2.1).
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Proof. At first we prove (3.4). By the Birman-Schwinger principle

N−(λ) ≡ N(−λ;H(b, V )) = n−(1; (H(b, 0)+λ)−1/2V (H(b, 0)+λ)−1/2), λ > 0. (3.6)

Next, the minimax principle implies

n−(1; (H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2) ≥

n−(1;P(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2P) =

n−(λ;PVP) = n−(λ;PV11P ), λ > 0, (3.7)

which yields the lower bound in (3.4). On the other hand, sinceV ≤ 0, we have

n−(1 : (H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2) ≤

n−(1; (1 + δ)P(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2P) +

n−(1; (1 + δ−1)Q(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2Q), λ > 0, δ > 0. (3.8)

Fix ε ∈ (0, 1) and pickδ = ε/(1− ε). Then we get

n−(1; (1 + δ)P(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2P) = n−((1− ε)λ;PV11P ), (3.9)

for eachλ > 0, ε ∈ (0, 1). Finally, we show that

n−(1; (1 + δ−1)Q(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2Q) = O(1), λ ↓ 0. (3.10)

for eachδ > 0. Evidently, there exists a constantC independent ofλ > 0 such that
‖Q(H(b, 0) + λ)−1/2(H(b, 0) + 1)1/2‖ ≤ C. Therefore,

n−(t;Q(H(b, 0) + λ)−1/2V (H(b, 0) + λ)−1/2Q) ≤

n−(t;C2(H(b, 0) + 1)−1/2V (H(b, 0) + 1)−1/2), t > 0. (3.11)

Since the operator|V |1/2(H(b, 0)+1)−1/2 is compact, (3.11) implies (3.10). Now the upper
bound in (3.4) follows from (3.6), (3.8), (3.9), and (3.10).
Let us now prove (3.5). The generalized Birman-Schwinger principle (see e.g. [Al.Dei.Hem,
Theorem 1.3]) entails

N−(λ) ≡ N(λ, λ′;H(b, V )) = n+(1;V 1/2(λ−H(b, 0))−1V 1/2)−

n+(1;V 1/2(λ′ −H(b, 0))−1V 1/2)− dim Ker (H(b, 0)− λ′), 0 < λ < λ′ < λ0. (3.12)

The compactness of the operatorV 1/2(H(b, 0) + 1)−1/2 easily implies that the second and
the third term on the right-hand side of (3.12) which are independent ofλ > 0, are finite.
Further, since(λ−H(b, 0))−1 ≤ P(λ−H(b, 0))−1 = λ−1P, we have

n+(1;V 1/2(λ−H(b, 0))−1V 1/2) ≤ n+(λ;V 1/2PV 1/2)
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= n+(λ;PVP) = n+(λ;PV11P ), λ > 0. (3.13)

On the other hand, the H. Weyl’s inequalities for the eigenvalues of compact self-adjoint
operators imply

n+(1;V 1/2(λ−H(b, 0))−1V 1/2) ≥
n+((1 + ε);V 1/2P(λ−H(b, 0))−1V 1/2)− n−(ε;V 1/2Q(λ−H(b, 0))−1V 1/2) =

n+((1 + ε)λ;PV11P )− n+(ε;Q|H(b, 0)− λ|−1/2V |H(b, 0)− λ|−1/2Q). (3.14)

By analogy with (3.10), we can show that

n+(ε;Q|H(b, 0)− λ|−1/2V |H(b, 0)− λ|−1/2Q) = O(1), λ ↓ 0. (3.15)

Putting together (3.12) – (3.15), we get (3.5).

3.3. In this subsection we prove Theorems 2.3 and 2.4.

Proposition 3.2. Letb be an admissible magnetic field withb0 > 0. LetU : R2 → [0,+∞).
Assume that the operatorU1/2(−∆ + 1)−1/2 is compact. Then the operatorsP (b)UP (b)
andP (b0)UP (b0) are compact as well, and we have

n+(exp(2 osc ϕ̃)λ;P (b0)UP (b0)) ≤ n+(λ;P (b)UP (b)) ≤

n+(exp(−2 osc ϕ̃)λ;P (b0)UP (b0)), λ > 0. (3.16)

Proof. The compactness of the operators follows easily from

U1/2P (b) = U1/2(H1(b) + 1)−1/2P (b), U1/2P (b0) = U1/2(H1(b0) + 1)−1/2P (b0),

and the diamagnetic inequality (see [Av.Her.Si, Theorem 2.2]).
Let us prove (3.16). The minimax principle implies thatn+(λ;P (b)UP (b)), λ > 0, coin-
cides with the maximum dimension of the linear subsets ofKer (H1(b)) = Ker a(b) (see
(1.6)) whose non-zero elementsu satisfy the inequality∫

R2

U |u|2dx > λ

∫
R2

|u|2dx.

Since the multiplication byeϕ̃ is a bijection fromKer a(b) onto Ker a(b0), we find that
n+(λ;P (b)UP (b)), λ > 0, coincides with the maximum dimension of the linear subsets of
Ker H(b0) = Ker a(b0) (see (1.6)) whose non-zero elementsw satisfy the inequality∫

R2

Ue−2ϕ̃|w|2dx > λ

∫
R2

e−2ϕ̃|w|2dx. (3.17)

Evidently, (3.17) implies the inequality
∫

R2 U |w|2dx > λe−2 osc ϕ̃
∫

R2 |w|2 dx, and follows
from the inequality

∫
R2 U |w|2dx > λe2 osc ϕ̃

∫
R2 |w|2 dx. Now, the validity of (3.16) is a

direct consequence of the minimax principle, and the fact thatn+(t;P (b0)UP (b0)), t > 0,
coincides with the maximum dimension of the linear subsets ofKer H1(b0) = Ker a(b0)
whose non-zero elementsw satisfy the inequality

∫
R2 U |w|2dx > t

∫
R2 |w|2dx.
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Proposition 3.3. [Rai.War, Theorem 2.1, Proposition 3.1 withq = 0] Let b0 > 0. Suppose
that 0 ≤ U ∈ L∞(R2) obeys the asymptoticslnU(x) = −κ|x|2β(1 + o(1)) as |x| → ∞
with some constantκ > 0 andβ > 0. Then we have

lim
λ↓0

n+(λ;P (b0)UP (b0))

| lnλ|1/β
=

b0
2κ1/β

, 0 < β < 1,

lim
λ↓0

n+(λ;P (b0)UP (b0))

| lnλ|
=

1

ln(1 + 2κ/b0)
, β = 1,

lim
λ↓0

n+(λ;P (b0)UP (b0))

(ln | lnλ|)−1| lnλ|
=

β

β − 1
, β > 1.

Proposition 3.4. [Rai.War, Theorem 2.2, Proposition 3.2 withq = 0] Let b0 > 0. Suppose
that 0 ≤ U ∈ L∞(R2) has a compact support, andU ≥ C > 0 on an open non-empty
subset ofR2. Then we have

lim
λ↓0

n+(λ;P (b0)WP (b0))

(ln | lnλ|)−1| lnλ|
= 1.

Now the result of Theorem 2.3 follows from Propositions 3.1, 3.2, and 3.3, while the result
of Theorem 2.4 is a corollary from Propositions 3.1, 3.2, and 3.4.
3.4. This subsection contains some auxiliary results which will be essentially used in the
following one where we prove Theorem 2.1.
ForT > 0 andτ ∈ R2 denote byHD

T,τ (respectively,HN
T,τ ) the self-adjoint operator(−i∇−

A)2 − b defined on the Sobolev spaceH2
(
τ +

(
−T

2
, T

2

)2
)

with Dirichlet (respectively,

Neumann) boundary conditions. The non-decreasing function%b : R → [0,∞) is called
integrated density of states (IDS)for the operatorH1(b) if it satisfies

%b(t) = lim
T→∞

T−2N(t;HD
T,τ ), τ ∈ R2, (3.18)

in the vague sense, i.e. at its continuity pointst ∈ R (see [P.Fi], [K]). If b = b0 > 0, then
the IDS%b0 exists and its explicit expression is well-known (see e.g. [CdV]):

%b0(t) =
b0
2π

∞∑
k=0

θ(t− 2kb0), t ∈ R, (3.19)

whereθ(t) :=

{
0 if t < 0,
1 if t > 0,

is the Heaviside function.

Lemma 3.1. [D.Iw.Mi, Theorem 1.2]Let b be an admissible magnetic field. Then the ex-
istence of the vague limit(3.18) is equivalent to the existence of any of the following two
limits

%b(t) = lim
T→∞

T−2N(t;HN
T,τ ), τ ∈ R2, (3.20)

10



%b(t) = lim
T→∞

T−2 Tr χT,τP(−∞,t)(H1) χT,τ , τ ∈ R2, (3.21)

at the continuity points oft ∈ R2 of %b(t). HereχT,τ denotes the characteristic function

of the domainτ +
(
−T

2
, T

2

)2
, and as indicated in Subsection 2.1,P(−∞,t)(H1) denotes the

spectral projection of the operatorH1 (see(1.1)) corresponding to(−∞, t), t ∈ R.

Lemma 3.2. Let b be an admissible almost periodic magnetic field withb0 > 0. Then the
IDS%b exists, and we have

%b(t) =

{
0 if t < 0,
b0
2π

if 0 < t < λ0.
(3.22)

Proof. At first we prove the existence of the IDS.
Let Ω be the Bohr compactification ofR2 (see [Shu 1, Section 1]). We recall thatΩ is a
compact Abelian group, and there exists a continuous homomorphismι : R2 → Ω such that
ι(R2) is dense inΩ. As in R2, we will denote by “+” the group operation inΩ, and by−ω
– the element inverse toω ∈ Ω. Note thatι induces an isomorphism betweenCAP (R2)
andC(Ω). In particular, for eachf ∈ CAP (R2) there exists a uniqueg ∈ C(Ω) such that
f(x) = g(ι(x)), x ∈ R2; we will call g the extension by continuity off .
Let µ be the normalized Haar measure onΩ, andF be theσ-algebra of the corresponding
µ-measurable subsets ofΩ. Then(Ω,F , µ) is a probabilistic space.

SetA0 = (A0,1, A0,2) :=
(
−∂ϕ0

∂x2
, ∂ϕ0

∂x1

)
=

(
− b0x2

2
, b0x1

2

)
, Ã = (Ã1, Ã2) :=

(
− ∂ϕ̃

∂x2
, ∂ϕ̃

∂x1

)
. Note

thatÃj ∈ CAP (R2), j = 1, 2, b ∈ CAP (R2). Denote byα̂j, j = 1, 2, andβ̂, the extension
by continuity of the functions̃Aj, j = 1, 2, andb, respectively. Set

αω,j(x) := α̂j(ω + ι(x)), j = 1, 2, βω(x) := β̂(ω + ι(x)), ω ∈ Ω, x ∈ R2,

as well asαω := (αω,1, αω,2). OnD(H1) define the operator

Hω := (−i∇−A0 − αω)2 − βω =

(−i∇−A0)
2 − 2αω. (−i∇−A0) + |αω|2 − βω, ω ∈ Ω.

Evidently, the operator family{Hω}ω∈Ω is continuous with respect toω ∈ Ω in the norm
resolvent sense, andHι(0) = H1.
Further, forξ ∈ R2 introduce the unitary operatorUξ : L2(R2) → L2(R2) by

(Uξf) (x) = e
i
2
b0(ξ1x2−x1ξ2)f(x− ξ), x ∈ R2, f ∈ L2(R2). (3.23)

The operatorsUξ, ξ ∈ R2, commute with−i∂/∂xj − A0,j, j = 1, 2. Hence,

UξHωU∗ξ = HTξω (3.24)

whereTξω := ω − ι(ξ), ω ∈ Ω, ξ ∈ R2. It is clear that{Tξ}ξ∈R2 is an ergodic family of
measure preserving automorphisms ofΩ (see [P.Fi], [K]).
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For T > 0 andτ ∈ R2 denote byHD
ω,T the self-adjoint inL2

(
τ +

(
−T

2
, T

2

)2
)

operator

(−i∇−A0 − αω)2 − βω with domainDom
(
HD

1,T

)
. Arguing as in [K, Section 7] (see also

[U 2, Lemma 3.1]), we find that the vague limit%b := limT→∞ T−2N
(
.;HD

ω,T,τ

)
exists for

µ-almost everyω ∈ Ω and everyτ ∈ R2, and is independent ofω andτ .
Due to the norm resolvent continuity of{Hω}ω∈Ω with respect toω ∈ Ω, and the fact that
ι(R2) is dense inΩ, we easily find that the IDS%b exists foreveryω ∈ Ω.
Let us now prove (3.22). Setbs := b0 + sb̃, s ∈ [0, 1], so that we haveb = b1. Note that
bs is an admissible almost periodic magnetic field whose mean value is equal tob0 for each
s ∈ [0, 1]. Fix s ∈ [0, 1]. The fact that%bs(t) = 0 if t < 0 follows immediately from (3.21)
and the fact thatinf σ(H1(bs)) = 0. Similarly, (3.21) implies that%bs is constant on the
interval(0, λ0) sinceσ(H1(bs)) does not intersect with it. Let us prove now that

%bs(t) > 0, t ∈ (0, λ0), s ∈ [0, 1]. (3.25)

To this end, we will show that

lim
T→∞

T−2Tr χT,τP(−∞,t)(H1(bs))χT,τ ≥
b0
2π
e−2s osc ϕ̃, t ∈ (0, λ0), s ∈ [0, 1], τ ∈ R2.

(3.26)
Recall thatP(−∞,t)(H1(bs)) = P{0}(H1(bs)) is the orthogonal projection to the weighted
holomorphic subspace ofL2(R2) defined in (1.8). It is well-known that its integral kernel
Kbs(x, y) is a continuous function of(x, y) ∈ R2 × R2 (see e.g. [H, Theorem 2.3]). Hence,
for t ∈ (0, λ0) ands ∈ [0, 1], we have

Tr χT,τP(−∞,t)(H1(bs))χT,τ = Tr χT,τP{0}(H1(bs))χT,τ =

∫
τ+(−T

2
, T
2 )

2
Kbs(x, x) dx.

(3.27)
We will prove that

Kbs(x, x) ≥
b0
2π
e−2s osc ϕ̃, x ∈ R2, s ∈ [0, 1], τ ∈ R2, (3.28)

which will imply (3.26), and hence (3.25). Introduce the functions

φk(x) :=

√
b0

2πΓ(k + 1)

(
b0
2

)k/2

(x1 + ix2)
k e−ϕ0(x), k ∈ Z+, x ∈ R2, (3.29)

which constitute an orthonormal inL2(R2) basis ofKer H1(b0) = Ker a(b0) (see e.g.
[Rai.War]). Since the multiplication bye−sϕ̃ is a bijection fromKer a(b0) on Ker a(bs),
s ∈ [0, 1], the functions

{
e−sϕ̃φk

}∞
k=0

constitute a basis inKer a(bs), s ∈ [0, 1]. Let
M = M(s) : l2(Z+) → l2(Z+) be the operator given in the canonic basis ofl2(Z+) by
the matrix{mjk}∞j,k=0 with mjk :=

∫
R2 e

−2sϕ̃φjφk dx, j, k ∈ Z+, s ∈ [0, 1]. It is easy to see
thatM is self-adjoint, and

inf
y∈R2

e−2sϕ̃(y) ≤ inf σ(M(s)) ≤ supσ(M(s)) ≤ sup
y∈R2

e−2sϕ̃(y), s ∈ [0, 1]. (3.30)
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SetR(s) := M(s)−1/2, s ∈ [0, 1]. Then (3.30) entails

inf σ(R(s)) ≥ inf
y∈R2

esϕ̃(y), s ∈ [0, 1]. (3.31)

Let {rjk}∞j,k=0 be the matrix of the operatorR in the canonic basis ofl2(Z+). Put

ψj(x) := e−s ϕ̃(x)

∞∑
k=0

rjkφk(x), x ∈ R2, j ∈ Z+.

Then{ψj}∞j=0 is an orthonormal inL2(R2) basis ofKer a(bs), and

Kbs(x, x) =
∞∑

j=0

|ψj(x)|2 = e−2s ϕ̃(x)‖Rφ(x)‖2
l2(Z+) (3.32)

whereφ(x) := {φk(x)}∞k=0 ∈ l2(Z+), with x ∈ R2 being fixed (see [H, Theorem 2.4]).
Combining (3.32) with (3.31) and the obvious equality

∑∞
k=0 |φk(x)|2 = b0

2π
, valid for each

x ∈ R2, we get

Kbs(x, x) ≥ inf
y∈R2

e−2sϕ̃(y)‖Rφ(x)‖2
l2(Z+) ≥ inf

y∈R2
e−2sϕ̃(y) inf

y∈R2
e2sϕ̃(y) ‖φ(x)‖2

l2(Z+) =

e−2s osc ϕ̃

∞∑
k=0

|φk(x)|2 = e−2s osc ϕ̃ b0
2π
, x ∈ R2.

Thus we obtain (3.28), and hence (3.25). In particular, we have found that the interval(0, λ0)
is a part of a gap in the support of%bs , and the lower end of this gap coincides with the origin
for all s ∈ [0, 1].
In order to complete the proof of (3.22), it suffices to show that the valueJ1 of the jump of
%b(t) at t = 0 is equal to b0

2π
. Using the resolvent identity, it is not difficult to check that

the operator familyH1(bs), s ∈ [0, 1], is continuous in the norm-resolvent sense. Then, a
gap-labelling lemma of J.Bellissard (see [Bel, Proposition 4.2.5]) implies that the valueJs

of the jump of%bs(t) at t = 0 is independent ofs ∈ [0, 1]. In particular,J1 = J0, and
J0 = b0

2π
by (3.19).

Remarks: i) In the case whereb is a Γ-periodic magnetic field withb0 > 0 such that the
flux (2π)−1

∫
R2/Γ

bdx is rational, the existence of the IDS%b as well as the validity of (3.22)
follows directly from the results of [Dub.Nov].
ii) The existence of the IDS of general elliptic partial differential with smooth almost peri-
odic coefficients has been proved in [Shu 2]; note, however, that not all the coefficients of
H1 are almost periodic because of the linear partA0 of the magnetic potential.
The existence of the IDS for various Schrödinger operators with ergodic electric poten-
tials, and deterministic or random magnetic fields has been considered in [Bel], [Ma], [U 1],
[Hu.Le.M.W], [U 2].
As a by-product of Lemma 3.2 we obtain the following result concerning the theory of the
weighted holomorphic spaces.
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Corollary 3.1. Letb be as in Lemma 3.2. Let, as above,Kb be the integral kernel of the spec-
tral projectionP{0}(H1(b)) which coincides with the orthogonal projection ontoKer a(b)
(see(1.8)). Then we have

lim
T→∞

T−2

∫
τ+(−T

2
, T
2 )

2
Kb(x, x) dx =

b0
2π
, τ ∈ R2.

Proof. It suffices to combine (3.21), (3.27) withs = 1, and (3.22).

Lemma 3.3. Assume that the hypotheses of Theorem 2.1 hold. LetE ∈ (0, λ0). Then

lim
g→∞

g−2/αn+(g−1; |V11|1/2(E −H1)
−1|V11|1/2) =

∫ E

−∞

∣∣{x ∈ R2
∣∣v11(x/|x|)|x|−α > E − t

}∣∣ d%b(t) = E−2/α b0
4π

∫
S1

v11(s)
2/αds. (3.33)

Sketch of the proof: The generalized Birman-Schwinger principle entails

n+(g−1; |V11|1/2(E −H1)
−1|V11|1/2) =

∑
0<g′<g

dim Ker (H1 + g′|V11| − E) . (3.34)

Hence, (3.33) could be regarded as a result on the large coupling constant asymptotics of
the discrete spectrum of a positively perturbed Schrödinger operator, situated in a gap of its
essential spectrum. There are numerous results in this respect due to S. Alama, P. Deift, R.
Hempel, and more recently, to S. Z. Levendorskii. In general, these results can be formulated
as follows. LetS be a Schr̈odinger operator acting inL2(Rd), d ≥ 2, for which the IDSρ
exists. LetE ∈ R \ σ(S). Assume thatW ∈ L∞(Rd) satisfiesW ≥ 0 and

W (x) = |x|−αw(x/|x|)(1 + o(1)), |x| → ∞,

with someα > 0 and0 < w ∈ C(Sd−1). Then we have

lim
g→∞

g−d/α
∑

0<g′<g

dim Ker (S + g′W − E) =

∫ E

−∞

∣∣{x ∈ Rd
∣∣w(x/|x|)|x|−α > E − t

}∣∣ dρ(t). (3.35)

The first result of this type was published in [Al.Dei.Hem] for the case whereS = −∆ + V
with bounded electric potentialV. In [Lev, Theorem 1.2] asymptotic relation (3.35) was
proved forS = (−i∇−A)2 +V with boundedV and magnetic potentialA which generates
a non-zero constant magnetic field. In [Hem.Lev] this result was implicitly extended to
magnetic potentialsA with bounded first-order derivatives: – although (3.35) was not stated
explicitly, the main lemma needed for the proofs in [Lev] was generalized for this class of
magnetic potentials (compare [Lev, Lemma 2.9] with [Hem.Lev, Lemma 2.3]). Note that
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thanks to Lemma 3.1, and especially to (3.20), the argument in [Lev] could be simplified.
Taking into account (3.34), we find that (3.33) is a special case of (3.35) withS = H1(b) =
(−i∇−A)2−b andW = |V11|. Sincesupx∈R2 |Dηϕ(x)| is finite for |η| = 2, and by Lemma
3.2 the IDSρ = %b exists, we can apply the general results of [Lev] and [Hem.Lev].
Finally, in order to evaluate the first integral in (3.33), we note that∣∣{x ∈ R2

∣∣v11(x/|x|)|x|−α > E − t
}∣∣ =

(E − t)−2/α

2

∫
S1

v11(s)
2/αds, t < E,

and then apply (3.22). �

Lemma 3.4. [Iw.Tam, Lemma 1.4]Let b be an admissible magnetic field. LetU : R2 → R
satisfy|U(x)| ≤ CWm(x) and |∇U(x)| ≤ CWm+1(x) for eachx ∈ R2 and somem > 0,
C > 0. Then the commutatorC := [P (b), U ] := P (b)U − UP (b) admits the representation

C = BWm+1 (3.36)

whereB : L2(R2) → L2(R2) is a bounded operator.

Lemma 3.5. Let b be an admissible magnetic field withb0 > 0. LetU : R2 → R satisfy
|U(x)| ≤ CWm(x), x ∈ R2, for somem > 0, C > 0. Then the operatorP (b)UP (b) is
compact, and we have

n±(t;P (b)UP (b)) = O(t−2/m), t ↓ 0. (3.37)

Proof. Bearing in mind (3.16), and applying the minimax principle, we find that it suffices
to show that

n+(t;P (b0)WmP (b0)) = O(t−2/m), t ↓ 0. (3.38)

Due to the radial symmetry of the functionWm, the non-zero eigenvalues of the operator
P (b0)WmP (b0) coincide withνk := 〈Wmφk, φk〉, k ∈ Z+, where the functionsφk, k ∈ Z+

are defined in (3.29). Hence,

νk =
1

Γ(k + 1)

(
b0
2

)k+1 ∫ ∞

0

e−b0r/2rk(1 + r)−m/2 dr, k ∈ Z+,

which impliesνk ≤
(

2
b0

)−m/2
Γ(k+1−m/2)

Γ(k+1)
for k ∈ Z+ such thatk > m

2
− 1. Utilizing

the asymptotic relationlimk→∞ km/2 Γ(k+1−m/2)
Γ(k+1)

= 1 (see [Ab.St, Eq. 6.1.46]), we find

that for eachε > 0 there existsZ 3 Kε > max
{
0, m

2
− 1

}
such that we haveνk ≤

(1 + ε)(2k/b0)
−m/2 provided thatk ≥ Kε. Therefore,

n±(t;P (b)UP (b)) ≤ #{k ∈ N|(1 + ε)(2k/b0)
−m/2 > t}+Kε

≤ (1 + ε)2/mb0 t
−2/m/2 +Kε, t > 0,

which implies (3.38).
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Remark: A result similar to Lemma 3.5 is contained in [Iw.Tam, Proposition 2.3]. There,
however, the assumptions onb are essentially different from ours.

Corollary 3.2. Let b be an admissible magnetic field withb0 > 0. LetU : R2 → R satisfy
the hypotheses of Lemma 3.4. Then we have

n∗(t;P (b)UQ(b)) = O(t−2/(m+1)), t ↓ 0, (3.39)

n∗ being the counting function defined in(2.2).

Proof. Evidently,

n∗(t;P (b)UQ(b)) = n∗(t;P (b)CQ(b)) ≤ n∗(t;P (b)C) = n∗(t; CP (b)), t > 0.

Applying Lemma 3.4, we find that the following estimates

n∗(t; CP (b)) = n∗(t;BWm+1P (b)) ≤

n∗(t; ‖B‖Wm+1P (b)) = n+(t2; ‖B‖2P (b)W2m+2P (b))

are valid for eacht > 0. Bearing in mind (3.37), we get (3.39).

3.5. In this section we complete the proof of Theorem 2.1.

Proposition 3.5. Assume that the hypotheses of Theorem 2.1 hold. Then we have

lim
λ↓0

λ2/αn+(λ;P (b)|V11|P (b)) =
b0
4π

∫
S1

v11(s)
2/αds. (3.40)

Proof. Fix E ∈ (0, λ0). Then (3.33) implies

lim
λ↓0

λ2/αn+(λ/E; |V11|1/2(E −H1)
−1|V11|1/2) =

b0
4π

∫
S1

v11(s)
2/αds. (3.41)

As in the proof of (3.13) we get

n+(λ/E; |V11|1/2(E −H1)
−1|V11|1/2) ≤ n+(λ;P (b)|V11|P (b)), λ > 0. (3.42)

Combining (3.41) and (3.42), we obtain

b0
4π

∫
S1

v11(s)
2/αds ≤ lim infλ↓0λ

2/αn+(λ;P (b)|V11|P (b)). (3.43)

Further, the minimax principle and the Weyl inequalities imply

n+(λ/E; |V11|1/2(E −H1)
−1|V11|1/2) ≥ n+(λ/E;P (b)|V11|1/2(E −H1)

−1|V11|1/2P (b)) ≥

n+((1 + ε)λ;P (b)|V11|1/2P (b)|V11|1/2P (b))−
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n−(ελ/E;P (b)|V11|1/2Q(b)(E −H1)
−1|V11|1/2P (b)). (3.44)

Let us estimate at first the second term at the r.h.s. of (3.44). Obviously, fort > 0 we have

n−(t;P (b)|V11|1/2Q(b)(E −H1)
−1|V11|1/2P (b)) =

n+(t; |H1 − E|−1/2Q(b)|V11|1/2P (b)|V11|1/2Q(b)|H1 − E|−1/2). (3.45)

Since‖|H1 − E|−1/2Q(b)‖ ≤ (λ0 − E)−1/2, we have

n+(t; |H1 − E|−1/2Q(b)|V11|1/2P (b)|V11|1/2Q(b)|H1 − E|−1/2) ≤

n∗(((λ0 − E)t)1/2;P (b)|V11|1/2Q(b)), t > 0. (3.46)

The combination of (3.45), (3.46), and (3.39) withm = α/2, yields

n−(ελ/E;P (b)|V11|1/2Q(b)(E−H1)
−1|V11|1/2P (b)) = O(λ−2/(2+α)) = o(λ−2/α), λ ↓ 0.

(3.47)
Now we estimate the first term at the r.h.s. of (3.44). Fort > 0 andε > 0 we have

n+(t;P (b)|V11|1/2P (b)|V11|1/2P (b)) = n+(t1/2;P (b)|V11|1/2P (b)) =

n∗(t
1/2;P (b)|V11|1/2P (b)) ≤ n∗((1 + ε)t1/2;P (b)|V11|1/2) + n∗(εt

1/2;P (b)|V11|1/2Q(b)).
(3.48)

Evidently,

n∗((1 + ε)t1/2;P (b)|V11|1/2) = n+((1 + ε)2t;P (b)|V11|P (b)), t > 0, ε > 0. (3.49)

On the other hand, Corollary 3.2 implies

n∗(εt
1/2;P (b)|V11|1/2Q(b)) = O(t−2/(2+α)) = o(t−2/α), t ↓ 0. (3.50)

Putting together (3.41), (3.44), and (3.47) – (3.50), we get

lim supλ↓0λ
2/αn+(λ;P (b)|V11|P (b)) ≤ (1 + ε)6/α b0

4π

∫
S1

v11(s)
2/αds, ε > 0. (3.51)

Lettingε ↓ 0 in (3.51), and combining this upper bound with the corresponding lower bound
(3.43), we get (3.40).

In order to complete the proof of Theorem 2.1 it remains to note that asymptotic relations
(2.5) which are equivalent to (2.4), now follow from from (3.4) – (3.5), and (3.40).
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uniqueness of the integrated density of states for Schödinger operators with
magnetic fields and unbounded random potentials, Rev. Math. Phys.13
(2001), 1547–1581.

[Iv] V.I VRII , Microlocal analysis and precise spectral asymptotics, Springer-
Verlag, Berlin, 1998.

[Iw.Tam] A.IWATSUKA , H.TAMURA , Asymptotic distribution of eigenvalues for
Pauli operators with nonconstant magnetic fields, Duke Math. J.93 (1998),
535–574.

18



[K] W.K IRSCH, Random Schr̈odinger operators. A course, In: Schr̈odinger
operators (Soendeborg, 1988), 264–370, Lecture Notes in Physics,345,
Springer, Berlin, 1989.

[Lev] S.Z. LEVENDORSKII, The asymptotics for the number of eigenvalue
branches for the magnetic Schrödinger operatorH − λW in a gap ofH.
Math. Z.223, (1996), 609–625.

[Ma] H.M ATSUMOTO, On the integrated density of states for the Schrödinger
operators with certain random electromagnetic potentials, J. Math. Soc.
Japan45 (1993), 197–214.

[P.Fi] L.PASTUR, A.FIGOTIN, Spectra of Random and Almost-Periodic Oper-
ators. Grundlehren der Mathematischen Wissenschaften297. Springer-
Verlag, Berlin etc. (1992).

[Rai] G.D.RAIKOV , Eigenvalue asymptotics for the Schrödinger operator with
homogeneous magnetic potential and decreasing electric potential. I. Be-
haviour near the essential spectrum tips, Commun. P.D.E.15 (1990), 407-
434; Errata: Commun. P.D.E.18 (1993), 1977-1979.

[Rai.War] G. D. RAIKOV, S. WARZEL, Quasi-classical versus non-classical spec-
tral asymptotics for magnetic Schrödinger operators, Rev. Math. Phys.14
(2002), 1051-1072.

[Shu 1] M.A.SHUBIN, Almost periodic functions and partial differential operators,
Russian Math. Surveys33 (1978), 1-52.

[Shu 2] M.A.SHUBIN, The spectral theory and the index of elliptic operators with
almost periodic coefficients, Russian Math. Surveys34 (1979), 109-157.

[U 1] N. UEKI, On spectra of random Schrödinger operators with magnetic
fields, Osaka J. Math.31 (1994), 177–187.

[U 2] N. UEKI, Lifschitz tail of a random Pauli Hamiltonian with an anomalous
magnetic moment, Preprint 2001 (to appear in Japan. J. Math.28 (2002)).

19


