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Abstract. We consider the Pauli operatéf(b, V') acting in L? (R?; C?). We describe a
class of oscillating magnetic fieldsor which the ground state of the unperturbed operator
H (b, 0) which coincides with the origin, is an isolated eigenvalue of infinite multiplicity. Un-
der the assumption that the matrix-valued electric potehtiahs a definite sign and decays
at infinity, we investigate the asymptotic distribution of the discrete spectruf(bfV’)
accumulating to the origin. We obtain different asymptotic formulae valid respectively in
the cases of power-like decay Bt exponential decay df, or compact support df.

1 Introduction

In the present article we consider the two-dimensional Pauli opet&iton) = H(b,0)+V
which describes a quantum non-relativistic particle of s})imbject to a magnetic field
and electric potentidl’. The unperturbed Pauli operatdi(b, 0) given by

H(b,0) := ( (=iV _OA)2 b (—iV _OA)2+b) = ( Hlo(b) Hf(b) ) (1.1)

acts inL?(R?; C?), and is essentially self-adjoint on the Schwartz cl§§R?; C?). Here

A = (A, Ay) : R? — R?%is the magnetic potential, and

04y 04
b= (1.2)

is the magnetic field. )
We will say thath : R? — R is anadmissible magnetic fielfl b = b, + b whereb, € Ris a
constant, and is such a function that the equation

Ap=1h (1.3)
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admits a solutiop € C?(R?) satisfying

sup | D'3(z)| < 00, meETE, |n| <2 (1.4)
zeR?2

A similar class of magnetic fields has been considered in [Ber.Shu, Supplement 3].

Note that if there exists a solutighof (1.3) satisfying (1.4), then Liouville’s theorem im-
plies that it is unique up to an additive constant. In order to fix this constant, we suppose
that, in addition to (1.3) — (1.4); obeys

T—o00

lim sup T_2/( e pdxr = 0. (1.5)

Nt
!

If bis admissible, then Green’s formula and (1.4) with= 1 imply

lim T‘Q/ Jbdz=1by, TER?
m+(-%.%)

T—o00

so thath, can be interpreted as the mean valué.of

Let b be an admissible magnetic field. Sef(x) = by|x|?/4, * € R?, so that we have
Apg = by. Pick  satisfying (1.3) — (1.5). Pup := ¢¢ + ¢ so thatAp = b, andA =
(Ay, Ag) = (—g—;‘;, g_:ﬁ)' Hence, %22 — 241 = Ay = b, i.e. (1.2) holds. Introduce the
operators

a=a(b) = —22’6’3"2_ e?, a* =a(b)" := —22’6“’% e ?, (1.6)

0z
wherez := z; + ix9, Z := x; — ix5. Then we have

H, =a"a, H,=aa", 1.7)

where the operatorf; = H;(b), j = 1,2, are introduced in (1.1). The operatarsnd
a* defined initially on the Schwartz clasg§R?), and then closed ih?(R?), are mutually
adjoint. Therefore,

Ker H, = Ker a = {fELQ(RQ)Lf:ge_”, %:0}, (1.8)
Ker Hy, = Ker a* = {f c L*(R?)|f = ge¥, % = 0} , (1.9)
Ker H(b,0) ={f = (f1, fo)|f1 € Ker Hy, fo € Ker Hy}. (1.10)

Note thatKer H, (respectivelyKer H;) coincides with the weighted holomorphic (respec-
tively, antiholomorphic) space of Segal-Bargmann type with weighit(respectivelye¥)
(see e.g. [H, Section 2, Subsection 3.2]).



Proposition 1.1. Letb be an admissible magnetic field. Th&n > 0, j = 1,2, and hence
H(b,0) > 0. Moreover, ifby > 0, we havedim Ker H; = oo, dim Ker Hy = 0, if
by < 0, we havedim Ker H; = 0, dim Ker Hy = oo, while in the casé, = 0 we have
dim Ker H; = dim Ker Hy = 0. Hence, ifb, # 0, we havelim Ker H(b,0) = oo, and if
by = 0, the kernel of{ (b, 0) is trivial.

Proof. The positivity of the operatord;, j = 1,2, andH (b, 0) follows from (1.7) and (1.1),
while the assertions about the deficiency indices are implied by (1.8) — (1.10). O

Since the operator§ (b,0) and H(—b, 0) are anti-unitarily equivalent under the action of

(1) (1) C whereC is the complex conjugation, it suffices to consider the
cased, > 0 andby = 0.

Proposition 1.2. Letb be an admissible magnetic field with> 0. Then0 = inf o (H (b, 0))

is an isolated eigenvalue of infinite multiplicity. More precisely, we have

(0, A) C R\ o(H(b,0)) (1.11)

the operato

with

Ao = 2bgexp (—2 osc ), (1.12)
andosc ¢ 1= sup, g2 ¢(z) — inf cre P(2)
The proof of Proposition 1.2 is contained in Subsection 3.1. Note that the proof for periodic
b with positive mean value can be found in [B], and the proof for general admigsitiké
by > 0 is essentially the same.
If by = 0, by Proposition 1.1 we havi€er H(b,0) = {0}. However, in this case it can be
shown again thanf o (H (b, 0)) = inf o (H (b, 0)) = 0.
Introduce the matrix-valued electric potential

Viz) = ( ggg ézgg ) . zeR,

whereV;; and Vs, are real-valued functions whilg;, and,; = V3, may take complex
values. Throughout the paper we assume that the opef&jpis?(—A+1)"1/2, 5,k = 1,2,

are compactirL?(R?), and thab is admissible, and hence bounded. Therefore, the operator
\V|'2(H (b,0) + 1)~ /2 is compact inL?(R?; C?). Set

H=H®0bV):=H(b0)+V

where the sum should be understood in the sense of the quadratic forms. Due to H.Weyl’s
theorem concerning the invariance of the essential spectrum under relatively compact per-
turbations, we have.(H (b, V)) = oes(H(b,0)). In particular,0 = inf o (H (b, V)) if

by > 0, and(0, A\g) C R\ oess(H (b, V)) if by > 0 (see (1.12)).

The aim of the paper to study the asymptotic distribution of the discrete spectttifb df’)

near the origin. The type of the results are quite different in the dgse<) andb, = 0. In

the present paper we will consider the case- 0, while the results fob, = 0 we will be
published in a future work.



2 Formulation of the main results

2.1. In order to formulate our main results we need the following notations.7Lbé a
linear self-adjoint operator in a Hilbert space. DenotéPbyl") the spectral projection af
corresponding to the Borel sétC R. Set

N(A1, Ao T) i=rank Py, 5y (1), A, A €R, A < Ay,
N(A\T) :=rank P (T), AeR.
If T"is compact, we will also use the notations
n+(s;T) := rank P o) (£T), s> 0. (2.1)
Finally, if 7" is a linear compact operator which is not necessarily self-adjoint, set
ny(5;T) :=n(s%TT), s>0. (2.2)

2.2. In the sequel we assundg > 0. In the following Theorems 2.1 — 2.4 we will discuss

the asymptotic behaviour of the negative or the positive discrete spectrum of the operator
H (b, V') which accumulate to the origin respectively on the left or on the right of it. For the
sake of the compact formulations of these theorems we set

N_(\) ;== N(=X\;H(b,V)), A>0,
N = NN HD,V)), 0< <N <.

Theorems 2.1 — 2.4 below contain independent assertions about the asymptotic behaviour of
N_(XN) or N (\) as) | 0 which correspond respectively to the superior or the inferior sign
wherever double signst” are met.

The main asymptotic term g¥’.()\) as) | 0 depends only on the enti; of the matrix\/

as a consequence of our choice to consider only pogijivethe caseé, # 0.

Our first theorem treats the case whéie admits a power-like decay at infinity. For the
sake of simplicity we will formulate and prove this theorem for a class of almost periodic
magnetic fields although, evidently, it remains valid for a larger class of admigs{be
[Bel]).

Let us recall that a bounded continuous functipn R — C, d > 1, is calledalmost
periodicif there exists a sequence of trigonometric polynomidis } n>1 Wherefy(z) =
SN fenem T p € RY with fr v € C, ven € RY, such thatimy o sup,epa | f(2) —
fn(x)| = 0. Then we writef € CAP(R?) (see [Shu 1]). The inclusiofi € CAP(RY) is
equivalent also to the fact thdtis bounded and continuous @, and its uniform hull is
compact (see e.g. [Shu 1, Proposition 1.2 a)).

We will say thatb is anadmissible almost periodic magnetic figfdb = b, + b, where

by € R is a constant, anb(x) := Re 32°° b,e"*, & € R?, with b, € C, v, € R?\ {0},
ne€N:={1,2,...},suchthad">", [b,|(]7.| 7>+ 1) < co. Then equation (1.3) admits the
solutiong(z) = —Re Y oo | |vn|2bn,e""", x € R?, satisfying (1.4), and)"p € CAP(R?)

for each multi-index) € Z2 with |n| < 2. Finally, the mean value af is equal to zero, so
that (1.5) holds as well.



Theorem 2.1. Letb be an admissible almost periodic magnetic field viigh> 0. Assume
that the matrix-valued potentidf satisfies the following properties:
a) the matrixtV (z), z € R?, is non-negative;
b) the operator$Vj,|'/2(—A + 1)71/2, j = 1,2, are compact in.?(R?);
c) the entryV;; € C''(R?) obeys the asymptotic estimates
Vir(z) = fon(z/[z]) |z~ (1 +o(1)), |z — oo, (2.3)

witha > 0,0 < vy; € C(SY), and|VVii(z)| = O(|z|~*~1) as|z| — co. Then we have
bo 9
Ni()) :%HxER |£Vi(z) > A (1+0(1)), A0, (2.4)

where|.| denotes the Lebesgue measure.
Remark Under the hypotheses of Theorem 2.1 asymptotic relation (2.4) is equivalent to

b
. 2/a _ 0 2/
liimo NTENL(N) in /S1 v11(8)“ ds. (2.5)

Results quite similar to that of Theorem 2.1 in the caseaoistantmagnetic field were ob-
tained in [Rai] (see also [lv, Chapter 11]) where the $dimger and not the Pauli operator
was considered; in the case of constambwever this difference is not essential. Let us men-
tion here another result due to A. lwatsuka and H. Tamura which influenced considerably

the present paper. Fare R?, m € R, set(z) := (1 + |z[2)"/%, Wi, (z) == (z)~™.
Theorem 2.2. Assume that the inequalities
¢ < b(x) < e, (2.6)

IVb(z)| < csWin(2), (2.7)

hold for eachz € R?, somem € (0, 1], and some constants > 0, j = 1,2,3. LetV
be multiple of the unit matrix, i.eVy; = Vay = Vg, andVj, = 0, j # k. Suppose that
0 < £V, € CY(R% R) satisfies the asymptotic estimates

Vo(x) = Fvo(a/[z])]z|~*(1 +o(1)),  |2| — oo,

witha > 0,0 < vy € C(SY), and|VVy(z)| = O(|z|~*7 1Y),

x| — oo. Then we have

-
2T J{wer2 |+ Vo (z)>A}

The result of Theorem 2.2 concernitg_(\) essentially coincides with [Iw.Tam, Theo-
rem 1(i)], and the one concernidd, (\) — with [lw.Tam, Theorem 1(ii)]. Let us compare
Theorem 2.2 with Theorem 2.1. First, (2.6) implies that the magnetic fields considered in
Theorem 2.2 should be strictly positive while no such restriction is imposed in Theorem

Ni(N) b(z)dz (1+0(1)), A0 (2.8)
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2.1. Moreover, due to (2.7), Theorem 2.2 does not include the case of almost periodic non-
constant magnetic fields. However,bifis an arbitrary admissible magnetic field, and
satisfies the assumptions of Theorem 2.2, then

/ b(z)dx = by [{z € R*|£Vo(z) > A} (1 +0(1)), ALO,
{zeR2|£Vy(z)>A}

i.e. in this case the right-hand sides of (2.8) and (2.4) coincide.
In the following two theorems we treat potentid#svhich decay exponentially fast or have
a compact support.

Theorem 2.3.Letb be an admissible magnetic field with> 0. Assume that conditions a)
and b) of Theorem 2.1 hold. Suppose thgte L>°(R?) obeys the asymptotics

In(£Vii(2)) = =kl (1+0(1)),  |z] — o0,

with some constants > 0 and > 0. Then

O N:(A) b
W s =g 0P <L @9)
NaOV | B
M TN~ W 2nb) P h (2.10)
N () __F 8> 1. (2.11)

I _
A0 (In[In A~ A| ~ B—1

Theorem 2.4. Letb be an admissible magnetic field with > 0. Assume that conditions
a) and b) of Theorem 2.1 hold. Suppose that € L>°(R?) has a compact support, and
+V1; > C > 0 on an open non-empty subseff®?f Then we have

. NL(N)
im
A0 (In|In M)~ 1In Al

_ 1. (2.12)

Remark Under the assumptions of Theorem 2.3 we have

1/8
[{z e R*[£Vii(z) > A }| = |m$L (I+o(1), AL0,

for eachs > 0, while under the assumptions of Theorem 2.4 we have
{z e R*[£Vii(z) > A} =0(1), A0,

Hence, the only asymptotic relation amongst (2.9) — (2.12) which could be re-written in a
form analogous to (2.4), is the first one, namely (2.9).

Results similar to those of Theorems 2.3 — 2.4 in the case of thé&alger operator with
constantmagnetic field can be found in the recent work [Rai.War].

6



3 Proof of the main results

3.1. In this subsection we prove Proposition 1.2. DenotéPby= P(b) : L*(R* C?) —
L?*(R%*; C?) the orthogonal projection ontier H(b,0), and byP = P(b) : L*(R?) —
L?(R?) — the orthogonal projection onféer H;. SetQ := Id — P, andQ := Id — P. Note
thatP andQ admit the matrix representatiol’s= ( 103 8 ) Q= ( %2 I?i ) Further,
the restriction of the operatdi; onto () Dom(H,) is unitarily equivalent to the operator
H, (see (1.7)). Moreover, (1.6) — (1.7) imply

J (e %u)
0z

2

dr, wu € Dom(H(b)), (3.1)

(Hy(b)u, u) = [|a” ()l 2agae) = 4 /

RQ

where(.,.) denotes the scalar product Irf(R?). Thus we find that in order to prove that
(1.11) holds, it suffices to show that the inequality

0 (e %u)
2¢
4 \/]RQ c 82

is valid for eachu € Dom(a*(b)) = Dom(H,(b)'/?) sinceDom(Hy (b)) C Dom(a*(b)).
Moreover, the multiplication by~ is a bijection fromDom(a*(b)) ontoDom(a* (b)) (ac-
tually, since% is boundedDom(a*(b)) andDom(a*(by)) coincide as functional sets, but
we will not use this fact here). Changing the functional variable ¢?w in (3.2), we find
that this inequality is equivalent to

4/ 62g0 3(6—900w)
R2 82
Hence, (3.2) would follow from the inequality
4/ 62900 8(6_(;011))
R2

0z
inf

2
dx > Xo / lu|?dx (3.2)
R2

2

dx > X / e*|w|*dz, w € Dom(a*(by)).
R2

2

dx > 2bg lw*dz, w € Dom(a*(by)), (3.3)

RQ

g2 €29
€T

Sincer == Qbom (See (112))
z€R

Taking into account (3.1) with = b, and the well-known fact thahf o (H(by)) = 2b, (See

e.g. [Av.Her.Si]), we immediately get (3.3).

3.2.In this subsection we establish some estimates which allow us to reduce the asymptotic
analysis of\,.(\) as\ | 0to the investigation of the discrete spectrum of compact operators
of Toeplitz type.

Proposition 3.1. Lete € (0, 1). Then under the hypotheses of Theorems 2.1, 2.3, or 2.4, we
have
n_ (X PViP) < N-(A) <n_((1—)A; PV P) +0(1), A0, (3.4)

ny((1+e)A\ PV P) +0(1) < Ny (A) <ny (N PV P), A0, (3.5)
n. being the counting functions defined(ih1l).
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Proof. At first we prove (3.4). By the Birman-Schwinger principle
N_(A) = N(=X\HD,V)) = n_(1; (H(,0)+X) Y2V (H(b,0)+X)"?), X>0. (3.6)
Next, the minimax principle implies
n_(1; (H(b,0) + \) "2V (H(b,0) + \) /%) >
n_(1;P(H(b,0) + \) Y2V (H(b,0) + \)"Y/?P) =
n_(\PVP) =n_(\; PV P), X>0, (3.7)
which yields the lower bound in (3.4). On the other hand, siice 0, we have
n_(1: (H(b,0)+ \)"Y2V(H(b,0) + N)~?) <
n_(1; (14 6)P(H(b,0) + N\) Y2V (H(b,0) + \)~V?P) +
n_(1;(1+ 0 HQ(H(b,0) + N2V (H(D,0) + \)"2Q), A>0, 6>0. (3.8)
Fix e € (0,1) and pické = ¢/(1 — ¢). Then we get
n_(1; (14 6)P(H(b,0) + N\)"Y2V(H(b,0) + \)"2P) =n_((1 — &)\; PV;1P), (3.9)
for each\ > 0, ¢ € (0, 1). Finally, we show that
n_(1; (146 HQ(H(b,0) + N2V (H(b,0) + \)"2Q) = 0(1), X]0. (3.10)

for eachd > 0. Evidently, there exists a constafitindependent of\ > 0 such that
IQ(H (b,0) + X\)~Y2(H(b,0) + 1)'/2|| < C. Therefore,

n_(t; Q(H(b,0) + X) "2V (H(b,0) + \)*Q) <

n_(t; C*(H(b,0) +1)"Y2V(H(b,0) + 1)"%), ¢ >0. (3.11)

Since the operatdi/|'/2(H (b, 0) +1)~/2 is compact, (3.11) implies (3.10). Now the upper
bound in (3.4) follows from (3.6), (3.8), (3.9), and (3.10).

Letus now prove (3.5). The generalized Birman-Schwinger principle (see e.g. [Al.Dei.Hem,
Theorem 1.3]) entails

N_(N) = NN H(b,V)) =ny (1, VY2(N = H(b,0)) ' V2) -

ny (L, V2N = H(b,0)7'VY2) — dim Ker (H(b,0) — ), 0< A< X <)X (3.12)

The compactness of the operatol’2(H (b, 0) + 1)~/2 easily implies that the second and
the third term on the right-hand side of (3.12) which are independeitef0, are finite.
Further, sincé\ — H(b,0))™* < P(A\ — H(b,0))"' = A7'P, we have

ny (VY20 = H(D,0)7'V2) <ny (L VIPPVY2)

8



= ny (N PVP) = n(\; PV, P), A > 0. (3.13)

On the other hand, the H. Weyl's inequalities for the eigenvalues of compact self-adjoint
operators imply
ny(1; VY2(\ = H(b,0)) V%) >

n((1+¢e); VY2P(\— H(b,0)) VY2 —n_(e; VI2Q(\ — H(b,0)) 1 V1/?) =
n((L+e)As PV P) —ny (5 QIH(,0) = A|72VIH(0,0) = A[72Q).  (3.14)
By analogy with (3.10), we can show that
ny (g3 QIH(b,0) — A|7Y2V|H(D,0) — A|7?Q) = O(1), A 0. (3.15)
Putting together (3.12) — (3.15), we get (3.5). H
3.3.In this subsection we prove Theorems 2.3 and 2.4.

Proposition 3.2. Let) be an admissible magnetic field with> 0. LetU : R? — [0, +00).
Assume that the operatdf!/?(—A + 1)~*/2 is compact. Then the operatof¥b)U P(b)
and P(bo)U P(by) are compact as well, and we have

n(exp(2ose §)A; P(bo)UP(bo)) < (X P(O)UP(D)) <
n(exp(—2osc @)A; P(bg)UP(by)), A > 0. (3.16)
Proof. The compactness of the operators follows easily from
UY2P(b) = UY2(H,(b) + 1)"Y2P(b), UY2P(by) = UY2(Hy(bo) + 1)~ P(by),

and the diamagnetic inequality (see [Av.Her.Si, Theorem 2.2]).

Let us prove (3.16). The minimax principle implies that(\; P(b)UP(b)), A > 0, coin-
cides with the maximum dimension of the linear subsetKaf (H,(b)) = Ker a(b) (see
(1.6)) whose non-zero elemenisatisfy the inequality

/ Ulu*dz > )\/ lu|?dz.
R? R?

Since the multiplication by? is a bijection fromKer a(b) onto Ker a(b,), we find that
n(A; P(O)UP(D)), A > 0, coincides with the maximum dimension of the linear subsets of
Ker H(by) = Ker a(by) (see (1.6)) whose non-zero elementsatisfy the inequality

/ Ue *|w*dz > )\/ e 2 |w|*dx. (3.17)
R2 R2

Evidently, (3.17) implies the inequalitf,, Ulw[*dz > e 2% [L, |w|? dz, and follows
from the inequality [, Ulw|*dz > Ae?°*? [L, |w]?* dz. Now, the validity of (3.16) is a
direct consequence of the minimax principle, and the factithét; P(by)U P (b)), t > 0,
coincides with the maximum dimension of the linear subsetsa@f H; (b)) = Ker a(by)
whose non-zero elemenissatisfy the inequalityf,, Ulw|*dz > ¢ [, [w|*dz. O

9



Proposition 3.3. [Rai.War, Theorem 2.1, Proposition 3.1 with= 0] Letb, > 0. Suppose
that0 < U € L*°(R?) obeys the asymptotids U(z) = —«|z|*’(1 + o(1)) as|z| — oo
with some constant > 0 and > 0. Then we have

IA%I | In A[1/8 2R 0<b<1,
(N P(bo)UP(by)) 1
| _ =1
Alo [T ) i+ 2efh)
. ni(\; P(bo)UP(by)) 8 3> 1.

A0 (In|InA)~YInA|  B—1

Proposition 3.4. [Rai.War, Theorem 2.2, Proposition 3.2 with= 0] Letb, > 0. Suppose
that0 < U € L*°(R?) has a compact support, add > C > 0 on an open non-empty
subset ofR?. Then we have

lim n (A P(bo)WP(bo)) _
A0 (In]|In A=t In Al

Now the result of Theorem 2.3 follows from Propositions 3.1, 3.2, and 3.3, while the result
of Theorem 2.4 is a corollary from Propositions 3.1, 3.2, and 3.4.

3.4. This subsection contains some auxiliary results which will be essentially used in the
following one where we prove Theorem 2.1.

ForT > 0 andr € R* denote byH 7 (respectiverH{F‘fT) the self-adjoint operatdriV —

A)? — b defined on the Sobolev spat¥ (7’ + (—%, %)2> with Dirichlet (respectively,
Neumann) boundary conditions. The non-decreasing fungfjonR — [0, co) is called

integrated density of states (ID®Y the operatoi/, (b) if it satisfies

oo(t) = lim T>N(t; HY,), 7€ R? (3.18)

T—o00

in the vague sense, i.e. at its continuity poinhts R (see [P.Fi], [K]). Ifb = by > 0, then
the IDS gy, exists and its explicit expression is well-known (see e.g. [CdV]):

on(t) = 5 - > 0t —2kb), tER, (3.19)
k=0
whered(t) := { (1) i i i 8’ is the Heaviside function.

Lemma 3.1. [D.lw.Mi, Theorem 1.2]Letb be an admissible magnetic field. Then the ex-
istence of the vague lim{8.18)is equivalent to the existence of any of the following two
limits

o(t) = lim T2N(t; HY,), 7€ R? (3.20)

T—o0
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op(t) = lim T7* Tt x7, P ny(Hi) X7,y T ER?, (3.22)

T—o0
at the continuity points of € R? of g,(¢). Here yr, denotes the characteristic function

of the domainr + (—Z, %)2 and as indicated in Subsection 2B, .. (H;) denotes the

spectral projection of the operatdi; (see(1.1)) corresponding td—oo, t), t € R.

Lemma 3.2. Letb be an admissible almost periodic magnetic field with> 0. Then the
IDS o, exists, and we have

ov(t) = { 2—2 1fif to<<07t < Xo. (3.22)
Proof. At first we prove the existence of the IDS.

Let © be the Bohr compactification d&> (see [Shu 1, Section 1]). We recall tHatis a
compact Abelian group, and there exists a continuous homomorphisth — € such that
(R?) is dense in). As in R?, we will denote by “+” the group operation i, and by—w

— the element inverse o € . Note that. induces an isomorphism betweéM P(RR?)
andC (). In particular, for eaclf € C AP(R?) there exists a unique € C(£2) such that
f(z) = g(u(x)), z € R* we will call g the extension by continuity of.

Let ;. be the normalized Haar measure ©@nand.F be thes-algebra of the corresponding
u-measurable subsets @f Then(Q2, F, i) is a probabilistic space.

SetAO = (AOJ,A()Q) = (—M %> = (_boﬂ M), A: (Al,AQ) = <—% %> Note

Oxo? Ox1 2 7 2 Oxs? Ox1
thatA; € CAP(R?), j = 1,2,b € CAP(R?). Denote byi;, j = 1,2, and, the extension
by continuity of the functions!;, j = 1,2, andb, respectively. Set

~

(@) = aj(w+u(x), =12, Bu(x):=PFw+i(z), we, xR
as well asy,, := (a1, 2y 2). On D(H,) define the operator
Hy = (—iV — Ag — )’ — B, =
(—iV — Ag)® — 20, (—iV — Ag) + |an > = B, we.

Evidently, the operator familyH..} ., is continuous with respect to € €2 in the norm
resolvent sense, arid, oy = H,.
Further, for¢ € R? introduce the unitary operatéf; : L?(R?) — L*(R?) by

Uef) (2) = eE R [ — ), we R, [el’®). (323
The operatorgf,, ¢ € R?, commute with—id/dz; — Ay ;, j = 1,2. Hence,
UHU; = M, (3.24)

whereZew := w — 1(€), w € , £ € R%. ltis clear that{7¢}, . is an ergodic family of
measure preserving automorphisms$xfsee [P.Fi], [K]).
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ForT > 0 and7 € R? denote byHZ . the self-adjoint inL> (T + (L, %)2> operator
(—iV — Ag — a,)* — B, with domainDom (HP;.). Arguing as in [K, Section 7] (see also
[U 2, Lemma 3.1]), we find that the vague limif := limy_.. TN (;’HE ;.,) exists for
p-almost everyo € Q and everyr € R?, and is independent af andr.

Due to the norm resolvent continuity éf<,,} .., with respect tas € €2, and the fact that
(R?) is dense irf2, we easily find that the IDg, exists foreveryw € Q.

Let us now prove (3.22). Sét := by + sh, s € [0, 1], so that we havé = b;. Note that
b, is an admissible almost periodic magnetic field whose mean value is edqydbtoeach
s € [0,1]. Fix s € [0, 1]. The fact thab,, (t) = 0 if ¢ < 0 follows immediately from (3.21)
and the fact thainf o(H;(bs)) = 0. Similarly, (3.21) implies thap,, is constant on the
interval (0, \¢) sincec(H, (b)) does not intersect with it. Let us prove now that

0n.(1) >0, te(0,N), selo1]. (3.25)

To this end, we will show that

Jim T2 X, ooy (Ha (bs))xr = %e%osc@, t € (0,)), s €[0,1], 7 € R%

(3.26)
Recall thatP(_ 4 (H1(bs)) = Py (H1(bs)) is the orthogonal projection to the weighted
holomorphic subspace df?(R?) defined in (1.8). It is well-known that its integral kernel
Ky, (z,y) is a continuous function dfr, y) € R?* x R? (see e.g. [H, Theorem 2.3]). Hence,
fort € (0, \o) ands € [0, 1], we have

Tr X1 P(o0,t) (H1(bs))X1,r = Tt X177 Pg0y (H1(bs)) X777 = / ( , Ko, (7, 2) dx.
T+(—

%)
(3.27)
We will prove that

b .
Ky (z,x) > 2—06_250““’, reR? s€0,1, 7R (3.28)
s

which will imply (3.26), and hence (3.25). Introduce the functions

/ b b k/2 .
Qbk(l‘) = Wo—f—l) (50) (Z'l + 'Ll’g)k G_L’DO(I), ke Z+, x € ]Rz, (329)

which constitute an orthonormal ih?(R?) basis ofKer H,(by) = Ker a(by) (see e.g.
[Rai.War]). Since the multiplication by~ is a bijection fromKer a(by) on Ker a(b,),
s € [0,1], the functions{e*?¢, } = constitute a basis ifer a(b;), s € [0,1]. Let
M = M(s) : I*(Z,) — I*(Zy) be the operator given in the canonic basid*¥ ) by
the matrix{m;} 5 _ with mi == [z, e7>%¢;0y d, j,k € Zy, s € [0,1]. Itis easy to see
that M is self-adjoint, and

inf e %W < info(M(s)) < supo(M(s)) < sup e W s [0,1]. (3.30)
y€R2 yER2
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SetR(s) := M(s)~%/2, s € [0,1]. Then (3.30) entails
inf 7(R(s)) > inf e?W s 0,1). (3.31)
yER?

Let {rjk};?‘;czo be the matrix of the operatdt in the canonic basis df(Z. ). Put

w](x) = 6_8@(I) erkgbk(x)v T € RQ; ] € Z+-
k=0

Then{y;}>2 is an orthonormal irL?(R?) basis of{er a(b;), and

o0

Ky (z,2) = Y |0;(2)* = e 7D Ro(2) oz, (3.32)
=0
whereg(z) = {¢p(z)} e, € 1*(Z;), with z € R? being fixed (see [H, Theorem 2.4]).
Combining (3.32) with (3.31) and the obvious equality- , [¢x(z)|* = £, valid for each
r € R?, we get

. —25¢(y) 2 . —2s¢(y) - 25¢(y) 2 _
Ko (2,2) 2 inf 290 | Ro(a) [,y 2 inf e %9 inf 0 o(a) [z, =

S

00
. )
e—280sc<p E ’¢k(x)‘2 _ 6—2505090 2;—’ r € R2'
k=0

Thus we obtain (3.28), and hence (3.25). In particular, we have found that the iritetval

is a part of a gap in the support @f , and the lower end of this gap coincides with the origin
forall s € [0, 1].

In order to complete the proof of (3.22), it suffices to show that the vajued the jump of
op(t) att = 0 is equal tog—gr. Using the resolvent identity, it is not difficult to check that
the operator family, (bs), s € [0, 1], is continuous in the norm-resolvent sense. Then, a
gap-labelling lemma of J.Bellissard (see [Bel, Proposition 4.2.5]) implies that the yalue
of the jump of g, (t) at¢ = 0 is independent o < [0, 1]. In particular,/; = Jy, and

Jo = 2 by (3.19). O

Remarks i) In the case wheré is aI'-periodic magnetic field witth, > 0 such that the

flux (27)~! fRz/r bdx is rational, the existence of the ID% as well as the validity of (3.22)
follows directly from the results of [Dub.Nov].

i) The existence of the IDS of general elliptic partial differential with smooth almost peri-
odic coefficients has been proved in [Shu 2]; note, however, that not all the coefficients of
H, are almost periodic because of the linear pegtof the magnetic potential.

The existence of the IDS for various Solinger operators with ergodic electric poten-
tials, and deterministic or random magnetic fields has been considered in [Bel], [Ma], [U 1],
[Hu.Le.M.W], [U 2].

As a by-product of Lemma 3.2 we obtain the following result concerning the theory of the
weighted holomorphic spaces.
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Corollary 3.1. Letb be asin Lemma 3.2. Let, as abo¥g,be the integral kernel of the spec-
tral projection Py (H; (b)) which coincides with the orthogonal projection orier a(b)
(see(1.8)). Then we have

b
lim T_2/ Ky(z,x)de = 2 reR?
T 500 T+(7%%)2 2m
Proof. It suffices to combine (3.21), (3.27) with= 1, and (3.22). ]

Lemma 3.3. Assume that the hypotheses of Theorem 2.1 holdELet0, \;). Then

lim g~ ny (g7 V| 2B — Hy) Vi |V?) =
g—00

E b
/ [{z € R [oni(a/[z])|z| ™ > B —t}] doy(t) = E/* = / vi(s)¥/*ds. (3.33)
Sl

oo 41

Sketch of the proofThe generalized Birman-Schwinger principle entails

ni(g 5 IVal (B = H) WVl = ) dim Ker (Hy+ ¢Vl - E). (3.34)

0<g’'<g

Hence, (3.33) could be regarded as a result on the large coupling constant asymptotics of
the discrete spectrum of a positively perturbed 8dimger operator, situated in a gap of its
essential spectrum. There are numerous results in this respect due to S. Alama, P. Deift, R.
Hempel, and more recently, to S. Z. Levendorskii. In general, these results can be formulated
as follows. LetS be a Schadinger operator acting ih?(R<), d > 2, for which the IDSp

exists. LetE € R\ ¢(S). Assume thatV € L>(R¢) satisfies’ > 0 and

W(z) = [z]"w(z/|z])(1 +o(1)), |z| — oo,
with somea > 0 and0 < w € C(S?!). Then we have

lim g~/ Z dim Ker (S+ ¢W — F) =
9700 0<g’'<g

[ 1o e R tafleblel > B -1} doto). 2.35)

The first result of this type was published in [Al.Dei.Hem] for the case wlere—A + V

with bounded electric potentidl. In [Lev, Theorem 1.2] asymptotic relation (3.35) was
proved forS = (—iV — .A)%? +V with bounded’ and magnetic potentiad which generates

a non-zero constant magnetic field. In [Hem.Lev] this result was implicitly extended to
magnetic potentialg! with bounded first-order derivatives: — although (3.35) was not stated
explicitly, the main lemma needed for the proofs in [Lev] was generalized for this class of
magnetic potentials (compare [Lev, Lemma 2.9] with [Hem.Lev, Lemma 2.3]). Note that
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thanks to Lemma 3.1, and especially to (3.20), the argument in [Lev] could be simplified.
Taking into account (3.34), we find that (3.33) is a special case of (3.35)SnithH (b) =
(—iV—A)?—bandW = |V};]. Sincesup, g2 | D"¢(x)| is finite for |n| = 2, and by Lemma
3.2the IDSp = g, exists, we can apply the general results of [Lev] and [Hem.Lev].
Finally, in order to evaluate the first integral in (3.33), we note that

(B —t)=2/

{z € B |ons(a/la]) 2] > B~ t}] = =—

/ vi1(s)¥%ds, t<E,
St

and then apply (3.22). O

Lemma 3.4. [lw.Tam, Lemma 1.4Letb be an admissible magnetic field. ét: R*? — R
satisfy|U(z)| < CW,,(x) and |VU ()| < CW,,,1(z) for eachz € R? and somen > 0,
C' > 0. Then the commutatdt := [P(b), U] := P(b)U — U P(b) admits the representation

C = BWi (3.36)
whereB : L?(R?) — L*(R?) is a bounded operator.

Lemma 3.5. Let b be an admissible magnetic field with > 0. LetU : R? — R satisfy
|U(z)| < CW,,(z), z € R?, for somem > 0, C' > 0. Then the operatoP (b)U P(b) is
compact, and we have

ny(t; P(B)UP(D)) = O(t~™), t]0. (3.37)

Proof. Bearing in mind (3.16), and applying the minimax principle, we find that it suffices
to show that

ny (t; P(bo) W, P(bo)) = O(t~%™), t|0. (3.38)
Due to the radial symmetry of the functid#r,,, the non-zero eigenvalues of the operator

P(bo)W,,P(by) coincide withyy, := (W, éx, éx), k € Z, where the functionsy, k € Z
are defined in (3.29). Hence,

1 b\ [ ;
- - [0 7b0r2k1 7m2d kEZ
Vg F(k+1)<2) /0 e (14 r) T, 4,

bo T(k+1) 2

the asymptotic relatiofim;, ., kmﬂw = 1 (see [Ab.St, Eq. 6.1.46]), we find

that for eache > 0 there existsZ > K. > max{0,% — 1} such that we have,, <
(14 €)(2k/by)~™/? provided that > K.. Therefore,

—m/2
which impliesy;, < (2) P(ht1-m/2) gor 1 e 7, such thatk > ™ — 1. Utilizing

n(t; P(O)UP(D)) < #{k € N|(1 + )(2k/bo)"™? > t} + K.

<(L+e)mpgt™2m)24+ K., t>0,
which implies (3.38). [
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Remark A result similar to Lemma 3.5 is contained in [lw.Tam, Proposition 2.3]. There,
however, the assumptions émare essentially different from ours.

Corollary 3.2. Letb be an admissible magnetic field with > 0. LetU : R? — R satisfy
the hypotheses of Lemma 3.4. Then we have

n.(t; P(O)UQ(b)) = O/ ), ¢ |0, (3.39)
n, being the counting function defined(&2).
Proof. Evidently,

n.(t; P(b)UQ(D)) = n.(t; P(b)CQ(b)) < nu(t; P(b)C) = n.(t;CP (b)), t> 0.
Applying Lemma 3.4, we find that the following estimates
n«(t; CP(b)) = nu(t; BWp, 11 P(b)) <
1. (8 1Bl W1 P(5)) = 0y (83 |BI|* P(5) Warn 2P (D))

are valid for each > 0. Bearing in mind (3.37), we get (3.39). O
3.5.In this section we complete the proof of Theorem 2.1.

Proposition 3.5. Assume that the hypotheses of Theorem 2.1 hold. Then we have

o b .
lim X/, (A P(B)Vas P(8) = 1 /S o (5)/ds. (3.40)

Proof. Fix £ € (0, Ag). Then (3.33) implies

lim A %n (N E; Vi |[Y2(E — Hy) 7YV |Y?) = @/ v11(s)¥“ds. (3.41)
Al0 A Jou

As in the proof of (3.13) we get
ny (M E; Va2 (B = Hy) 7Vl ?) <n (5 PO) Vi [P(D), A>0.  (3.42)
Combining (3.41) and (3.42), we obtain

bo

o v11(5)?*ds < liminfy oA *n,(\; P(0)|Vi1|P(D)). (3.43)
™ Jst

Further, the minimax principle and the Weyl inequalities imply
ny (N E; [Va|V2(E = H) 7 VaY2) = ne (A E; PO) VL[V (B — H) 7V V2 P(b) >
ny (14 )X P(0)|[Via[V2P(0) Vi | /2 P (b)) —
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n-(eA/ B P(0)|Vir|2Q(0)(E — Hy) ™! Va2 P(b)). (3.44)

Let us estimate at first the second term at the r.h.s. of (3.44). Obviousty>forwe have
n-(t; P(O)[Va[*Q(0)(E — Hi) [V |2 P(b)) =

ny (t; [ Hy — E[772Q0)|Via [ P(0) Vi [ 2Q(b) [ Hy — B|7'/). (3.45)
Since|||H, — E|7Y2Q(b)|| < (Ao — E)~Y/2, we have

ne (8 [Hy — E|72Q(0)[Via [P (0) [V | 2Q(b) | Hy — E|7Y/?) <

na(((ho = B)NY% POV 2Q(0), £ > 0. (3.46)
The combination of (3.45), (3.46), and (3.39) with= «/2, yields
n-(eN/E; P(O)[Via|2Q(0) (B — Hi) ™! Vi |2P(b)) = O(A2/EF) = o(A7%%), A | 0.
(3.47)
Now we estimate the first term at the r.h.s. of (3.44). #or0 andes > 0 we have
i (6 PO)VL [ PO) [V |2 P(0)) = ny (872 P(0)|[Via |2 P(b)) =
(872 POV [P P(0)) < (14 2)t"% P(O) Vi [Y?) + na (/25 P(0) Vi 2Q(0) ).
(3.48)
Evidently,
n. (14 &)t P(0)|Vir|Y?) = ny (1 4 €)%t P(b)|[Via|[P(b)), t>0, e>0. (3.49)
On the other hand, Corollary 3.2 implies
n. (et P(0)|Via|'2Q(b)) = Ot~/ C+)) = o(t7/), ¢ | 0. (3.50)

Putting together (3.41), (3.44), and (3.47) — (3.50), we get

b
lim sup, ;oA *ny (A; P(b)[Va1| P(D)) < (1+s)6/a4—°/ vi1(s)¥ds, >0. (3.51)
Sl

7

Lettinge | 0in (3.51), and combining this upper bound with the corresponding lower bound

(3.43), we get (3.40). O

In order to complete the proof of Theorem 2.1 it remains to note that asymptotic relations

(2.5) which are equivalent to (2.4), now follow from from (3.4) — (3.5), and (3.40).
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