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ABSTRACT

We prove that the integrated density of states (IDS) for the randomly perturbed

Landau Hamiltonian is Hölder continuous at all energies with any Hölder expo-
nent 0 < q < 1. The random Anderson-type potential is constructed with a non-
negative, compactly supported single-site potential u. The distribution of the iid
random variables is required to be absolutely continuous with a bounded, com-
pactly supported density. This extends a previous result Combes et al. [Combes,
J. M., Hislop, P. D., Klopp, F. (2003a). Hölder continuity of the integrated density

of states for some random operators at all energies. Int. Math. Res. Notices 2003:
179–209] that was restricted to constant magnetic fields having rational flux
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through the unit square. We also prove that the IDS is Hölder continuous as a

function of the nonzero magnetic field strength.

Key Words: Random Schrödinger operators; Landau levels; Irrational flux;

Localization; Magnetic fields.
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1. INTRODUCTION

In this note, we prove a new result on the Hölder continuity of the integrated
density of states (IDS) for Landau Hamiltonians with random, Anderson-type
potentials. The unperturbed Landau Hamiltonian HLðBÞ on L2ðR2Þ has the form

HLðBÞ ¼ ð�iH� AÞ2; where Aðx1; x2Þ ¼ B

2
ð�x2; x1Þ; ð1Þ

where B 6¼ 0 is the magnetic field strength. The spectrum of HLðBÞ is pure point
and consists of an increasing sequence of degenerate, isolated eigenvalues
fEjðBÞ ¼ ð2j þ 1ÞjBj j j ¼ 0; 1; . . . ; g, each of infinite multiplicity. As the spectrum
is independent of the sign of B, we will always assume B > 0. The perturbed family
of Landau Hamiltonians is given by

HoðBÞ ¼ HLðBÞ þ Vo: ð2Þ
The random potential Vo is the Anderson-type random perturbation of the form

VoðxÞ ¼
X
j2Z2

ojuðx� jÞ: ð3Þ

The single-site potential function u, and the random coupling constants
foj j j 2 Z2g, satisfy the following two hypotheses:

(H1) The single-site potential u is a nonnegative, compactly-supported function
with u 2 L1ðR2Þ, satisfying u > u0 > 0 on some nonempty open set, for
some constant u0 > 0.

(H2) The random coupling constants foj j j 2 Z2g, are independent and iden-
tically distributed. The distribution has a compactly-supported density
h0 2 L1ðRÞ with supph0 � ½�m;M�, for 0 � m;M < 1.

We note that there is no limitation in taking u normalized so that kuk1 � 1, that we
assume from now on, as the results are uniform with respect to kVok1.

The traditional manner to define the integrated density of states (IDS) N0ðE;BÞ
for H0 ¼ HLðBÞ, and NðE;BÞ for Ho, is to use the local Hamiltonians associated with
finite-area regions L � R2. For a regular, bounded region L � R2, we define the
local Hamiltonians HL

0 and HL
o to be the self-adjoint operators on L2ðLÞ obtained

by restricting H0 and Ho to L, with self-adjoint boundary conditions. We assume
that these local operators are lower bounded with a uniform, finite lower bound

1188 Combes et al.



ORDER                        REPRINTS

independent of L. The IDS is defined using the eigenvalue counting function for the
local Hamiltonian. Let NL

0 ðE;BÞ, respectively, NL
o ðE;BÞ, be the number of eigen-

values of HL
0 , respectively HL

o , less than or equal to E. The function NL
o ðE;BÞ

depends on the realization o. The integrated density of states for Ho is defined by

NðE;BÞ ¼ lim
jLj!1

NL
o ðE;BÞ
jLj ; ð4Þ

when this limit exists. Similarly, we define N0ðE;BÞ using the counting function
NL
0 ðE;BÞ for HL

0 . Because N0ðE;BÞ and NðE;BÞ are monotonic functions of E, each
has at most a countable number of discontinuities. We assume that each has been
defined to be right continuous.

It will be convenient for us to use an equivalent formulation of the IDS as
presented, for example, in Pastur and Figotin (1992). Let L � R2 be a finite-area
region as above. Let wL be the characteristic function for the region L. For any
bounded function f of compact support, the operator wLfðHoÞ is a trace class opera-
tor. We denote the spectral family for HoðBÞ by Eoð�Þ. Let J � R be a bounded
Borel set. The density of states measure n is defined by

nðJÞ � lim
jLj!1

1

jLjTrðwLEoðJÞwLÞ; ð5Þ

when this limit exists. The IDS is given by NðE;BÞ ¼ nðð�1;E�Þ, when E is a point
of continuity of N .

The IDS for both H0 and Ho exist under the hypotheses given above, and we
refer to Doi et al. (2001), Hupfer et al. (2001a) and Nakamura (2001) for proofs
of these facts (we mention Carmona and Lacroix (1990), Kirsch (1989) and Pastur
and Figotin (1992) for discussions of the IDS without magnetic fields). Because of
Z2-ergodicity with respect to the magnetic translation group (see Sec. II), the IDS
NðE;BÞ is almost surely independent of the realization o. The IDS N0ðE;BÞ for
the unperturbed Landau Hamiltonian HLðBÞ (1) is a piecewise constant, monotone
increasing function (cf. the example in Nakamura, 2001) given by

N0ðE;BÞ ¼ B

2p
0 if E < B;
‘ if ð2‘� 1ÞB � E < ð2‘þ 1ÞB:

�
ð6Þ

Consequently, it is not locally Hölder continuous at all energies. The effect of the
random potential Vo is to improve the regularity of the IDS almost surely. Let us
also note that because of gauge invariance, the IDS for H0 and Ho are independent
of the choice of the vector potential A provided B ¼ @1A2 � @2A1.We will often write
N0ðEÞ and NðEÞ, for N0ðE;BÞ and NðE;BÞ, respectively, when the explicit depen-
dence on B is not needed.

1.1. The Main Results on the IDS

It is known that NðEÞ for the random family Ho is locally Lipschitz continuous
in the following sense. Given an N > 0, there is a BN > 0 so that for B > BN , the
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IDS NðEÞ is Lipschitz continuous on ð0; 2ðN þ 1ÞBÞnfEjðBÞ j j ¼ 0; 1; . . . ;Ng almost
surely (Combes and Hislop, 1996; Hupfer et al., 2001b; Wang, 1997). Under some
additional conditions, Wang (2000) also proved that NðEÞ is smooth outside of a
given Landau level for sufficiently large magnetic field strength (depending on the
level). There has been some discussion as to the behavior of the IDS at the Landau
energies EjðBÞ, when B is not necessarily large relative to the level j. If the support of
the single-site potential u in (3) includes the unit square L1ð0Þ � R2, and satisfies
ujL1ð0Þ > EwL1ð0Þ > 0, for some E > 0, then the IDS is locally Lipschitz continuous
at all energies for any B 6¼ 0. More recently, some of us in Combes et al. (2003a)
extended these results and proved global Hölder continuity of the IDS at all energies,
provided the magnetic field strength B satisfies B 2 2pQ, the rational flux condition
for the unit square L1ð0Þ. This condition allows the problem to be treated using the
method of Floquet decomposition. The case of irrational flux was not resolved in
that paper because of lack of explicit control on how a constant that enters from
an application of the unique continuation principle depends on B. In this paper,
we compute this constant explicitly, and, by using a new method, avoid the use of
the Floquet decomposition. These two advances allow us to modify the argument
of Combes et al. (2003a) and prove the following general theorem that extends these
known results. This more general technique will be thoroughly explored in Hislop
and Klopp (In preparation).

Theorem 1. Let HLðBÞ be the Landau Hamiltonian (1) with magnetic field B 6¼ 0,
and assume hypotheses (H1)–(H2). Then the IDS NðEÞ is locally uniformly Hölder
continuous at all energies with any exponent 0 < q < 1. That is, for any exponent
0 < q < 1, and for any bounded interval I � R, there is a finite constant CI;q > 0,
locally uniformly bounded in B for B 6¼ 0, so that for any E;E0 2 I, we have

jNðEÞ � NðE0Þj � CI;qjE� E0jq: ð7Þ

We also prove a Hölder continuity result on the IDS as a function of B. We do
not believe that the Hölder exponent in the following theorem is optimal.

Theorem 2. Under hypotheses (H1)–(H2), and for any E > 0, the IDS NðE;BÞ is a
Hölder continuous function of B, for B 6¼ 0. That is, for any exponent 0 < a < 1=4,
for any bounded energy interval I � Rþ, and for any bounded, connected interval
J � Rnf0g, there is a finite constant Cða;J ;IÞ > 0 so that for any B;B0 2 J , with
jB� B0j sufficiently small, and for any E 2 I, we have

jNðE;BÞ � NðE;B0Þj � Cða;J ;IÞjB� B0ja: ð8Þ

In the proof of this theorem, we use the regularity of NðE;BÞ as a function of E.
This idea was used by Simon (1982) who proved that the IDS for HLðBÞ þ Vper ,
where Vper is a Z2-periodic potential, is continuous in the field strength B at any
energy E that is a point of continuity for the IDS. As a consequence of Theorems
1 and 2, we have the following corollary on joint continuity in E and B.
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Corollary 1. Under hypotheses (H1)–(H2), the IDS is jointly Hölder continuous on
any compact subset of R�Rnf0g in the ðE;BÞ energy-magnetic field plane.

1.2. Contents of this Article

In Sec. II, we review the group of magnetic translations and the ergodicity of the
perturbed Landau Hamiltonians. In Sec. III, we prove a Wegner estimate that will
imply the main result, Theorem 1, given a certain positivity estimate. This key posi-
tivity estimate is proved for Landau Hamiltonians in Sec. IV. In Sec. V, we prove the
continuity of the IDS with respect to the magnetic field. In Sec. VI, the appendix, we
collect various technical estimates needed in the proofs.

2. THE MAGNETIC TRANSLATION GROUP AND ERGODICITY

The magnetic translations for the constant magnetic field problem in two-
dimensions are defined as follows. Much of this discussion applies to Schrödinger
operators with constant magnetic fields in higher dimensions (cf. Sjöstrand, 1991).
For any field strength B 2 R, any vector a 2 R2, and f 2 C1

0 ðR2Þ, we define the
magnetic translation by a as

UB
a fðxÞ � e

iB
2 ðx1a2�x2a1Þfðxþ aÞ: ð9Þ

For a; b 2 R2, we have the relations:

UB
a U

B
b ¼ eiBða1b2�a2b1ÞUB

bU
B
a : ð10Þ

In a standard way, the family fUB
a j a 2 R2g, defined in (9)–(10), extends to a projec-

tive unitary representation of R2 on L2ðR2Þ. We note that for any magnetic field
strength B,

UB
a HLðBÞUB

�a ¼ HLðBÞ: ð11Þ

We define two fundamental vectors in R2,

a1 ¼ ðL1; 0Þ; and a2 ¼ ð0;L2Þ; ð12Þ

for any L1;L2 2 R, and write UB
j , for j ¼ 1; 2, for the corresponding unitaries as in

(9). It follows from (10) that we have the commutation rules:

UB
1 U

B
2 ¼ eiBL1L2UB

2 U
B
1 : ð13Þ

It is clear that fUB
1 ;U

B
2 g generate a two-parameter Abelian group provided the

following integer flux condition for the square ½0;L1� � ½0;L2� is satisfied:
BL1L2 2 2pZ: ð14Þ
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More generally, suppose that only the rational flux condition for the square
½0;L1� � ½0;L2� is satisfied:

BL1L2 ¼ 2pp=q; for p; q 2 Z; ð15Þ
with p; q having no common divisors. Then, assuming (15), the unitary operators
fðUB

1 Þq;UB
2 g satisfy the commutation relations

ðUB
1 ÞqUB

2 ¼ eiqBL1L2UB
2 ðUB

1 Þq ¼ UB
2 ðUB

1 Þq; ð16Þ
so the pair fðUB

1 Þq;UB
2 g generate an Abelian group. Under the rational flux

condition, we used Floquet theory relative to this Abelian group in order to study
the IDS for Ho in Combes et al. (2003a).

Let us now consider the transformation properties of Ho with respect to the
magnetic translations by Z2. The mapping g ¼ ðn1; n2Þ 2 Z2 ! UB

g of Z2 into a
family of unitary operators defined in (9) is a strongly continuous, unitary ray
representation of the additive group Z2. For g; g0 2 Z2, we have

UB
g U

B
g0 ¼ ei

B
2g^g0UB

gþg0 ; ð17Þ

where g ^ g0 � n1n
0
2 � n2n

0
1. In order to compute the action of UB

g on Ho, we recall
the invariance of H0 in (11), and consider a related action by Z2 on the probability
space O. For each g ¼ ðn1; n2Þ 2 Z2, we define a map Tg : O ! O whose action on the
random coupling constants satisfies

ðTgoÞðj1;j2Þ ¼ oðj1þn1;j2þn2Þ: ð18Þ

It is clear, under (H2), that this action is the usual ergodic group of translations on
the probability space O. It follows from this remark, the identity (11), and the form
of the random potential (3), that

UB
g HoU

B
�g ¼ HTgo; ð19Þ

for all g 2 Z2. From this identity, the general theory of ergodic Schrödinger
operators developed by Kirsch and Martinelli (1982a,b) states that there is a set
S � R so that sðHoÞ ¼ S with probability one. Furthermore, the IDS exists and
is independent of o almost surely (for the details, cf. Doi et al., 2001; Hupfer
et al., 2001a; Nakamura, 2001).

3. PROOF OF A WEGNER ESTIMATE

The proof of the Hölder continuity of the IDS, Theorem 1, follows from a
locally uniform estimate on the following quantity

1

jLjEfTrðwLEoð�ÞwLÞg; ð20Þ
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where we denote the spectral family of Ho by Eoð�Þ, and Eð�Þ is the expectation with
respect to the random variables oj; j 2 Z2. Such an estimate is related to the Wegner
estimate (Wegner, 1981), except that the Hamiltonian Ho in (20) is the infinite-area
operator (2). We will prove the following result in this section, and then use it to
prove Theorem 1.

Theorem 3. Let q satisfy 0 < q < 1, and let I � R be a bounded interval. There is a
finite constant CI;q > 0 so that for any subinterval O � I, there is a length scale LO,
such that for all L > LO, we have

EfTrðwLEoðOÞwLÞg � CI;qjOjqL2; ð21Þ

where wL is the characteristic function of the square LL of side length L.

The proof of this estimate will follow the general ideas of the proof of the
Wegner estimate given in Combes et al. (2003a). One difference is that the length
scale LO depends on the interval O. Of course, this does not affect the infinite area
limit, and, consequently, the properties of the IDS, as will be shown in the proof of
Theorem 1 below. The main positivity estimate that we need to prove Theorem 3 is
the following. We will prove this estimate in Sec. IV.

Theorem 4. Let HLðBÞ be the Landau Hamiltonian in (1) and let Pn be the
projector onto the infinite-dimensional eigenspace for HLðBÞ corresponding to the
eigenvalue EnðBÞ. Let u � 0 be a single-site potential satisfying hypothesis (H1),

and define the potential eVV by

eVV ðxÞ � X
j2Z2

uðx� jÞ: ð22Þ

Then, for each n 2 Zþ, there exists a finite constant 0 < CnðB; uÞ < 1, so that

Pn
eVVPn � CnðB; uÞPn: ð23Þ

Proof of the Wegner Estimate ð21Þ given Theorem 4. 1. We begin with the obser-
vation that it suffices to prove the theorem for bounded intervals D � R sufficiently
small so that they contain at most one Landau level for HLðBÞ. Since the separation
of the eigenvalues of H0 � HLðBÞ is 2B, this can be done provided jDj < 2B. We note
that it follows from the proof that the constant CI;q in (21) is uniform with respect
to any subintervals on I. Suppose that D is centered on an arbitrary, but fixed, energy
E0. For D � R, let fDðlÞ 2 C1

0 ðRÞ be a smooth, nonnegative function of compact
support with fDjD ¼ 1, 0 � fD � 1, and jsupp fDj < 2jDj, so that supp fD contains
at most one Landau level, the same as D. We then have the operator inequality
EoðDÞ � fDðHoÞ. We begin with an estimate on

EfTrðwLEoðDÞwLÞg � EfTrðwLfDðHoÞ2wLÞg: ð24Þ
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First, if D contains one Landau level, EnðBÞ, we write a decomposition of the trace on
the right in (24) as

TrwLfDðHoÞ2wL ¼ TrwLfDðHoÞP?
n fDðHoÞwL

þ TrwLfDðHoÞPnfDðHoÞwL: ð25Þ
We will use the fact that H0 � E0 is boundedly invertible on the range of
P?

n � 1�Pn. Second, if D does not contain a Landau level, we know directly
that H0 � E0 is boundedly invertible. Let d0 � minfdistðE0;EqðBÞÞ j EqðBÞ 62 Dg, so
d0 > 0. We begin with the first case when EnðBÞ 2 D. It is easy to estimate the term
in (25) involving P?

n . We write

TrwLfDðHoÞP?
n fDðHoÞwL

¼ TrwLfDðHoÞðHo � E0ÞðH0 � E0Þ�1P?
n fDðHoÞwL

� TrwLfDðHoÞVoP?
n ðH0 � E0Þ�1

fDðHoÞwL: ð26Þ
To estimate the second termon the right in (26), we expand the trace in the eigenfunctions
cj of the nonnegative, compact operator fDðHoÞwLfDðHoÞ. This gives the upper bound

jTrwLfDðHoÞVoP?
n ðH0 � E0Þ�1

fDðHoÞwLj
�
X

j
jhcj;VoP?

n ðH0 � E0Þ�1cjij

�
X

j

1

d0
kP?

n cjk kVocjk

� 1

2d2
0

TrwLfDV
2
ofDwL þ 1

2
TrwLfDP

?
n fDwL; ð27Þ

wherewewrite fD for fDðHoÞ, when convenient. The first termon the right in (26) is easily
seen to be bounded above by

jTrwLfDðHoÞðHo � E0ÞðH0 � E0Þ�1P?
n fDðHoÞwLj �

jDj
d0

TrwLf
2
DwL: ð28Þ

Bringing the second term on the right in (27) to the left in (26), we obtain an upper bound
for the complementary term

TrwLfDðHoÞP?
n fDðHoÞwL � 1

d2
0

TrwLfDV
2
ofDwL þ 2jDj

d0
TrwLf

2
DwL: ð29Þ

2. We use the lower bound (23) in order to estimate the second term on the
right in (25). Substituting this into the trace for Pn, we obtain

TrwLfDPnfDwL

� 1

CnðB; uÞTrwLfDPn
eVVPnfDwL

� 1

CnðB; uÞ
n
TrwLfDeVVfDwL � TrwLfDP

?
n
eVVPnfDwL � TrwLfDPn

eVVP?
n fDwL

o
;

ð30Þ
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where we dropped the positive term TrwLfDP
?
n
eVVP?

n fDwL since it occurs with a nega-
tive sign. As in Combes et al. (2003a), the last two terms on the last line of (30) can be
estimated in the same manner. This step of the proof is quite similar to step 3 of
the proof in Sec. III of Combes et al. (2003a), and we simply summarize the results
of the calculation for the Landau case here. We note that it follows from hypothesis
(H1) that there exists a finite constant D0 > 0, depending only on u, so thateVV 2 � D0

eVV . Using this constant, the second term on the last line in (30) is bounded
above by

jTrwLfDP?
n
eVVPnfDwLj �

D2
0

Cn

TrwLfDP
?
n fDwL

þ Cn

4
TrwLfDPnfDwL; ð31Þ

where Cn � CnðB; uÞ is the constant occurring in (23). We then obtain for the direct
term

TrwLfDPnfDwL � 2

Cn

TrwLfDeVVfDwL þ 4D2
0

C2
n

TrwLfDP
?
n fDwL: ð32Þ

3. We now combine (29) and (32) and obtain

TrwLfDðHoÞ2wL ¼ TrwLfDðHoÞPnfDðHoÞwL þ TrwLfDðHoÞP?
n fDðHoÞwL

� 2jDj
d0

�
1þ 4D2

0

C2
n

�
TrwLf

2
DwL þ 2

Cn

TrwLfDeVVfDwL
þ
�

1

d2
0

þ 4D2
0

C2
nd

2
0

�
TrwLfDV

2
ofDwL: ð33Þ

We first choose jDj sufficiently small so that the coefficient of TrwLfDðHoÞ2wL in (33)
satisfies

2jDj
d0

�
1þ 4D2

0

C2
n

�
< 1=2: ð34Þ

Hence, this term can be moved to the left in (33). Second, in order to evaluate the last
term in (33), we note that hypotheses (H1) and (H2) imply that there exists a finite
constant C1ðu;h0Þ > 0 so that V 2

o � C1ðu;h0ÞeVV . Using this inequality, we can com-
bine the two remaining terms on the right in (33). Upon choosing jDj smaller, if
necessary, we find that there exists a finite constant C2 > 0 so that

TrwLEoðDÞwL � C2TrwLfDeVVfDwL; ð35Þ

where

C2 � 2

�
2

Cn

þ C1

�
1

d2
0

þ 4D2
0C1

C2
nd

2
0

��
: ð36Þ
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In the second case, when D does not contain a Landau level, we find by an analogous,
but simpler, computation

TrwLEoðDÞwL � C1

d0
TrwLfDeVVfDwL: ð37Þ

4. In order to estimate the trace on the right in (35) and (37), we must replace
the potential eVV by a local potential using the localization due to the characteristic
function wL. Let us suppose that L ¼ LL ¼ ½�L=2;L=2� � ½�L=2;L=2� is a square
of side length L > 0. For any 0 < E < 1, we denote by LE � LL the square of side
length ð1� EÞL. We write @LE for the annular region Lð1þEÞLnLð1�EÞL, so that the area
of this annular region is 4EL2. We denote the complement R2nLð1þEÞL by Lc

E . As
above, we use the notation wX for the characteristic function of the set X � R2,
and we denote the lattice points in X by eXX � X \ Z2. The sets defined here provide
a partition of R2 as

1R2 ¼ wLE
þ w@LE

þ wLc
E
: ð38Þ

Using this partition of unity, we write

wLfDeVVfDwL ¼ wLfDeVVwLE
fDwL þ wLfDeVVw@LE

fDwL þ wLfDeVVwLc
E
fDwL: ð39Þ

The first term on the right in (39) is the main term. We estimate the expectation of
the trace of this term using the estimate on the spectral shift function proved in
Combes et al. (2001). The two remainder terms in (39) are dealt with using either
the smallness of the boundary term or the decay of the kernel of the operator
wLfDðHoÞwLc

E
that follows from the fact that the regions L and Lc

E are disjoint with
a positive distance EL=2 between them.

5. We calculate the trace of the first term on the right in (39) as follows. Let
g 2 C1ðRÞ be a smooth function with support of g0 containing D, and so that
fDðlÞ � �2jDjg0ðlÞ. We can then write

TrwLfDeVVwLE
fDwL � TrfDeVVwLE

� �2jDjTrg0ðHoÞeVVwLE
: ð40Þ

In order to estimate the trace term on the right in (40), we follow the calculation in
Combes et al. (2001, 2003a) using the spectral shift function. First, the derivative
with respect to the energy in (40) is replaced by a sum of the derivatives with respect

to the random variables oj; j 2 eLLE using the key formula

X
j2eLE

@

@oj

TrðgðHoÞ � gðH0ÞÞwLE
¼ Trg0ðHoÞeVVwLE

: ð41Þ

We next take the expectation that allows us to remove the derivatives with respect to
the random variables by an integration by parts. Finally, the remaining trace is
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evaluated using Krein’s identity and the spectral shift function. We refer to the
calculations in Combes et al. (2001, 2003a) for the details. As a result, we find that
for each 0 � q < 1, there exists a finite, positive constant Cq;1 > 0, so that

E
�
TrwLfDeVVwLE

fDwL
� � Cq;1jDjqð1� EÞ2L2: ð42Þ

6. We now calculate the two remainder terms in (39). The boundary term is
easily seen to be bounded above by

TrwLfDeVVw@LE
fDwL � 4EL2

�
sup
j2@LE

kwLfDðHoÞu1=2j k2HS
�
: ð43Þ

The term involving the unbounded complementary region is bounded above by

TrwLfDeVVwLc
E
fDwL � kwLfDðHoÞwLc

E
k2HS: ð44Þ

In the appendix, Sec. VI, we prove two estimates on the Hilbert–Schmidt norms of
the localized operators appearing in (43) and (44). We assume that fD is obtained
from a function f by scaling, so the derivatives of f are order one. In this way,
the kth-derivative fD is of order jDj�k. For the unscaled function f , we introduce
the following notation that is used in the estimates of the appendix:

kjfkjk �
Xk
l¼0

dl

Z
R
jf ðlÞðxÞjdx; ð45Þ

where the finite constants dj > 0 depend only on the function s used in the construc-
tion of the almost analytic extension given in (96). First, we prove that there is a
finite constant C0 > 0, depending on B and independent of j, so that

kwLfDðHoÞu1=2j kHS � C0kjfkj3 jDj�2: ð46Þ

Consequently, for the boundary term (43), we obtain

TrwLfDeVVw@LE
fDwL � C2EL2jDj�4: ð47Þ

Second, we consider fDðHoÞ localized between two disjoint regions. Let wj, for
j ¼ 1; 2 be characteristic functions on two disjoint regions, at least one of which
is bounded, and let d12 � distðsupp w1; supp w2Þ. For any M 2 N, and for any
f 2 Ckþ1

0 ðRÞ, with k � M þ 1, there is a constant 0 < BM < 1, independent of f

and d12, so that

kw1fDðHoÞw2kHS � BMd
�M
12 kjfkjkþ1: ð48Þ

Hence, setting k ¼ M þ 1, and taking into account the scaling of fD, we obtain a
bound for the term involving the interior and the disjoint exterior (44),

TrwLfDeVVwLc
E
fDwL � B2

Mkjfkj2Mþ2ðELÞ�2M jDj�2M�2: ð49Þ
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7. To complete the proof, we combine the estimates (42), (47), and (49), to
obtain

EfTrwLEDwLg � Cq;1jDjqð1� EÞ2L2 þ C2EL2jDj�4 þ C3ðELÞ�2M jDj�2M�2; ð50Þ

where the constants depend on f and its derivatives, but are independent of L

and jDj. For any given D, we choose E ¼ jDj5 and M ¼ 2. Then, for all
L > LD � jDj�9=2, we have

EfTrwLEDwLg � CqjDjqjLj; ð51Þ
proving the first part of the theorem. We next need to check the uniformity of the
constants with respect to subintervals of D. To see this, notice that the constant
C2 in (36) depends on D only through d0 and if U � D, then d0 increases, so that
C2 is uniform with respect to all subintervals of D. The same result holds for the con-
stant in (37). Similarly, the constant Cq;1 in (42) depends only on the uniform norm
kgk1 of the function g in (40). This norm is is independent of D. In the same manner,
one checks that the constants C2 and C3 in (50) depend only on the norm jjjf jjj3
of the unscaled function f . Thus, these constants are independent of D. It follows
that the constant CI;q in (21) is uniform with respect to all subintervals of I. This
completes the proof of Theorem 3. &

We now prove Theorem 1 given Theorem 3. We fix a bounded interval I � R,
and let E;E0 2 I. We may suppose E � E0. Let U ¼ ðE;E0Þ � I be an open interval.
We recall that the constant CI;q in the Wegner estimate is uniform with respect to
subintervals on I. From Theorem 3, there is a length scale LU so that for L > LU ,
we have

EfTrðwLEoðUÞwLÞg � CI;qL
2jU jq; ð52Þ

where wL is the characteristic function on the square LL. Dividing by L2 and taking
the limit L ! 1, we find that the DOS measure n satisfies

nðUÞ � CI;qjU jq: ð53Þ

Integrating this expression (53) using the monotonicity of the IDS, we find

0 � NðE0Þ � NðEÞ ¼
Z E0

E

dnðlÞ � CI;qjE0 � Ejq; ð54Þ

proving Theorem 1.

4. POSITIVITY ESTIMATES FOR LANDAU PROJECTORS

We prove the key local positivity estimate (23) of Theorem 4 in this section. This
estimate (23) follows from an explicit calculation of a lower bound for the left side of
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(23) employing explicit formulas for the infinite-dimensional projectors for the
Landau levels. In this case, we are able to make a fairly explicit calculation of the
constant appearing in (23). This provides a quantitative version of the unique
continuation principle as used in Combes et al. (2003a). Recall that Pn ¼ PnðBÞ,
n 2 Zþ is the orthogonal projection on eigenspace corresponding to the n-th Landau
level for the Landau Hamiltonian H0 ¼ HLðBÞ with constant magnetic field B > 0,
and that the potential eVV is defined by

eVV ðxÞ � X
j2Z2

uðx� jÞ; ð55Þ

for a single-site potential u satisfying (H1). In order to prove Theorem 4, we need
several auxiliary assertions. The basic technical observation comes from the work
of Raikov and Warzel (2002). Lemma 1 summarizes Lemmas 3.2 and 3.3, and
Remark 3.2 of this paper Raikov and Warzel (2002).

Lemma 1. Let V 2 LpðR2Þ, p > 1. Then, the operator PnVPn, n 2 Zþ, is selfad-
joint and compact in PnL

2ðR2Þ. Moreover, if V is radially symmetric, then the
eigenvalues mn;kðV Þ, k 2 Zþ, ofPnVPn are equal to hVjn;k;jn;ki, where h:; :i denotes
the scalar product in L2ðR2Þ, and the functions jn;k are given by

jn;kðxÞ :¼
ffiffiffiffiffiffiffi
n!

pk!

r �
B

2

�ðk�nþ1Þ=2
ðx1 þ ix2Þk�nLðk�nÞ

n

�
Bjxj2=2	e�Bjxj2=4;

for x 2 R2, where Lðk�nÞ
n are the generalized Laguerre polynomials given by

Lðk�nÞ
n ðxÞ :¼

Xn
l¼maxf0;n�kg

�
k

n� l

� ð�xÞl
l!

; x � 0; n 2 Zþ; k 2 Zþ:

Finally, the normalized eigenfunctions of PnVPn corresponding to the eigenvalues
mn;kðV Þ, k 2 Zþ, are equal to jn;k. In particular, the eigenfunctions are independent
of V .

Remark. Note that in Raikov and Warzel (2002) the eigenvalues hVjn;k;jn;ki and
the eigenfunctions jn;k are enumerated starting with k ¼ �n, and not with k ¼ 0, as
is done here.

We will apply this result by noting that hypothesis (H1) guarantees that the
single-site potential u is strictly positive on some open set. We denote by Dðx;RÞ
the disk of radius R > 0, centered at x 2 R2. We set nn;kðRÞ :¼ mn;kðwDð0;RÞÞ.

Corollary 2. The eigenvalues nn;kðRÞ, k 2 Zþ, of the operator PnwDð0;RÞPn, n 2 Zþ,
can be written as

nn;kðRÞ ¼ n!

k!

Z R

0

xk Lðk�nÞ
n ðxÞ2 e�x dx; ð56Þ
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where R ¼ RðRÞ :¼ BR2=2. Moreover, the asymptotic relation

nn;kðRÞ ¼ e�RR�nþ1

n!

k2n�1Rk

k!
ð1þ oð1ÞÞ; k ! 1; ð57Þ

holds uniformly with respect to R 2 ½R1;R2�, 0 < R1 < R2 < 1.

Proof. Using Lemma 1, passing to polar coordinates ðr; yÞ in the integral
hwDð0;RÞjn;k;jn;ki, and changing the variable Br2=2 ¼ x, we immediately obtain
(56). In order to check (57), we assume first of all that k � n. In this case, we have

nn;kðRÞ ¼ n!

k!

Xn
l¼0

Xn
m¼0

ð�1Þlþm 1

m!l!

�
k

n� l

��
k

n�m

�Z RðRÞ

0

e�xxk�nþmþl
dx: ð58Þ

We note that

lim
k!1

ks�n

�
k

n� s

�
¼ 1

ðn� sÞ! ; s 2 f0; . . . ; ng; ð59Þ

(see e.g., Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, 1964, Eq. 6.1.46). Moreover, the asymptotic relation

Z R

0

e�xxkþa
dx ¼ e�RRaþ1 R

k

k
ð1þ oð1ÞÞ; k ! 1; ð60Þ

holds for any fixed a 2 R uniformly with respect to R 2 ½R1; R2� with 0 < R1 <
R2 < 1. Combining (59) and (60), we find that the leading asymptotic term of the
sum in (58) corresponds to m ¼ l ¼ 0. Employing (58), (59) with s ¼ 0, and (60) with
a ¼ �n, we get (57).

Lemma 2. Let n 2 Zþ. For each 0 < e < R, l > 1, and Z > 0, there exists a constant
C0 ¼ C0ðn; e;R; ZÞ > 0, such that

PnwDð0;eÞPn � C0

�
PnwDð0;RÞPn � Z PnwDð0;lRÞPn

	
: ð61Þ

Proof. We fix d 2 ð0; 1Þ, and, bearing in mind (57), pick K such that k � K implies

ð1� dÞ e
�RðR0ÞRðR0Þk�nþ1

n!

k2n�1

k!
� nn;kðR0Þ

� ð1þ dÞ e
�RðR0ÞRðR0Þk�nþ1

n!

k2n�1

k!
; ð62Þ

for R0 2 ½R=2; 2lR�. We will show that if 0 < e < R, l > 1, and k0 � K, then the
operator inequality

PnwDð0;eÞPn � C1

�
PnwDð0;RÞPn � C2PnwDð0;lRÞPn

	 ð63Þ
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holds with

C1 ¼ C1ðn; e;R; k0Þ :¼ min
k2f0;...;k0g

nn;kðeÞ
nn;kðRÞ ; ð64Þ

and

C2 :¼ 1þ d
1� d

l�2ðk0�nþ1Þ
e�RðRÞþRðlRÞ: ð65Þ

By Lemma 1, the operators PnwDð0;eÞPn, PnwDð0;RÞPn, and PnwDð0;lRÞPn, are diago-
nalizable in the same basis fjn;kgk2Zþ . Hence, in order to prove (63), it suffices to
check that the numerical inequalities

nn;kðeÞ � C1

�
nn;kðRÞ � C2 nn;kðlRÞ

	 ð66Þ

hold for each k 2 Zþ. If k � k0, then (66) is valid because in this case (64) implies
nn;kðeÞ � C1nn;kðRÞ which obviously entails (66). If k > k0, by (64) and (65) we have

nn;kðRÞ � C2nn;kðlRÞ

� ð1þ dÞ e
�RðRÞRðRÞ�nþ1

n!

k2n�1RðRÞk
k!

�
�
1þ d
1� d

l�2ðk0�nþ1Þ
e�RðRÞþRðlRÞð1� dÞ e

�RðlRÞRðlRÞ�nþ1

n!

k2n�1RðlRÞk
k!

�
¼ ð1þ dÞ e

�RðRÞ

n!

k2n�1RðlRÞk�nþ1

k!
l2ðn�1Þ�l�2k � l�2k0

	
: ð67Þ

Since l > 1, we find that nn;kðRÞ � C2nn;kðlRÞ � 0, if k > k0, which again implies
(66). To complete the proof of the lemma, we fix Z > 0. Taking into account (65),
we choose k0 ¼ k0ðZÞ � K so large that C2 � Z. The main estimate (61), with
C0 ¼ C1ðn; e;R; k0ðZÞÞ, now follows from (66).

Remark. If n ¼ 0, then (56) implies

e�RðRÞ RðRÞkþ1

ðkþ 1Þ! � n0;kðRÞ � RðRÞkþ1

ðkþ 1Þ! ; 8k 2 Zþ:

Because of this improved estimate, we also have (66) with the constants

eCC1 :¼ e�RðRÞ
�

RðeÞ
RðRÞ

�k0þ1

¼ e�RðRÞ

 e
R

�2ðk0þ1Þ
;

eCC2 :¼ eRðlRÞ�RðRÞl�2ðk0þ1Þ;

which are more explicit that the ones given by (64)–(65).
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We now give the proof of the positivity result, Theorem 4.

Proof. For j 2 Z2, the invariance of HLðBÞ with respect to group of magnetic
translations (11) gives

UB
j PnwDð0;eÞPnU

B
�j ¼ PnwDðj;eÞPn: ð68Þ

Hypothesis (H1) on the single-site potential u guarantees that there exists an E > 0
so that

eVVðxÞ ¼ X
j2Z2

uðx� jÞ �
X
j2Z2

u0wDðj;eÞðxÞ: ð69Þ

We now choose R >
ffiffiffi
2

p
=2 so that

P
j2Z2 wDðj;RÞ � wR2 . We fix l > 1. Then, there is a

finite constant K0 > 0 so that
P

j2Z2 wDðj;lRÞ � K0. It now follows from Lemma 2 that
for any 0 < Z < 1, there is a constant C0 so that

Pn
eVVPn �

X
j2Z2

u0PnwDðj;eÞPn

�
X
j2Z2

C0

�
PnwDðj;RÞPn � ZPnwDðj;lRÞPn

	
� C0ð1� ZK0ÞPn: ð70Þ

We now choose Z ¼ 1=2K0. The resulting constant depends on the Landau level
index n, the function u, and the field strength B.

5. CONTINUITY OF THE IDS WITH RESPECT TO THE
MAGNETIC FIELD

The proof of the continuity of the IDS with respect to magnetic field strength
follows from the vague convergence of the density of states measures with respect
to the magnetic field strength. The proof of this theorem, given below, relies on
the following representation of the density of states (DOS) measure:

nBðfÞ �
Z

fðlÞdnBðlÞ ¼ EfTr½w0fðHoðBÞÞw0�g; ð71Þ

where w0 is the characteristic function on the unit cube. This representation follows
from the definition of the DOS and the ergodicity of the Hamiltonian, expressed in
(19). A proof can be found in Hupfer et al. (2001a). Using this representation, we
have the following proposition on the vague convergence of the density of states
measures with respect to the magnetic field.

Proposition 1. For any f 2 C5
0ðRÞ, and for any interval J � Rþ, there is a finite

constant Cðf ð5Þ; JÞ > 0, depending on f ðjÞ, with j ¼ 1; . . . ; 5, so that for any
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B;B0 2 J , that we have���� Z fðlÞðdnBðlÞ � dnB0 ðlÞÞ
���� � Cðf ð5Þ; JÞ~ddðB;B0Þ; ð72Þ

where

~ddðB;B0Þ ¼ maxðjB� B0j; jðB0Þ2 � B2jÞ: ð73Þ

If we use a scaled function fðs=lÞ, for l > 0, so that jf ðjÞj 	 l�j, for j ¼ 1; . . . ; 5,
then Cðf ð5ÞÞ ¼ Oðl�4Þ.

Proof. 1. We prove the theorem using the Helffer–Sjöstrand formula (97) of the
appendix, Sec. VI, and the representation formula (71). We write the left side of
(72) using the representation formula (71) asZ

fðlÞðdnBðlÞ � dnB0 ðlÞÞ ¼ EfTr½w0ðfðHoðBÞÞ � fðHoðB0ÞÞÞw0�g: ð74Þ

We fix any l0 satisfying �1 < l0 < 2minð0; inf sðHoÞÞ, and define a function
FðsÞ ¼ ð�l0 þ sÞfðsÞ. This function F is in C5

0ðRÞ like f (note that it is sufficient
to consider those f with support in ½minð0; l0=2Þ;1Þ). Let eFF be a compactly sup-
ported almost analytic extension of order 5 of F , as constructed in (96). We write
z ¼ xþ iZ 2 C. An extension eFF of order 5, as in (96), satisfies the estimate
j@�zzeFFðxþ iZÞj 	 jZj4jF ð5ÞðxÞj, as jZj ! 0. With these choices, the Helffer–Sjöstrand
formula for the operator fðHÞ has the form

fðHÞ ¼ 1

p

Z
C
@zeFFðzÞðH � l0Þ�1ðH � zÞ�1

dxdZ: ð75Þ

The extra power of the resolvent helps in the calculation of the trace norm in our
case. Let us denote by RB

oðzÞ the resolvent ðHoðBÞ � zÞ�1, and by RB
0 ðzÞ the resolvent

ðHLðBÞ � zÞ�1. We write the right side of (74) using the Helffer–Sjöstrand formula
(75) as

fðHoðBÞÞ � fðHoðB0ÞÞ ¼ 1

p

Z
C
@zeFFðzÞ½RB

oðl0ÞRB
oðzÞ � RB0

o ðl0ÞRB0
o ðzÞ�dxdZ: ð76Þ

This integral is a priori convergent because of the vanishing of @�zzeFF as jZj ! 0, and
since eFF has compact support.

2. From (1), the difference of the two perturbed Landau Hamiltonians is

dðB;B0Þ � HoðBÞ �HoðB0Þ ¼ ðB0 � BÞbAA � pþ ð1=4ÞðB2 � ðB0Þ2ÞbAA � bAA; ð77Þ

where the normalized vector potential bAA is given by bAA ¼ ð�x2; x1Þ, and p ¼ �iH.
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The operators ðpk � AkÞj, for j ¼ 1; 2, are relatively-HLðBÞ bounded, and satisfy the
norm estimate,

ðpk � AkÞjRB

0 ðzÞ


 � C0jZj�1: ð78Þ

In Lemma 3 of the appendix in Sec. VI, we prove the two following the basic esti-
mates, using the boundedness of the potential Vo, and the relative-bound estimate
(78). Let B
 denote either B or B0, and let w be any smooth function w of compact
support. Then, we have

dðB;B0ÞRB


o ðzÞw

 � C1
~ddðB;B0ÞjZj�3; ð79Þ

and 

dðB;B0ÞRB

o ðzÞRB


o ðl0Þ½HoðB
Þ; w�

 � C2
~ddðB;B0ÞjZj�3; ð80Þ

where the constants C1 and C2 depend on B
.

3. We expand the difference of operators on the right side of (76) as follows:

w0
�
RB
oðl0ÞRB

oðzÞ � RB0
o ðl0ÞRB0

o ðzÞ
	
w0

¼ �w0R
B
oðl0ÞRB

oðzÞdðB;B0ÞRB0
o ðzÞw0

� w0R
B
oðl0ÞdðB;B0ÞRB0

o ðl0ÞRB0
o ðzÞw0

� I þ II: ð81Þ

To estimate the trace norm of I, we use commutators to push the cut-off function w0
from the left through to the right. To facilitate this, we let w0;j denote smooth func-
tions with compact support so that w0;j�1w0;j ¼ w0;j, and w0;j ¼ 1 on supp w00;j�1. We
then use the Hölder inequality for trace ideals (cf. Simon, 1979b) in order to express
the trace norm in terms of Hilbert–Schmidt norms that are more easily estimated.
Upon performing this calculation as indicated, we find

kIk1 �
�

w0RB

oðl0Þ



HS



w0;1RB
oðzÞ




HS

þ 

w0RB
oðl0Þ




HS



w0;2RB
oðzÞ




HS



½HoðBÞ; w0;1�RB
oðl0Þ




þ 

w0RB

oðl0Þ



HS



w0;3RB
oðl0Þ




HS



RB
oðzÞ




� 

½HoðBÞ; w0;1�RB

oðl0Þ½HoðBÞ; w0;2�


�

� 

dðB;B0ÞRB0
o ðzÞw0



: ð82Þ

Similarly, the second term II in (81) can be bounded as

II


1
� 

w0RB

oðl0Þ



HS



RB0
o ðl0Þw0




HS

�

dðB;B0ÞRB0
o ðzÞw0




þ 

dðB;B0ÞRB0

o ðzÞRB0
o ðl0Þ½HoðB0Þ; w0;1�



�: ð83Þ

We use the estimates (79) and (80) in order to bound the terms involving the operator
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norm in (82) and (83). We see that it suffices to estimate the Hilbert–Schmidt norms
kw0RB

oðl0ÞkHS and kw0RB
oðzÞkHS. For the latter, we use the resolvent formula and write

w0RB

oðzÞ



HS

� C3

jZj


w0RB

oðl0Þ



HS
: ð84Þ

4. Hence, it suffices to estimate the Hilbert–Schmidt norm of w0R
B
oðl0Þ. Squar-

ing this norm, we write kRB
oðl0Þw0k2HS ¼ kw0jRB

oðl0Þj2w0k1 (cf. Simon, 1979b). In order
to estimate this trace norm, we need some facts about the resolvent RB

LðzÞ �
ðHLðBÞ � zÞ�1 of the Landau Hamiltonian presented in the appendix, Sec. VI.
It follows from (98)–(99) that

w0RB

LðzÞ


2
HS

¼ 

w0jRB
LðzÞj2w0




1
¼ B

2p

X
n�0

1

jEnðBÞ � zj2 : ð85Þ

Note that this is summable for any z 6¼ EmðBÞ, for some m 2 N. We will use this for
z ¼ l0, so there is no divergence coming from this term. Now, returning to the
estimate of kRB

oðl0Þw0kHS, as the random potential Vo is bounded, we can replace
RB
oðl0Þ by RB

Lðl0Þ using the second resolvent formula:

RB
oðl0Þ ¼ RB

Lðl0Þ � RB
Lðl0ÞVoR

B
oðl0Þ; ð86Þ

and kVoR
B
oðl0Þk � Cðh0; u; l0Þ, for some finite constant Cðh0; u; l0Þ > 0, depending

only on supph0, the energy l0, and the single-site potential u. Consequently, we
can write

w0
�
RB
oðl0Þ

	2w0 ¼ w0ðRB
Lðl0ÞÞ2w0

� w0R
B
Lðl0ÞRB

oðl0ÞVoR
B
Lðl0Þw0

� w0R
B
Lðl0ÞVoR

B
oðl0ÞRB

Lðl0Þw0
þ w0R

B
Lðl0ÞVo

�
RB
oðl0Þ

	2
VoR

B
Lðl0Þw0: ð87Þ

Using the estimate (85), and this identity, we obtain

w0RB
oðl0Þ



2
HS

¼ 

w0��RB
oðl0Þ

��2w0

1 � C4: ð88Þ

5. We return to the right side of (74). The trace of (76) is estimated by writing
(81) and using estimate (79) and (88). We see that the singularity of the trace on the
real axis behaves like jZj�4. As the function @�zzeFFðxþ iZÞj 	 jZj4, as Z vanishes, we see
that the integral over Z is convergent. This completes the proof.

With these preliminaries established, we now turn to the proof of Theorem 2,
that we first recall here.

Theorem 5. Under hypotheses (H1)–(H2), and for any E > 0, the IDS NðE;BÞ is a
Hölder continuous function of B, for B 6¼ 0. That is, for any exponent 0 < a < 1=4,
for any bounded energy interval I � Rþ, and for any bounded, connected interval
J � Rnf0g, there is a finite constant Cða;J ;IÞ > 0 so that for any B;B0 2 J , with

Global Continuity of Integrated Density 1205



ORDER                        REPRINTS

jB� B0j sufficiently small, and for any E 2 I, we have

jNðE;BÞ � NðE;B0Þj � Cða;J ;IÞjB� B0ja: ð89Þ

Proof. 1. Let S0 � inf sðHoðBÞÞ, almost surely. For any K � R, let wK be the
characteristic function for the set K. For any E � S0, and for any 0 < Z < 1, let
fþ
E 2 C5

0ðRÞ be a nonnegative function with 0 � fþ
E � 1, and such that fþ

E is mono-
tone decreasing on ½S0 � 1;Eþ Z�, with w½S0;E�f

þ
E ¼ w½S0;E�. We define f�

E ðxÞ ¼
fþ
E ðx� ZÞ so that w½S0�1;E�Z�f�

E ¼ w½S0�1;E�Z�. In this way, we have 0 � fþ
E � f�

E � 1,

and the difference ðfþ
E � f�

E Þw½S0;1� is supported in ½E� Z;Eþ Z�.
2. We fix E > 0 and take any B0 > 0, without loss of generality, since NðE;BÞ

is an even function of B. We consider any B > 0 with jB� B0j << 1. If NðE;BÞ >
NðE;B0Þ, then monotonicity implies that

0 � NðE;BÞ � NðE;B0Þ � nB
�
fþ
E

	� nB0

�
f�
E

	
; ð90Þ

whereas, if NðE;BÞ < NðE;B0Þ, we have

0 � NðE;B0Þ � NðE;BÞ � nB0

�
fþ
E

	� nB
�
f�
E

	
: ð91Þ

In the case of (90), we have

0 � NðE;BÞ � NðE;B0Þ
� nB

�
fþ
E

	� nB0

�
f�
E

	
� jnB

�
fþ
E

	� nB0

�
fþ
E

	j þ nB0

�
fþ
E � f�

E

	
� C


�
fþ
E

	ð5Þ�~ddðB;B0Þ þ nB0

�
fþ
E � f�

E

	
; ð92Þ

where we used Proposition 1 to evaluate the first term on the right in (92). To study
the second term on the right of the last line in (92), we recall that
suppðfþ

E � f�
E Þ ¼ ½E� Z;Eþ Z�, and that 0 � fþ

E � f�
E � 1. We know from Theorem

2 that the IDS is Hölder continuous in energy at B0, so for any 0 < q < 1, there is a
constant Cðq;B0;EÞ > 0, locally uniform in the energy, so that��nB0

�
fþ
E � f�

E

	�� � Cðq;B0;EÞZ
q: ð93Þ

We recall from Proposition 1 that Cððfþ
E Þð5ÞÞ 	 Z�4. We take Z ¼ jB� B0js, for an

appropriate small constant s > 0. Since we assume that jB� B0j < 1, we have
~ddðB;B0Þ ¼ jB� B0j. Hence, for Hölder continuity, we want 1� 4s > 0, or
0 < s < 1=4. This implies that 0 < qs < 1=4, since 0 < q < 1 is arbitrary. If we have
the case in (91), we find a similar calculation yields

0 < NðE;B0Þ � NðE;BÞ � nB0

�
fþ
E

	� nB
�
f�
E

	
� nB0

�
fþ
E � f�

E

	þ jnB0

�
f�
E

	� nB
�
f�
E

	j
� nB0

�
fþ
E � f�

E

	þ C


�
f�
E

	ðjÞ�~ddðB;B0Þ
� Cða;B0;EÞjB� B0ja; ð94Þ
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for some 0 < a < 1=4, as above. We used Z ¼ jB� B0js, for any 0 < s < 1=4, Propo-
sition 1, and (93). For both cases, we find that for jB� B0j < 1, and for any
0 < a < 1=4, there is a finite constant Cða;B0;EÞ > 0 so that

jNðE;BÞ � NðE;B0Þj � Cða;B0;EÞjB� B0ja: ð95Þ

This proves the result. &

6. APPENDIX: SOME TECHNICAL ESTIMATES

We briefly recall the Helffer–Sjöstrand formula for functions of self-adjoint
operators, and refer to Davies’ book (Davies, 1995) for more details. Let
f 2 C

ðkþ1Þ
0 be a real-valued function. We construct an almost analytic extension of

f of order k with the aid of a smooth cut-off function sðZÞ satisfying
supp s ¼ ½�1; 1� and sj½�1=2; 1=2� ¼ 1. An almost analytic extension of f , denoted
by ~ffðzÞ, with z ¼ xþ iZ, is constructed as

~ffðzÞ ¼
Xk
j¼0

f ðjÞðxÞ
j!

ðiZÞjsðZÞ: ð96Þ

This compactly-supported function satisfies ~ffðxÞ ¼ fðxÞ, and j@�zz~ffðxþ iZÞj 	
jZjkjf ðkþ1ÞðxÞj, as jZj # 0. The Helffer–Sjöstrand formula for fðHÞ, where H is a
self-adjoint operator and function f is as above, is

fðHÞ ¼ i

2p

Z
C

@z~ffðzÞðH � zÞ�1
dxdZ: ð97Þ

The resolvent of the Landau Hamiltonian R0ðzÞ ¼ ðHLðBÞ � zÞ�1 has an integral
kernel given by

R0ðzÞðx; yÞ ¼
X
n�0

Pnðx; yÞ
EnðBÞ � z

; ð98Þ

for ðx; yÞ 2 R2 �R2. This sum converges in the strong operator sense for =z 6¼ 0.
Let Pn be the projection onto the infinitely-degenerate subspace corresponding to
the Landau level EnðBÞ ¼ ð2nþ 1ÞB. The projector Pn has an explicit kernel
given by

Pnðx; yÞ ¼ Ln

�
B

2
jx� yj2

�
P0ðx; yÞ; ð99Þ

where Ln is the nth-Laguerre polynomial normalized so that Lnð0Þ ¼ 1 (see the
definition of Ln ¼ L

ð0Þ
n in Lemma 1). The projectors satisfy

Pnðx; xÞ ¼ Lnð0ÞP0ðx; xÞ ¼ B

2p
: ð100Þ
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The ground state projector P0 has the explicit kernel

P0ðx; yÞ ¼
�

B

2p

�
e�

B
4jx�yj2e�iB2x^y: ð101Þ

Proposition 2. Let wj, for j ¼ 1; 2, be two bounded, real-valued functions of com-
pact support, and suppose that f 2 C3

0ðRÞ is real-valued. Then, the operator
w1fðHoÞw2 is in the Hilbert–Schmidt class, and there exists a finite, positive constant
C2 > 0, independent of B and f , so that

kw1fðHoÞw2kHS
� C2ð1þ B2Þ1=2B�1=2kw2k1jsupp w2j1=2

�
 
kw1k1jsupp w1j1=2jsupp f j1=2kfk1 þ

X3
j¼0

dj

Z
jf ðjÞðxÞjdx

!
; ð102Þ

where the finite constants dj > 0, for j ¼ 0; 1; 2; 3 depend only on s appearing in (96).

Proof. 1. From the resolvent formula for RoðzÞ and R0ðzÞ, and Helffer–Sjöstrand
formula (97), we have

fðHoÞ ¼ fðHLðBÞÞ � 1

p

Z Z
@z~ffðzÞRoðzÞVoR0ðzÞdxdZ; ð103Þ

where we write z ¼ xþ iZ. It follows that it suffices to estimate the Hilbert–Schmidt
norm of

w1fðHLðBÞÞw2; ð104Þ
and of

w1RoðzÞVoR0ðzÞw2: ð105Þ

2. To estimate the Hilbert–Schmidt (HS) norm of (104), the compactness of the
support of f means that it contains at most finitely-many Landau levels EkðBÞ, for
k ¼ i1; . . . ; iL. If supp f does not contain a Landau level, the operator fðHLðBÞÞ
vanishes. In the former case, we have fðHLðBÞÞ ¼

PiL
k¼i1

fðEkðBÞÞPk, and we can
use the explicit form of the projector Pk given in (99) to calculate the HS norm,

kw1fðHLðBÞÞw2k2HS

�
XiL
k¼i1

jfðEkðBÞÞj2
Z Z

w1ðxÞ2jLk

�
B

2
jx� yj2

�
P0ðx; yÞj2w2ðyÞ2d2xd2y

�
�

B

2p

�XiL
k¼i1

jfðEkðBÞÞj2jsupp w1jkw1k21kw2k21; ð106Þ

where we used the fact that
R1
0 e�wL2

kðwÞdw ¼ 1 (cf. Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, 1964).
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3. As for the main term (105), we use the fact that the random potential satisfies
kVok � M0 < 1, and the norm bound

kRoðzÞk � 1=jZj; ð107Þ

with z ¼ xþ iZ. Since kAk2HS ¼ kA
Ak1, we have to estimate

kR0ðzÞw2k2HS ¼


w2jR0ðzÞj2w2




1
: ð108Þ

The operator w2jR0ðzÞj2w2 is a positive operator with an explicit kernel K0ðx; y; zÞ
given by

K0ðx; y; zÞ ¼
X1
n¼0

w2ðxÞPnðx; yÞw2ðyÞ
jEnðBÞ � zj2 ¼

X1
n¼0

w2ðxÞPnðx; yÞw2ðyÞ
jð2nþ 1ÞB� zj2 ; ð109Þ

that converges in the strong operator sense for =z 6¼ 0. For the diagonal part of the
kernel, it follows from (100) that

K0ðx; x; zÞ ¼ Bw2ðxÞ2
2p

X1
n¼0

1

ðð2nþ 1ÞB� xÞ2 þ Z2
: ð110Þ

It is easy to see that

K0ðx; x; zÞ �
�
Bkw2k21

2p

��
1

Z2
þ p2

4B2

�
: ð111Þ

Consequently, the trace norm is bounded as



w2jR0ðzÞj2w2



1
� kw2k21jsupp w2j

�
B

2p

��
1

Z2
þ p2

4B2

�
: ð112Þ

We substitute this estimate into the second term of (103) and obtain



 Z Z
@z~ffðzÞw1RoðzÞVoR0ðzÞw2 dxdZ






HS

� C1M0

Z Z j@z~ffðzÞj
jZj

�
1

Z2
þ p2

4B2

�1=2

dZdx; ð113Þ

where the constant C1 is

C1 ¼ kw2k1jsupp w2j1=2ðB=2pÞ1=2: ð114Þ

4. In order to evaluate the integral (113), we take an almost analytic extension
~ff of order 3, as in (96). We note that @�zz~ff has one term depending on f ð3Þ, and
another term that is multiplied by s0ðZÞ. This latter term vanishes in a neighborhood
of the real axis Z ¼ 0, so it can be estimated directly. As for the contribution of the
former term to the integral (113), as the coefficient of this term vanishes as jZj2, the
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integral is finite. Combining (106) and (113), we obtain the bound (102), proving the
proposition.

Proposition 3. Let wj, for j ¼ 1; 2, be two bounded, real-valued functions with disjoint
supports, so that distðsupp w1; supp w2Þ � d12 > 0, and suppose that w1 has compact
support. For any positive integer M, let f 2 Ckþ1

0 ðRÞ, for k � M þ 1, be a real-valued
function. Then, there exists a constant CM > 0, independent of f and d12, so that

kw1fðHoÞw2kHS �
�
CM

dM
12

� Xkþ1

j¼0

dj

Z
R
jf ðjÞðxÞjdx

!
; ð115Þ

where the finite constants dj depend only on s appearing in (96).

Proof. 1. The proof of this proposition is based on the polynomial decay of the
operator fðHoÞ when localized between two functions of disjoint support. This result
depends on the decay of the localized resolvent w1RoðzÞw2 that in turn follows from
the Combes–Thomas method (Combes and Thomas, 1973). These results are well-
known, see, for example, Germinet and Klein (2003) or Klopp (1997). Here, we note
that we can obtain the estimate in the Hilbert–Schmidt norm under the above
hypotheses. The basic Combes–Thomas estimate for resolvent of Ho has the form

kw1RoðzÞw2kHS �
C1

ðdistðz; sðHoÞÞÞ e
�C2distðz;sðHoÞÞd12 ; ð116Þ

where the constants can be chosen independent of z. For our purposes, it suffices to
use the following simple estimate,

e�t � bM

tM
; for t � 0; with bM ¼ e�MMM ; ð117Þ

so that

kw1RoðzÞw2kHS �
�

1

dM
12

� �
C1bM

CM
2

� �
1

distðz; sðHoÞÞ1þM

�
: ð118Þ

2. We use the estimate (118) and the Helffer–Sjöstrand formula (97) to calcu-
late the norm (115). For any integer M, there is a finite constant CM > 0 so that if
the order k of the almost analytic extension of f satisfies k � M þ 1, then

kw1fðHoÞw2kHS � C1

Z Z ��@z~ffðzÞ��kw1RoðzÞw2kHS dxdZ

� CM

dM
12

Z Z ��@z~ffðzÞ����Zjk�ðMþ1Þ��fðxÞðkþ1ÞðxÞjdxdZ

þ ðfinite terms depending on f ðjÞ; j ¼ 1; . . . ; kÞ; ð119Þ

giving the main result.
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Finally, we prove two technical bounds used in Sec. V. Let w be a smooth
function with compact support.

Lemma 3. For any B;B0 6¼ 0, we define dðB;B0Þ � HoðBÞ �HoðB0Þ, and define
~ddðB;B0Þ ¼ maxðjB� B0j; jðB0Þ2 � B2jÞ. We then have

dðB;B0ÞRB


o ðxþ iZÞw0


 � C0ðB
Þ~ddðB;B0ÞjZj�3; ð120Þ

where B
 is either B or B0, the constant C0ðB
Þ > 0 depends on B
 and w. Further-
more, we have

dðB;B0ÞRB


o ðzÞRB

o ðl0Þ½HoðB
Þ; w�

 � C1ðB
Þ~ddðB;B0ÞjZj�3; ð121Þ

where the constant C1ðB
Þ depends on B
 and w.

Proof. It is slightly more convenient to do the computation in the Landau gauge
A ¼ Bð0; x1Þ. We write the difference dðB;B0Þ as

dðB;B0Þ ¼ �B2 � ðB0Þ2	x21 þ 2ðB0 � BÞx1p2

¼ ��B2 � ðB0Þ2	þ 2B
ðB0 � BÞ�x21 þ 2ðB0 � BÞx1V 

2 ; ð122Þ

where V 

2 ¼ p2 � B
x1. To prove (120), it suffices to estimate x21R

B

o w, and x1V



2R

B

o w.

Since kp1R
B

o k ¼ kV 


2R
B

o k ¼ OðjZj�1Þ, and kx21wk is bounded, we easily obtain the

estimates by commuting the powers of x1 to the right. The proof of (121) is similar.
Here, we make use of the fact that one of the resolvents is evaluated at the fixed value
l0, and hence does not contribute to the singularity in Z. The proof is again obtained
by commuting the powers of x1 to the right.
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