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ABSTRACT

We prove that the integrated density of states (IDS) for the randomly perturbed
Landau Hamiltonian is Holder continuous at all energies with any Holder expo-
nent 0 < g < 1. The random Anderson-type potential is constructed with a non-
negative, compactly supported single-site potential u. The distribution of the iid
random variables is required to be absolutely continuous with a bounded, com-
pactly supported density. This extends a previous result Combes et al. [Combes,
J. M., Hislop, P. D., Klopp, F. (2003a). Holder continuity of the integrated density
of states for some random operators at all energies. Int. Math. Res. Notices 2003:
179-209] that was restricted to constant magnetic fields having rational flux
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through the unit square. We also prove that the IDS is Holder continuous as a
function of the nonzero magnetic field strength.

Key Words: Random Schrédinger operators; Landau levels; Irrational flux;
Localization; Magnetic fields.
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1. INTRODUCTION

In this note, we prove a new result on the Holder continuity of the integrated
density of states (IDS) for Landau Hamiltonians with random, Anderson-type
potentials. The unperturbed Landau Hamiltonian H; (B) on L?*(IR?) has the form

HL(B) = (—iV — A)?, where A(x1, x) zg(fxz,xl), (1)
where B # 0 is the magnetic field strength. The spectrum of Hy(B) is pure point
and consists of an increasing sequence of degenerate, isolated eigenvalues
{Ej(B)=(2j+1)|B|| j=0,1,...,}, each of infinite multiplicity. As the spectrum
is independent of the sign of B, we will always assume B > 0. The perturbed family
of Landau Hamiltonians is given by

Hw(B) = HL(B) + V. (2)

The random potential V,, is the Anderson-type random perturbation of the form

Vo(x) =) ojulx - ). 3)

jer?

The single-site potential function u, and the random coupling constants
{w; | j € Z*}, satisfy the following two hypotheses:

(H1) The single-site potential u is a nonnegative, compactly-supported function
with u € L>(IR?), satisfying u > 1y > 0 on some nonempty open set, for
some constant uy > 0.

(H2) The random coupling constants {w; | j € Z?}, are independent and iden-
tically distributed. The distribution has a compactly-supported density
hy € L*(R) with supp hy C [-m, M], for 0 < m, M < oo.

We note that there is no limitation in taking # normalized so that ||u||,, < 1, that we
assume from now on, as the results are uniform with respect to ||V,,||..

The traditional manner to define the integrated density of states (IDS) Ny(E; B)
for Hy = H.(B), and N(E; B) for H,,, is to use the local Hamiltonians associated with
finite-area regions A C IR%. For a regular, bounded region A C IR?, we define the
local Hamiltonians H) and H) to be the self-adjoint operators on L?(A) obtained

by restricting Hy and H,, to A, with self-adjoint boundary conditions. We assume
that these local operators are lower bounded with a uniform, finite lower bound
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independent of A. The IDS is defined using the eigenvalue counting function for the
local Hamiltonian. Let N} (E; B), respectively, N2(E; B), be the number of eigen-
values of H, respectively HA, less than or equal to E. The function NA(E;B)
depends on the realization w. The integrated density of states for H,, is defined by

— “4)

when this limit exists. Similarly, we define Ny(E;B) using the counting function
N} (E; B) for H). Because Ny(E; B) and N(E; B) are monotonic functions of E, each
has at most a countable number of discontinuities. We assume that each has been
defined to be right continuous.

It will be convenient for us to use an equivalent formulation of the IDS as
presented, for example, in Pastur and Figotin (1992). Let A C IR? be a finite-area
region as above. Let y, be the characteristic function for the region A. For any
bounded function f of compact support, the operator y, f(H,,) is a trace class opera-
tor. We denote the spectral family for H,(B) by E,(-). Let / C IR be a bounded
Borel set. The density of states measure v is defined by

V()= Tim — Tr(pEo()1n). (5)

when this limit exists. The IDS is given by N(E; B) = v((—o0, E]), when E is a point
of continuity of N.

The IDS for both Hy and H,, exist under the hypotheses given above, and we
refer to Doi et al. (2001), Hupfer et al. (2001a) and Nakamura (2001) for proofs
of these facts (we mention Carmona and Lacroix (1990), Kirsch (1989) and Pastur
and Figotin (1992) for discussions of the IDS without magnetic fields). Because of
Z*-ergodicity with respect to the magnetic translation group (see Sec. II), the IDS
N(E;B) is almost surely independent of the realization w. The IDS Ny(E; B) for
the unperturbed Landau Hamiltonian H (B) (1) is a piecewise constant, monotone
increasing function (cf. the example in Nakamura, 2001) given by

B (0 if E<B,
N"(E’B)_%{z if (20—1)B<E< (20+1)B. (6)

Consequently, it is not locally Holder continuous at all energies. The effect of the
random potential V,, is to improve the regularity of the IDS almost surely. Let us
also note that because of gauge invariance, the IDS for Hy and H,, are independent
of the choice of the vector potential A provided B = 01A; — 0, Ay. We will often write
No(E) and N(E), for Ny(E; B) and N(E;B), respectively, when the explicit depen-
dence on B is not needed.

1.1. The Main Results on the IDS

It is known that N(E) for the random family H,, is locally Lipschitz continuous
in the following sense. Given an N > 0, there is a By > 0 so that for B > By, the
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IDS N(E) is Lipschitz continuous on (0,2(N + 1)B)\{E;(B) | j =0,1,..., N} almost
surely (Combes and Hislop, 1996; Hupfer et al., 2001b; Wang, 1997). Under some
additional conditions, Wang (2000) also proved that N(E) is smooth outside of a
given Landau level for sufficiently large magnetic field strength (depending on the
level). There has been some discussion as to the behavior of the IDS at the Landau
energies E;(B), when B is not necessarily large relative to the level j. If the support of
the single-site potential « in (3) includes the unit square A;(0) C IR?, and satisfies
ulA1(0) > €y, o) > 0, for some ¢ > 0, then the IDS is locally Lipschitz continuous
at all energies for any B # 0. More recently, some of us in Combes et al. (2003a)
extended these results and proved global Holder continuity of the IDS at all energies,
provided the magnetic field strength B satisfies B € 2nQ), the rational flux condition
for the unit square A;(0). This condition allows the problem to be treated using the
method of Floquet decomposition. The case of irrational flux was not resolved in
that paper because of lack of explicit control on how a constant that enters from
an application of the unique continuation principle depends on B. In this paper,
we compute this constant explicitly, and, by using a new method, avoid the use of
the Floquet decomposition. These two advances allow us to modify the argument
of Combes et al. (2003a) and prove the following general theorem that extends these
known results. This more general technique will be thoroughly explored in Hislop
and Klopp (In preparation).

Theorem 1. Let H;(B) be the Landau Hamiltonian (1) with magnetic field B # 0,
and assume hypotheses (H1)—(H2). Then the IDS N(E) is locally uniformly Holder
continuous at all energies with any exponent 0 < g < 1. That is, for any exponent
0 < g <1, and for any bounded interval I C IR, there is a finite constant Cy4 > 0,
locally uniformly bounded in B for B # 0, so that for any E,E' € I, we have

IN(E) = N(E')| < CrqlE - E'|". (7)

We also prove a Holder continuity result on the IDS as a function of B. We do
not believe that the Holder exponent in the following theorem is optimal.

Theorem 2. Under hypotheses (H1)-(H2), and for any E > 0, the IDS N(E;B) is a
Holder continuous function of B, for B # 0. That is, for any exponent 0 < o < 1/4,
for any bounded energy interval I C R, and for any bounded, connected interval
J C R\{0}, there is a finite constant C, ;) >0 so that for any B, By € J, with
|B — By| sufficiently small, and for any E € I, we have

|N(E; B) — N(E; Bo)‘ S C(%171)|B — B()|a. (8)

In the proof of this theorem, we use the regularity of N(E; B) as a function of E.
This idea was used by Simon (1982) who proved that the IDS for Hy(B) + V.,
where V., is a Z*-periodic potential, is continuous in the field strength B at any
energy E that is a point of continuity for the IDS. As a consequence of Theorems
1 and 2, we have the following corollary on joint continuity in £ and B.

Copyright © Marcel Dekker, Inc. All rights reserved.
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Corollary 1. Under hypotheses (H1)-(H2), the 1DS is jointly Holder continuous on
any compact subset of R x R\{0} in the (E, B) energy-magnetic field plane.

1.2. Contents of this Article

In Sec. 11, we review the group of magnetic translations and the ergodicity of the
perturbed Landau Hamiltonians. In Sec. III, we prove a Wegner estimate that will
imply the main result, Theorem 1, given a certain positivity estimate. This key posi-
tivity estimate is proved for Landau Hamiltonians in Sec. IV. In Sec. V, we prove the
continuity of the IDS with respect to the magnetic field. In Sec. VI, the appendix, we
collect various technical estimates needed in the proofs.

2. THE MAGNETIC TRANSLATION GROUP AND ERGODICITY
The magnetic translations for the constant magnetic field problem in two-
dimensions are defined as follows. Much of this discussion applies to Schrodinger
operators with constant magnetic fields in higher dimensions (cf. Sjostrand, 1991).

For any field strength B € IR, any vector o € R?, and f € C80(1R2), we define the
magnetic translation by « as

UBf(x) = ) £ (x4 ). o)
For o, f € R?, we have the relations:

VLU = Pl P gfus. (10)
In a standard way, the family {U? | « € IR?}, defined in (9)—(10), extends to a projec-

tive unitary representation of R? on L>(IR?). We note that for any magnetic field
strength B,

UPH(B)U®, = HL(B). (11)
We define two fundamental vectors in IR2,
o = (L1,0), and op = (0,L,), (12)

for any L, L, € IR, and write UJB, for j = 1,2, for the corresponding unitaries as in
(9). 1t follows from (10) that we have the commutation rules:

ULUE = Bl yBuf. (13)

It is clear that {U, U?} generate a two-parameter Abelian group provided the
following integer flux condition for the square [0, L] x [0, L,] is satisfied:

BL|L, € 2nZ. (14)
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More generally, suppose that only the rational flux condition for the square
[0,L] x [0, L,] is satisfied:

BL\L, =2np/q, for p,q€Z, (15)

with p, ¢ having no common divisors. Then, assuming (15), the unitary operators
{(UB)?, UB} satisfy the commutation relations

(UP)1UE = L UB (Ul = UB(UP)Y, (16)

so the pair {(UP)? UP} generate an Abelian group. Under the rational flux
condition, we used Floquet theory relative to this Abelian group in order to study
the IDS for H, in Combes et al. (2003a).

Let us now consider the transformation properties of H, with respect to the
magnetic translations by Z>. The mapping y = (n;,n,) € Z*> — Uf’ of Z? into a
family of unitary operators defined in (9) is a strongly continuous, unitary ray
representation of the additive group Z>2. For 7,7’ € Z?, we have

ByB _ % B
UU, = Ulyys

(17)
where y Ay’ = nin), — nyn). In order to compute the action of UB on H,, we recall
the invariance of Hy in (11), and consider a related action by 72 on the probability
space Q. For each y = (1, n,) € Z*, we define a map T, : Q — Q whose action on the
random coupling constants satisfies

(T”y'w>(j1,jz) = O(ji+ny,jr+na) (18)

It is clear, under (H2), that this action is the usual ergodic group of translations on
the probability space Q. It follows from this remark, the identity (11), and the form
of the random potential (3), that

UyBH(uU,By - Hﬁ,wa (19)

for all y € Z>. From this identity, the general theory of ergodic Schrédinger
operators developed by Kirsch and Martinelli (1982a,b) states that there is a set
X C R so that o(H,) = X with probability one. Furthermore, the IDS exists and
is independent of w almost surely (for the details, cf. Doi et al., 2001; Hupfer
et al., 2001a; Nakamura, 2001).

3. PROOF OF A WEGNER ESTIMATE

The proof of the Holder continuity of the IDS, Theorem 1, follows from a
locally uniform estimate on the following quantity

T AE ) (20)

Copyright © Marcel Dekker, Inc. All rights reserved.
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where we denote the spectral family of H, by E,,(-), and IE(-) is the expectation with
respect to the random variables o, j € Z2. Such an estimate is related to the Wegner
estimate (Wegner, 1981), except that the Hamiltonian H,, in (20) is the infinite-area
operator (2). We will prove the following result in this section, and then use it to
prove Theorem 1.

Theorem 3. Let g satisfy0 < g < 1, and let I C R be a bounded interval. There is a
finite constant Cy4 > 0 so that for any subinterval O C I, there is a length scale L,
such that for all L > Lo, we have

E{Tr(1,E0(O)11)} < CrglO|"L?, (21)
where y; is the characteristic function of the square A of side length L.

The proof of this estimate will follow the general ideas of the proof of the
Wegner estimate given in Combes et al. (2003a). One difference is that the length
scale Ly depends on the interval ¢. Of course, this does not affect the infinite area
limit, and, consequently, the properties of the IDS, as will be shown in the proof of
Theorem 1 below. The main positivity estimate that we need to prove Theorem 3 is
the following. We will prove this estimate in Sec. I'V.

Theorem 4. Letr Hy(B) be the Landau Hamiltonian in (1) and let TI, be the
projector onto the infinite-dimensional eigenspace for Hi(B) corresponding to the
eigenvalue E,(B). Let u > 0 be a single-site potential satisfying hypothesis (H1),
and define the potential 1% by

V(x) =Y ulx—j). (22)

jer?

Then, for each n € Z, there exists a finite constant 0 < C,(B,u) < oo, so that

I, VI, > C,(B,u)Il,. (23)

Proof of the Wegner Estimate (21) given Theorem 4. 1. We begin with the obser-
vation that it suffices to prove the theorem for bounded intervals A C IR sufficiently
small so that they contain at most one Landau level for Hy(B). Since the separation
of the eigenvalues of Hy = H_(B) is 2B, this can be done provided |A| < 2B. We note
that it follows from the proof that the constant C;, in (21) is uniform with respect
to any subintervals on 1. Suppose that A is centered on an arbitrary, but fixed, energy
Eyp. For A C R, let fo(4) € C°(IR) be a smooth, nonnegative function of compact
support with fa]A =1, 0 < fa <1, and |[supp fa| < 2|A|, so that supp fa contains
at most one Landau level, the same as A. We then have the operator inequality
E,(A) < fa(H,). We begin with an estimate on

E{Tr(1nEo(D)1a)} < BATr(zafa(Ho) 70)}- (24)
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First, if A contains one Landau level, E,(B), we write a decomposition of the trace on
the right in (24) as

T”XAfA(Hw)ZXA = T”XAfA(Hw)HifA(Hw)XA
+ Trynfa(Ho)TL fa(Ho)xa- (25)
We will use the fact that Hy — E, is boundedly invertible on the range of
HnL =1 —11,. Second, if A does not contain a Landau level, we know directly
that Hy — Ey is boundedly invertible. Let dy = min{dist(Eo, E,(B)) | E,(B) ¢ A}, so
do > 0. We begin with the first case when E,(B) € A. It is easy to estimate the term
in (25) involving IT-. We write
Triafa(Ho) T fa(Ho)ta
= Tryafa(Ho)(Ho — Eo)(Ho — Eo) ™' TIy fa(Ha) 7
- T"XAfA(Hw)VwHi(HO - EO)_lfA(Hw)XA- (26)

To estimate the second term on the right in (26), we expand the trace in the eigenfunctions
Y ; of the nonnegative, compact operator Fa(Hy)yafa(Hy). This gives the upper bound

|TrXAfA(Hw)ani(H0 - EO)ilfA(Hw)XA|
< 37 VT (Ho — Eo) ™)

1 €
< Zjd—OHHn il Vel

1 1
< 50 A Vo ata + 5 Traafally fain, (27)
0

where we write f for fa(H,,), when convenient. The first term on the right in (26) is easily
seen to be bounded above by
_ A

Tz ) (B = E0) (o = Bo) T Ao a] < 2 Tz (28)
Bringing the second term on the right in (27) to the left in (26), we obtain an upper bound
for the complementary term

. ! 2 2|A| 2
Tryafa(Ho)I, fa(Ho)ya < 7 TrypnfaVoSaua + o Tryafaxa- (29)
0

2. We use the lower bound (23) in order to estimate the second term on the

right in (25). Substituting this into the trace for IT,, we obtain

Trynfallnfaza
1 -
< T I, VII,
o Cn<37 u) FX/\fA v fAXA
1 - - -
<CBw B {TV}{AfAVfAX/\ — Trypfall-VIL, fayxp — Tryafall, VII: fAXA}

(30)

Copyright © Marcel Dekker, Inc. All rights reserved.
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where we dropped the positive term Try, faTl-VITE fay, since it occurs with a nega-
tive sign. As in Combes et al. (2003a), the last two terms on the last line of (30) can be
estimated in the same manner. This step of the proof is quite similar to step 3 of
the proof in Sec. III of Combes et al. (2003a), and we simply summarize the results
of the calculation for the Landau case here. We note that it follows from hypothesis
(H1) that there exists a finite constant Dy > 0, depending only on u, so that
V2 < DyV. Using this constant, the second term on the last line in (30) is bounded
above by

~ D?
| Tryafall, VIL, faxal < C—° Tryafally faza

Cy
JFZTVXAfAanAXAa (31)

where C, = C,(B,u) is the constant occurring in (23). We then obtain for the direct
term

2 - 4D}
Tryafallnfaga < C. TryafaViaxa + C_zo T”XAfAHifAXA- (32)
3. We now combine (29) and (32) and obtain

Trypfa( w) I = Tryaafa(Ho) Tl fa(Ho)xa + Tryafa(Hy)TT #fA(Hw)XA

_2A1f, 40 2
< dO {I—FF Tr/{AfA/(AJ'_C TryAfAVfAyA

1 4D
+ d_§+C2d2 TroafaV2ifara- (33)

We first choose |A| sufficiently small so that the coefficient of Try fa(Ho) 1, in (33)
satisfies

24| 4D2

Hence, this term can be moved to the left in (33). Second, in order to evaluate the last
term in (33), we note that hypotheses (H1) and (H2) imply that there exists a finite
constant Cj(u, ho) > 0 so that V2 < Cy(u, ho)V. Using this inequality, we can com-
bine the two remaining terms on the right in (33). Upon choosing |A| smaller, if
necessary, we find that there exists a finite constant C, > 0 so that

TrinEo(A)xp < CrTryafaVEatas (35)
where
2 1 4D%C
=20 = 0 36
c=ng+a(zran)) &
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In the second case, when A does not contain a Landau level, we find by an analogous,
but simpler, computation

C ~
TrynEo(A)ga < d—; TrynfaV fain- (37)

4. 1In order to estimate the trace on the right in (35) and (37), we must replace
the potential V by a local potential using the localization due to the characteristic
function y,. Let us suppose that A=A, =[-L/2,L/2] x [-L/2,L/2] is a square
of side length L > 0. For any 0 < ¢ < 1, we denote by A, C A, the square of side
length (1 — ¢)L. We write A, for the annular region A1 \A(1—¢z, S0 that the area
of this annular region is 4eL>. We denote the complement ]R \A(+or by Af. As
above, we use the notation yy for the characteristic function of the set X C IR?,
and we denote the lattice points in X by X = X N Z>. The sets defined here provide
a partition of R? as

L2 = %A, + Xoa, + Zac- (38)
Using this partition of unity, we write
XAfAVfAXA = XAfAVX/\(fAXA + XAfAvXaA[fAX/\ + XAfA‘N/XAijXA- (39)

The first term on the right in (39) is the main term. We estimate the expectation of
the trace of this term using the estimate on the spectral shift function proved in
Combes et al. (2001). The two remainder terms in (39) are dealt with using either
the smallness of the boundary term or the decay of the kernel of the operator
Iafa(Heo)ye that follows from the fact that the regions A and A{ are disjoint with
a positive distance ¢L /2 between them.

5. We calculate the trace of the first term on the right in (39) as follows. Let
g € C*(R) be a smooth function with support of g’ containing A, and so that
fa(d) < =2|A|g’(4). We can then write

TrinfaVia fara < TrfaVia,
< —2|A|Trg'(H,) Vi, - (40)

In order to estimate the trace term on the right in (40), we follow the calculation in
Combes et al. (2001, 2003a) using the spectral shift function. First, the derivative
with respect to the energy in (40) is replaced by a sum of the derivatives with respect
to the random variables w;, j € A, using the key formula

Z% Tr(g —g(Ho))xa, = Trgl(Hw)VX/\(' (41)
JEA, J

We next take the expectation that allows us to remove the derivatives with respect to
the random variables by an integration by parts. Finally, the remaining trace is

Copyright © Marcel Dekker, Inc. All rights reserved.
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evaluated using Krein’s identity and the spectral shift function. We refer to the
calculations in Combes et al. (2001, 2003a) for the details. As a result, we find that
for each 0 < g < 1, there exists a finite, positive constant C,; > 0, so that

E{TrynfaViafara}t < CorlAl“(1 — €)L% (42)

6. We now calculate the two remainder terms in (39). The boundary term is
easily seen to be bounded above by

<7 1/2
TraaVn s < 4et?( sup liadaCFu I ) @)
JEON,

The term involving the unbounded complementary region is bounded above by
= 2
TroafaVincfara < |l xafa(He)xae - (44)

In the appendix, Sec. VI, we prove two estimates on the Hilbert—-Schmidt norms of
the localized operators appearing in (43) and (44). We assume that fj is obtained
from a function f by scaling, so the derivatives of f are order one. In this way,
the kth-derivative fa is of order |A|™. For the unscaled function f, we introduce
the following notation that is used in the estimates of the appendix:

k
AN =Y di [ 1FPE))ae, (45)

where the finite constants d; > 0 depend only on the function ¢ used in the construc-
tion of the almost analytic extension given in (96). First, we prove that there is a
finite constant Cp > 0, depending on B and independent of j, so that

infa(Ho)u |l ys < Colll£1l]5 14172, (46)

Consequently, for the boundary term (43), we obtain

TriafaVion fara < CacL*| Al (47)

Second, we consider fx(H,) localized between two disjoint regions. Let y;, for
Jj = 1,2 be characteristic functions on two disjoint regions, at least one of which
is bounded, and let d,, = dist(suppy;,suppy,). For any M € N, and for any
f € CETY(R), with k > M + 1, there is a constant 0 < By < oo, independent of f
and d,, so that

21Sa(Ho) 22 llms < Bud || £ 11 (48)

Hence, setting k = M + 1, and taking into account the scaling of fa, we obtain a
bound for the term involving the interior and the disjoint exterior (44),

TryafaVincfata < Byl f o (eL) " |42, (49)
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7. To complete the proof, we combine the estimates (42), (47), and (49), to
obtain

E{TrypEazn} < CoilAl(1 — €)*L? 4+ CocL}|A|™* 4 Cs(eL) M |A| M2, (50)

where the constants depend on f and its derivatives, but are independent of L
and |A|. For any given A, we choose ¢=|A]> and M =2. Then, for all
L>L)= |A|_9/2, we have

E{TrysEaza} < C4lAI"|A], (51)

proving the first part of the theorem. We next need to check the uniformity of the
constants with respect to subintervals of A. To see this, notice that the constant
C, in (36) depends on A only through dy and if U C A, then dj increases, so that
C, is uniform with respect to all subintervals of A. The same result holds for the con-
stant in (37). Similarly, the constant C,; in (42) depends only on the uniform norm
lgll, of the function g in (40). This norm is is independent of A. In the same manner,
one checks that the constants C; and Cs in (50) depend only on the norm || f|||5
of the unscaled function f. Thus, these constants are independent of A. It follows
that the constant C;, in (21) is uniform with respect to all subintervals of I. This
completes the proof of Theorem 3. O

We now prove Theorem 1 given Theorem 3. We fix a bounded interval 7 C IR,
and let E, E' € I. We may suppose E < E'. Let U = (E,E') C I be an open interval.
We recall that the constant C;, in the Wegner estimate is uniform with respect to
subintervals on /. From Theorem 3, there is a length scale Ly so that for L > Ly,
we have

E{Tr(z.Eo(U)y)} < Crgl?|UJ", (52)

where y; is the characteristic function on the square A;. Dividing by L? and taking
the limit L — oo, we find that the DOS measure v satisfies

W(U) < Cpg|UI". (53)
Integrating this expression (53) using the monotonicity of the IDS, we find

0 < N(E) — N(E) = / ") < CLlE — ElY, (54)

proving Theorem 1.

4. POSITIVITY ESTIMATES FOR LANDAU PROJECTORS

We prove the key local positivity estimate (23) of Theorem 4 in this section. This
estimate (23) follows from an explicit calculation of a lower bound for the left side of

Copyright © Marcel Dekker, Inc. All rights reserved.
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(23) employing explicit formulas for the infinite-dimensional projectors for the
Landau levels. In this case, we are able to make a fairly explicit calculation of the
constant appearing in (23). This provides a quantitative version of the unique
continuation principle as used in Combes et al. (2003a). Recall that I1, = I1,(B),
n € Z, is the orthogonal projection on eigenspace corresponding to the n-th Landau
level for the Landau Hamiltonian Hy = Hy(B) with constant magnetic field B > 0,
and that the potential V is defined by

V(x) = Z u(x —j), (55)

jez?

for a single-site potential u satisfying (H1). In order to prove Theorem 4, we need
several auxiliary assertions. The basic technical observation comes from the work
of Raikov and Warzel (2002). Lemma 1 summarizes Lemmas 3.2 and 3.3, and
Remark 3.2 of this paper Raikov and Warzel (2002).

Lemma 1. Let V L”(]Rz), p > 1. Then, the operator 11,VIl,, n € Z., is selfad-
joint and compact in H,,LZ(IRZ). Moreover, if V is radially symmetric, then the

eigenvalues i, (V), k € Z, of I1,VI1, are equal to (VQ, 1, ¢, 1), where (.,.) denotes
the scalar product in Lz(]Rz), and the functions ¢, are given by

al 7 B\ kD2 A ) .
P (X) = nk'(2> (x1 + ixp) "LV ’">(B|x| /2)e” /4

for x € R?, where Lg‘_") are the generalized Laguerre polynomials given by

0 I
Lglkfn)(g) — Z (nkl> (_é) , E>20,neZy, kel,.

l
I=max{0,n—k}

Finally, the normalized eigen functions of I1,VIl, corresponding to the eigenvalues
tai(V), k € Zy, are equal to ¢, ;. In particular, the eigen functions are independent
of V.

Remark. Note that in Raikov and Warzel (2002) the eigenvalues (Vo,, ;, ¢, ;) and
the eigenfunctions ¢, , are enumerated starting with k = —n, and not with k = 0, as
is done here. '

We will apply this result by noting that hypothesis (H1) guarantees that the
single-site potential u is strictly positive on some open set. We denote by D(x, R)
the disk of radius R > 0, centered at x € IR?. We set v, ;(R) := gk (AD(0.R))-

Corollary 2. The eigenvalues v, x(R), k € Z, of the operator I,y po g Iln, n € Z+,
can be written as

vus(R) =1 /0 Yk L (22 ot ge, (56)
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where ¢ = o(R) := BR?/2. Moreover, the asymptotic relation
e—QQ—n+1 k2n—1Qk

Unk(R) = TT(I +o(1)), k— oo, (57)

holds uniformly with respect to R € [R;,Rz), 0 < R| < Ry < 0.

Proof. Using Lemma 1, passing to polar coordinates (r,0) in the integral
{(XD(0.R)Pnj> Pni)» and changing the variable Br?/2 = ¢, we immediately obtain
(56). In order to check (57), we assume first of all that k > n. In this case, we have

n! & . I+m 1 k k o(k) —¢& gk—n+m+l1
Vn,k(R):H;ZO(—I) m(n—z)(n—m>/o e o dé. (58)

We note that
k—o00 n—s

limks‘"( k ):ﬁ s€{0,....n}, (59)

(see e.g., Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables, 1964, Eq. 6.1.46). Moreover, the asymptotic relation

0 B k
| eterar— e o), k- o, (60)
0

holds for any fixed « € R uniformly with respect to ¢ € [9;,0,] with 0 < ¢, <
0, < 0o. Combining (59) and (60), we find that the leading asymptotic term of the
sum in (58) corresponds to m = [ = 0. Employing (58), (59) with s = 0, and (60) with
o = —n, we get (57).

Lemma?2. Letn € Z,. Foreach0 <¢ <R, 1> 1, andn > 0, there exists a constant
Co = Co(n,&,R,n) > 0, such that

HnXD(OA,s)Hn > Gy (HnXD(O,R)Hn -n HnXD(O./lR)Hn)~ (61)

Proof. We fix § € (0,1), and, bearing in mind (57), pick K such that k > K implies

e*9<R°>g(Ro)k_”+l f2n—1
n! k!

(1-0) < Vni(Ro)

efg(Ro)Q(RO)k7n+1 kzn,l
n! k'

<(1+9) (62)

for Ry € [R/2,2AR]. We will show that if 0 <& < R, A > 1, and k¢ > K, then the
operator inequality

7500, Mn = Cr(Waxpo.ryn — Collupo,ir)T1n) (63)
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Marcer DekkER, Inc. ﬂ
270 Madison Avenue, New York, New York 10016 6



Y
ORDER | =" |l REPRINTS
Global Continuity of Integrated Density 1201
holds with
Cr = Ci(m e, Roko) = min 224l (64)
kef0,.ko} Vnk (R)
and
C, — i + g;L—Z(ko—n+l)e—@(R)+g(),R). (65)

By Lemma 1, the operators L 7p00,6) s Mo, r) s and I 7p0, ) L, are diago-
nalizable in the same basis {@, ;},cz, - Hence, in order to prove (63), it suffices to
check that the numerical inequalities

Vn,k('g) Z Cl (Vn,k(R) - CZ Vn,k(/lR)) (66)

hold for each k € Z_. If k < ko, then (66) is valid because in this case (64) implies
Uni(e) > Civn ik (R) which obviously entails (66). If k > ko, by (64) and (65) we have

V,,,k(R) — Cszk (;»R)
7Q(R>Q(R)*n+l k2n71Q(R)k

e
<(+o9)—, K
B (1 + 5A—Z(ko—n-kl)e—g(R)Jrg(/lR)(1 iy e eRg(AR) " kz"_]Q(iR)k>
1-6 n! k!
e @R k2=1o(JR kentd ne1) [ 9— _
= (1+0)— (k! ) JRD (g7 k), (67)

Since 42 > 1, we find that v, x(R) — Covu i (AR) <0, if k > ko, which again implies
(66). To complete the proof of the lemma, we fix n > 0. Taking into account (65),
we choose ko = ko(n) > K so large that C; <. The main estimate (61), with
Co = Ci(n, & R, ko(n)), now follows from (66).

Remark. If n =0, then (56) implies

Q(R)k+1
k+1)

o(®) Q(R k+1

m < VO,k(R) <

VkeZ,.

Because of this improved estimate, we also have (66) with the constants

G e o el® o(e) \o!! B 7Q(R>(E>2(k0+l)
1:=e€ —e ,
2(R) R

Cy := 2RI —e(R) ) =2(ko 1)

which are more explicit that the ones given by (64)—(65).
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Marcer DekkER, Inc. m
270 Madison Avenue, New York, New York 10016 6



ORDER | _=*_[Il REPRINTS

1202 Combes et al.
We now give the proof of the positivity result, Theorem 4.

Proof. For j € Z?, the invariance of Hj(B) with respect to group of magnetic
translations (11) gives

UJBHHXD(O,I;)HH UEJ = HnXD(j,l:)HH' (68)

Hypothesis (H1) on the single-site potential u guarantees that there exists an € > 0
so that

V)= ulx—j) = uokp(s (). (69)

jez? jer?

We now choose R > \/5/2 so that Zjelz AD(R) = IR?- We fix A > 1. Then, there is a
finite constant Ky > 0 so that jez? (k) < Ko. It now follows from Lemma 2 that
for any 0 < n < 1, there is a constant Cy so that

annn > Z MOHHXD(j,s)Hn

jer?
> Z Co (HnXD(j’R)Hn - ’/]HnXD(j,AR)Hn)
jer?
> C()(l - 17K0)Hn. (70)

We now choose n = 1/2Ky. The resulting constant depends on the Landau level
index n, the function u, and the field strength B.

5. CONTINUITY OF THE IDS WITH RESPECT TO THE
MAGNETIC FIELD

The proof of the continuity of the IDS with respect to magnetic field strength
follows from the vague convergence of the density of states measures with respect
to the magnetic field strength. The proof of this theorem, given below, relies on
the following representation of the density of states (DOS) measure:

vs(f) = / F()dvs(2) = E{Tr[r0f (Ho(B)) 70}, (71)

where , is the characteristic function on the unit cube. This representation follows
from the definition of the DOS and the ergodicity of the Hamiltonian, expressed in
(19). A proof can be found in Hupfer et al. (2001a). Using this representation, we
have the following proposition on the vague convergence of the density of states
measures with respect to the magnetic field.

Proposition 1. For any f € C(S)(IR), and for any interval J C R™, there is a finite
constant C(f®,J) >0, depending on fUY), with j=1,....5 so that for any

Copyright © Marcel Dekker, Inc. All rights reserved.
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B,B’' € J, that we have
[ 1) - av (i) < s, 0 8.8), 72)
where
5(B, B') = max(|B — B|,|(B')’ — B|). (73)

If we use a scaled function f(s/7), for 4> 0, so that |fU| ~ A7, for j=1,...,5,
then C(f©)) = 0(i™).

Proof. 1. We prove the theorem using the Helffer-Sjostrand formula (97) of the
appendix, Sec. VI, and the representation formula (71). We write the left side of
(72) using the representation formula (71) as

/f(l)(dVB(i) — dvp (1)) = E{Tr(1o(f(Ho(B)) — f(Hu(B'))) 0l }- (74)

We fix any J¢ satisfying —oo < 49 < 2min(0,inf o(H,,)), and define a function
F(s) = (=4 + s)f(s). This function F is in C5(R) like f (note that it is sufficient
to consider those f with support in [min(0, 29/2),0)). Let F be a compactly sup-
ported almost analytic extension of order 5 of F, as constructed in (96). We write
z=¢+in € C. An extension F of order 5, as in (96), satisfies the estimate
|0-F(& + in)| ~ |n*|F®(&)], as |y| — 0. With these choices, the Helffer—Sjéstrand
formula for the operator f(H) has the form

7 =1 [ o (e) o~ o) (1 -2 azan (75)

The extra power of the resolvent helps in the calculation of the trace norm in our
case. Let us denote by R (z) the resolvent (H,,(B) —z)~', and by R§(z) the resolvent

[&]

(H.(B) —z)”". We write the right side of (74) using the Helffer—Sjostrand formula
(75) as

f(Ho(B)) — f(Ho(B) = % /C O=F (2)[RE(20)R((2) — R (Jo)RE) (2)]dE dn.— (76)

This integral is a priori convergent because of the vanishing of O.F as |n| — 0, and
since F has compact support.

2. From (1), the difference of the two perturbed Landau Hamiltonians is
3(B,B') = Hy(B) — H,(B) = (B — B)A-p+ (1/4)(B* — (B))A - 4, (77)

where the normalized vector potential Ais given by A= (=x2,x1), and p = —iV.
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The operators (p; — Ag)’, for j = 1,2, are relatively-H, (B) bounded, and satisfy the
norm estimate,

[(px = ARG ()| < Colnl™ (78)

In Lemma 3 of the appendix in Sec. VI, we prove the two following the basic esti-
mates, using the boundedness of the potential V,,, and the relative-bound estimate
(78). Let B* denote either B or B, and let y be any smooth function y of compact
support. Then, we have

16(B, B)RY (2)1]] < C16(B,B)|n|”, (79)
and
|6(B, B)RE (2)RE (4o)[Ho(B"), ]| < C28(B,B)|n| >, (80)

where the constants C; and C, depend on B*.

3. We expand the difference of operators on the right side of (76) as follows:

XO( 5(0)RE (2) — RE (0)RS () 10
—%0R5(A0)RE (2)5(B, B)RE (2) 10
—XORS;(AO) (B, B/)RB (iO)RB( )%o
=1+11 (81)

To estimate the trace norm of I, we use commutators to push the cut-off function y,
from the left through to the right. To facilitate this, we let ¥, ; denote smooth func-
tions with compact support so that yo ;_1%; = %o> and yo; = 1 on supp y, i-1- We
then use the Holder inequality for trace ideals (cf. Simon, 1979b) in order to express
the trace norm in terms of Hilbert—-Schmidt norms that are more easily estimated.
Upon performing this calculation as indicated, we find

11 < {lloRe o) [ s 701 REE) s
+ [ 10RE o) | s 1202RE ) | s | [Hoo (B): 20.1]RE (o) |
oRB 70l l203RE o) s RG]
X H »(B), 401]R£(A0)[ »(B) » X0,2 H}
x ||6(B, B)RE (2)x|- (82)

(1)

Similarly, the second term II in (81) can be bounded as

2]y < 1e0RE o)l s 1RE o)l {1108, BYRE ()
+[|6(B. B)R (2)RE (20)[Ho(B), 10,1 }- (83)

We use the estimates (79) and (80) in order to bound the terms involving the operator

Copyright © Marcel Dekker, Inc. All rights reserved.
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norm in (82) and (83). We see that it suffices to estimate the Hilbert—-Schmidt norms
l20RE (Z0) ys and ||oRE (2)|| 5. For the latter, we use the resolvent formula and write

82 < 082G s 2

4. Hence, it suffices to estlmate the Hilbert- Schmldt norm of yyR3(4). Squar-
ing this norm, we write ||RB(/L0)70 (A0)| %oll; (cf. Simon, 1979b). In order
to estimate this trace norm, we need some facts about the resolvent RE(z) =
(H,(B) —z)”" of the Landau Hamiltonian presented in the appendix, Sec. VI.
It follows from (98)-(99) that

5 B 1
2)| XOHI_EgilEn(B)—le. (85)

Note that this is summable for any z # E,,(B), for some m € N. We will use this for
z = Jg, so there is no divergence coming from this term. Now, returning to the
estimate of ||[RE(10)xollys> @s the random potential V,, is bounded, we can replace
RB (%) by R%(29) using the second resolvent formula:

20RE(2) |35 =

R5(%0) = Ri (%) = RE(20)VoRg (%), (86)

and ||V,RE(A0)| < C(ho,u, Ao), for some finite constant C(ho,u, o) > 0, depending
only on supp kg, the energy 1o, and the single-site potential u. Consequently, we
can write

XO(R{»( )) %o = %o(R ( ))270
— %oR7 (A0)RE (%) Vi RE (Z0) 10
— %0R7 (20) Vi RS (20) RE (Z0) 10
+ 10R7 (20) Vi (RB(io)) VoR7 (20)10- (87)

Using the estimate (85), and this identity, we obtain
20R2 (0) 725 = 10| REG) 0]l < €. (88)

5. We return to the right side of (74). The trace of (76) is estimated by writing
(81) and using estimate (79) and (88). We see that the singularity of the trace on the
real axis behaves like || ™. As the function 8:F (¢ + in)| ~ |n|*, as 5 vanishes, we see
that the integral over 5 is convergent. This completes the proof.

With these preliminaries established, we now turn to the proof of Theorem 2,
that we first recall here.

Theorem 5. Under hypotheses (H1)-(H2), and for any E > 0, the IDS N(E;B) is a
Holder continuous function of B, for B # 0. That is, for any exponent 0 < o < 1/4,
for any bounded energy interval I C R", and for any bounded, connected interval
J C R\{0}, there is a finite constant C, ;) >0 so that for any B, By € J, with
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|B — By| sufficiently small, and for any E € I, we have
|N(E;B) —N(E;Bo)‘ S C(a7171)|B—Bo|%. (89)

Proof. 1. Let Xy = inf ¢(H,(B)), almost surely. For any K C R, let yx be the
characteristic function for the set K. For any E > X, and for any 0 <7 < 1, let
f# € C3(R) be a nonnegative function with 0 < f; < 1, and such that f; is mono-
tone decreasing on [Zg — 1,E+nl, with ys gfs = 15,5 We define f;(x) =
fi(x =) so that s, 1 gy fz = Xz,-1,6—y- In this way, we have 0 < f; — f <1,
and the difference (f7 — fz )1z, ) IS sSupported in [E — n, E + 1]

2. We fix E > 0 and take any By > 0, without loss of generality, since N(E;B)
is an even function of B. We consider any B > 0 with |B — By| << 1. If N(E; B) >
N(E; By), then monotonicity implies that

0 < N(E; B) — N(E; Bo) < vi(ff) — vs, (f& ), (90)
whereas, if N(E; B) < N(E; By), we have

0 < N(E; Bo) — N(E; B) < wa, () — va(fz)- 91)
In the case of (90), we have

0 < N(E; B) — N(E; B)

< VB(f;) _VBo(fE)
< |va(fa) —ve, (&)l +va,(fa - fz)

< c((rH))3(8. Bo) +va (i — 17), (92)

where we used Proposition 1 to evaluate the first term on the right in (92). To study
the second term on the right of the last line in (92), we recall that
supp(f4 — fz) = [E—1n,E +n],and that 0 < ff — f < 1. We know from Theorem
2 that the IDS is Holder continuous in energy at By, so for any 0 < ¢ < 1, there is a
constant C(, g, ) > 0, locally uniform in the energy, so that

|VB() (fgr - fE_>| < C(q,Bo,E)nq‘ (93)

We recall from Proposition 1 that C((fg)(s)) ~n~* We take n = |B — By|’, for an
appropriate small constant ¢ > 0. Since we assume that |B — Bo| < 1, we have
0(B,By) = |B— By|. Hence, for Holder continuity, we want 1—4¢ >0, or
0 < o < 1/4. This implies that 0 < go < 1/4, since 0 < g < 1 is arbitrary. If we have
the case in (91), we find a similar calculation yields

0 < N(E; Bo) — N(E; B) < vg,(fz) — va(fz)
<wp,(f§ = fz) + e (fz) —va(fz)]
< vn,(ff ~ f) +C((fz)")3(B, Bo)
< Clo3,,5)| B — Bol”, (94)
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for some 0 < o < 1/4, as above. We used 1 = |B — By|’, for any 0 < ¢ < 1/4, Propo-
sition 1, and (93). For both cases, we find that for |B— By| < 1, and for any
0 < o < 1/4, there is a finite constant C(, 3, £y > 0 so that

IN(E; B) = N(E; Bo)| < Ciapy )| B — Bo|™. (95)

This proves the result. O

6. APPENDIX: SOME TECHNICAL ESTIMATES

We briefly recall the Helffer-Sjostrand formula for functions of self-adjoint
operators, and refer to Davies’ book (Davies, 1995) for more details. Let
fe C(()k+1> be a real-valued function. We construct an almost analytic extension of
f of order k with the aid of a smooth cut-off function o(n) satisfying
suppo = [—1,1] and ¢|[—1/2,1/2] = 1. An almost analytic extension of f, denoted
by f(z), with z = & + in, is constructed as

~ k rl) .
7 = ST o). (96)

This compactly-supported function satisfies f(&) = f(¢), and |9.f(¢ + in)| ~
In|F|£*D(&)], as |y | 0. The Helffer-Sjostrand formula for f(H), where H is a
self-adjoint operator and function f is as above, is

1) =5 [ oF @) =2 azan 07)

The resolvent of the Landau Hamiltonian Ro(z) = (HL(B) — z)~' has an integral
kernel given by

M@@ﬁ=2§%§%, (98)

n>0 "

for (x,y) € R? x R?. This sum converges in the strong operator sense for Sz # 0.
Let IT, be the projection onto the infinitely-degenerate subspace corresponding to
the Landau level E,(B) = (2n+ 1)B. The projector II, has an explicit kernel
given by

M 509) = Lo (5 b= ) ). (99)

where L, is the nth-Laguerre polynomial normalized so that L,(0) =1 (see the
definition of L, = L in Lemma 1). The projectors satisfy

m@w:u@m@ng. (100)
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The ground state projector Iy has the explicit kernel

Mote.y) = (7 Je Befe e (101)

2n

Proposition 2. Let y;, for j= 1,2, be two bounded, real-valued functions of com-
pact support, and suppose that f € C3(R) is real-valued. Then, the operator
11.f(Hy) s is in the Hilbert—Schmidt class, and there exists a finite, positive constant
Cy > 0, independent of B and f, so that

llx1f (H, )72||HS
< Co(1+ BB sl [supp 75/
(IImII Isupp 7 |"/*[supp f1"2 1/ +Zd/|f Id€> (102)

where the finite constants d; > 0, for j = 0,1,2,3 depend only on ¢ appearing in (96).

Proof. 1. From the resolvent formula for R, (z) and Ry(z), and Helffer-Sjostrand
formula (97), we have

7(Ho) = (00(B) ~ [ [ 07 IR VuRo (21 i, (103)

where we write z = ¢ + in. It follows that it suffices to estimate the Hilbert—Schmidt
norm of

x1f(HL(B)) 2, (104)
and of
XlRw(Z)VwRO(Z)Xz- (105)

2. To estimate the Hilbert—-Schmidt (HS) norm of (104), the compactness of the
support of f means that it contains at most finitely-many Landau levels E;(B), for
k=1iy,...,ir. If suppf does not contain a Landau level, the operator f(H.(B))
vanishes. In the former case, we have f(H.(B)) = Si- i f(Ex(B))I;, and we can
use the explicit form of the projector I, given in (99) to calculate the HS norm,

7 f(HL(B) 1l 3ss

< i|f(Ek(B))|2//Xl(x)2|Lk<123x_y|2>no(x’ WP () dxdy

< >Z|f Ex(B))*supp 1171 1% 17221 (106)

k=i,

where we used the fact that [;* e "L?(w)dw =1 (cf. Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, 1964).
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3. As for the main term (105), we use the fact that the random potential satisfies
Vol < My < oo, and the norm bound

[Ru(2)] < 1/Inl, (107)

with z = & + in. Since HA”%-IS = HA*AHI, we have to estimate

2
1Ro(2) 2175 = [l 72l Ro(2)[ 22| - (108)
(z)[*x, is a positive operator with an explicit kernel Ko(x, y;z)

given by
(x, ;2 le (5, )1y ZX I, (x y /{2()’) (109)

n=0 _Z‘ n=0 2n+ _Z|

that converges in the strong operator sense for 3z # 0. For the diagonal part of the
kernel, it follows from (100) that

sz 2 oo
Ko(x,x;z2) . 110
o Z TR (110)
It is easy to see that
Bll1li% n’
Ko(x,x;2) < ( = +432 (111)
Consequently, the trace norm is bounded as
R 2 2 R B 1 7'[2
1R (2) P 2suppal (52 ){ o g | (1)

We substitute this estimate into the second term of (103) and obtain

H [ [ oromr. vk acan B

-7 (2) 1/2
<CIM0//‘ o { 47;2} dn d¢, (113)

where the constant C; is

C1 = |l1all.c|supp 7|/ (B/27) /2. (114)

4. 1In order to evaluate the integral (113), we take an almost analytic extension
f of order 3, as in (96). We note that d.f has one term depending on f©), and
another term that is multiplied by ¢’(r). This latter term vanishes in a neighborhood
of the real axis # = 0, so it can be estimated directly. As for the contribution of the
former term to the integral (113), as the coefficient of this term vanishes as %, the
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integral is finite. Combining (106) and (113), we obtain the bound (102), proving the
proposition.

Proposition 3. Let y;, for j = 1,2, be two bounded, real-valued functions with disjoint
supports, so that dist(supp y,supp y») = di2 > 0, and suppose that y; has compact
support. For any positive integer M, let f € Cg“(lR), fork > M + 1, be a real-valued
function. Then, there exists a constant Cy > 0, independent of f and dyy, so that

k+1
s muHs(dg)( 4 [ 10 |d¢> ms)

where the finite constants d; depend only on ¢ appearing in (96).

Proof. 1. The proof of this proposition is based on the polynomial decay of the
operator f(H,,) when localized between two functions of disjoint support. This result
depends on the decay of the localized resolvent y; R, (z)y, that in turn follows from
the Combes-Thomas method (Combes and Thomas, 1973). These results are well-
known, see, for example, Germinet and Klein (2003) or Klopp (1997). Here, we note
that we can obtain the estimate in the Hilbert-Schmidt norm under the above
hypotheses. The basic Combes-Thomas estimate for resolvent of H,, has the form

C ~cydist(zo(H,)d
" R(u by S ’ o lz’ e
R G)22lles < Gz s € ()

where the constants can be chosen independent of z. For our purposes, it suffices to
use the following simple estimate,

*’SZ—M, for t >0, with by =e MMM, (117)
so that
1 cle> < 1 >
Rl < (L . 118
kel < () (&) (G (118)

2. We use the estimate (118) and the Helffer—Sjostrand formula (97) to calcu-
late the norm (115). For any integer M, there is a finite constant Cy > 0 so that if
the order k of the almost analytic extension of f satisfies k > M + 1, then

=F(2)[[111Ro(2) 22| s dE

IS (Ho) s < € /

<o

+ (finite terms depending on FUi=1,..., k), (119)

|| |k (M+1) |f k+1) )|d€d1’]

giving the main result.

Copyright © Marcel Dekker, Inc. All rights reserved.
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Finally, we prove two technical bounds used in Sec. V. Let y be a smooth
function with compact support.

Lemma 3. For any B,B' #0, we define 6(B,B') = H,(B) — H,(B'), and define
5(B,B) = max(|B — B|,|(B')* — B?|). We then have

[3(B, BRE (& + in)zo| < Co(B*)S(B, B)In| ™, (120)

where B* is either B or B, the constant Cy(B*) > 0 depends on B* and y. Further-
more, we have

|6(B, B)YRE (2)RE (Jo)[Ho(B*), 7]|| < C1(B*)3(B,B)|n|™ (121)
where the constant Ci(B*) depends on B* and j.

Proof. 1t is slightly more convenient to do the computation in the Landau gauge
A = B(0,x;). We write the difference d(B, B') as

5(B,B) = (B~ (B’)z)xf +2(B — B)xip»
= {(B*— (B)’) + 2B (B — B)}x} + 2(B' — B)xV;, (122)

where V3 = p — B"x;. To prove (120) it suffices to estimate x2R% y, and x; V;RE y.
Since ||piRE || = ||V5RE || = o(ly|™"), and lx2x|| is bounded, we easily obtain the
estimates by commuting the powers of x; to the right. The proof of (121) is similar.
Here, we make use of the fact that one of the resolvents is evaluated at the fixed value
4o, and hence does not contribute to the singularity in #. The proof is again obtained
by commuting the powers of x; to the right.
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