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Summary. We consider the Schrodinger operator H = — 4 + W + V acting in
L*(R™), m = 2, with periodic potential W perturbed by a potential ¥ which decays
slowly at infinity. We study the asymptotic behaviour of the discrete spectrum of
H near any given boundary point of the essential spectrum.

0 Introduction

Let
r={xeR™x=)7 na;,neZj=1,...,m

be a lattice associated with the basis {a;}7_, in R™, m =2. Assume that
the function We C*(IR™) is periodic on the lattice I', i.e. we have

W(x+7y)=W(kx), VxeR™" Vyerl . 0.1)
Suppose that the perturbation V satisfies the estimates
IDPV(x)] < cp<x> 771, e (0,2), <x>i=(1 +|x|%)!2, 0.2)

for each x € R™, for each multiindex f, and some constants ¢;.
On the Sobolev space H?(IR™) introduce the Schrédinger operator
H o= H o+ V
where
H 0= — 4+ W.
Then the operators s and ', are selfadjoint in L2(R™).

Since V decays at infinity, the multiplier by V is a 4-compact operator.
Therefore, the essential spectrum o..(#) of the operator # is independent of
V and coincides with o.(5# ). On the other hand, the spectrum o(#°,) of the
operator S, is purely continuous, i.e. we have

aess(%) = Uess(fo) = 60(‘”0) = G(%O) .

* Partly supported by the Bulgarian Science Foundation under contract No MM 8/1991
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Moreover, o(#,) has a band structure
o(#o) = I, 0.3)
=1

where I; are compact intervals which may be pairwise disjoint or overlapping.
Denote by (67,6 ), k=0, 1, ..., K, the gaps in a(#,) so that we have

K
R\o(#o)= |J €k, EL), 6K <&Eivy, k=0,1,..., K< 0 .
k=0
Note that the first gap (£, £¢ ) is semi-infinite, i.e. £5 = — oo. Moreover, the
total number K of the gaps (£, &) is usually finite since we consider the
multidimensional case m = 2 (see [Skr, Theorem 12.1 and Theorem 15.2]). How-
ever, the finiteness of K is of no importance for the problem studied here.

The aim of the paper is to investigate the behaviour of the eigenvalues of the
operator J near a given tip £ or &5, k=1,..., K, of 6.(##). Under some
complementary generic assumptions about the structure of ¢ (#) we obtain the
main asymptotic term of the counting function 4" (4) (or, respectively, A" (4))
describing the distribution of the isolated eigenvalues of # which accumulate from
the right to &, (or, respectively, from the left to &;").

Our results are related to the ones in [De-He, Al-De-He, Ge-Si, He, Bir and
Sob]. The authors of these works, however, investigate the asymptotics as g — oo
of the number of the eigenvalues of the operator — 4 + W F tV, V = 0, which
cross a given energy level §e [&, 7], k=1,..., K, as the coupling constant
t grows from zero to the value g, while in the present paper we study the
asymptotics as A | 0 of the number 4" (4) of the eigenvalues of # lying on the
interval (€5 + 4, &) (or, respectively, on (&, & — 1)) with fixed & e (&, &5 ).

In the one-dimensional case m = 1 the asymptotics of A4 f (1) have been studied
in [Zel] under restrictive assumptions about V. A considerable extension of these
one-dimensional results has been announced in [Khr 1]. The results of the present
paper have been announced in the author’s short communication [Rai 3]. After the
submission of the paper the author knew about the article [Khr 2] where results on
the asymptotics of A" (4) for m = 2 had been announced without proofs; some of
these results are similar to the ones established here.

The results of the paper are obtained by means of variational methods. The
problem under consideration, however, requires some nontrivial generalizations of
these methods since, generically there are segments of o..(# ) lying on both sides
of the infinite eigenvalue sequence we study. Similar difficulties arise in the linear
magnetohydrodynamic theory (see [Rai 1, Theorem 2.15 and Theorem 2.16]), and
in the spectral theory of the Schrédinger operator with constant magnetic field in
some even-dimensional cases (see [Rai 2, Theorem 2.6]). Moreover, we apply some
techniques typical for the theory of pseudodifferential operators, and use some facts
from the theory of Bloch waves. Finally, we employ standard interpolation
methods.

1 Statement of the main result

1.1 In order to state our main result we need a more detailed description of
0035(‘#)'
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Denote by  the fundamental domain of the torus R"/I". Further, let {b;}7_

the basis dual to {a;}7_, i.e. the basis satisfying

(a;, b;) =2n6;;, i,j=1,...,m,

where (.,.) is the inner product in R™ generated by the euclidean metrics. Set

I’*:={xe]R'":x= Y nb,njeZ, j= l,...,m}
j=1
and denote by Q* the fundamental domain of the torus R™/I" *. The domain Q* is
known in the physical literature as the Brillouin zone.
For a fixed 6 € Q* introduce the operator

bo:= (V-0 + W (1.1)

with domain the Sobolev space H*(IR™/I"). Obviously, the operator by is selfadjoint
in L2(R™/I') . Since the manifold R™/T is compact and the operator b, is elliptic,
the spectrum of b, is purely discrete for each 6 € Q*. Denote by

E\(0) S E;(0) S Es5(0) = ...

the nondecreasing sequence of the eigenvalues of the operator by, 8 € Q*. It follows
from an elementary perturbation-theory argument that each function E;(6), [ = 1,
is continuous over Q*. Moreover, it can be shown that E,, [ = 1, are real-anaytic
functions over IR™/I'* outside the nullset of the branching points (see [Wilc,
Theorem 1] for the case m = 3).

Introduce the Hilbert space

do
= | @®L*R™TI) .
R vol Q*

We can identify £ with L2(Q x Q*; dx d6/vol Q*) where dx and d0 are the Lebesgue
measures respectively over Q and Q*. Introduce the operator

do

(1.2)

= | ®b——nm (1.3)
R/ vol Q%
which is selfadjoint in £. Define the operator U: L2(R™) — £ by
(Uf)(x,0):= ), exp{ —i0-(x + )} f(x +7), fe L*(R™). (14

yel
It is well-known that the operator U is an isometric mapping and we have
U3f0(1*==$0
(see [Re-Si IV, Sect. XI11.16]). Hence, the relation (0.3) holds with
feQ*

Moreover, the boundary points &, , k=1, ..., K, (respectively, £, k=0, ...,
K) of 6.4(s#) coincide with the maximum (respectively, minimum) value of some
function in the sequence {E;(0)};5; -

We shall say that the value &5 is regular if only if the following conditions are
fulfilled:
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1) there is a unique function E;5(6) in the sequence {E(0) },»; which takes the
value &F;

(ii) the function E;(6) takes the value & at finitely many points 0 = 6 ; € Q*,
j=1,...,Jf < o

(iii) the Hesse matrix M (0):= {M [, ((0)}"=, with entries

ME, (0):= + 0*EL(0)/00,00,, r,s=1,...,m,
is positively definite at the points 0 = 07,,j=1,...,JF.

Remark. If the conditions (i) and (11) hold then the function E; is analytxc in
a vicinity of each point 6, j = 1, , Ji , where it takes the value &f so that
the condition (iii) makes sense.

The eigenvalues of the matrix inverse to M & i, (Ch ;) are known in the physical
literature as the effective masses at the points 6,5, j = 1, i

1.2 Let T be a selfadjoint operator in a Hilbert space. Let I « R be an open
interval such that the spectrum of 7 on I is purely discrete. Then N(I|T ) denotes
the number of the eigenvalues of T lying on I, counted with the multiplicities.

Set
NER)=N(= 0,8 — A H), 2>0.
Let (&+,6%), k=1,..., K, be a bounded gap in () = 0e.(#). Fix
e(@r,&F)and for >0 small enough put
Ni()=NEr + 4L &EH), k=1,...,K,
NER)=N@& EF —AH), k=1,...,K.

Throughout the formulation of the Main Theorem below we follow either the
upper or the lower sign whenever double signs “ + ” or “ ¥ ” are met; thus the
Main Theorem contains two independent assertions concerning the upper or the

lower sign.

Main Theorem. Let W satisfy (0.1) and V satisfy (0.2). Moreover, suppose that the
estimate

vol{xe R™: FV(X)>u}=cu ™™ ¢>0, (1.5)+
holds for u > 0 small enough with the same o € (0,2) as in (0.2).
Let (€, &7 ) be agap in o(H ). Assume that the value §§ or &, k=1,...,
K, is regular. Then we have

Jil

Z vol{(x, f) e R*":

NED =

F(MEOF)0,0) + V(X) < =41 +o0(1),4]0. (1.6)+

The estimate (0.2) with f = 0 combined with the estimate (1.5) + implies that the
quantity at the right-hand side of (1.6)+ is of order A~™2~%/2* a5 1 | 0.

Moreover, under the hypotheses of the Main Theorem the asymptotics (1.6) +
can be re-written in the form

N EQA) = (2m) " ™vol{x e R™, § € Q*:
T 660 £ V(X) < £ &5 — (1 +0(1), 4]0,
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or in the form
NEA) =6 [ (£ V(x)+ )™ dx(1 + o(1)), 210,

R
with
G = 0w/ QR (174
where v, is the volume of the unit ball in R™, and
1 JiE
—= Y (et FO5;) 2
M =
Furthermore, if we assume that the perturbation V obeys the asymptotics
P(X)

V(x) = = (1 + o(1)), |x| = o0, X:=x/|x],

Ix]

in addition to the hypotheses of the Main Theorem, we can further simplify the
relations (1.6) +, writing them in the form

lim A" =92 r 2 Q) = € EB(m2 — a)/20, 1 + m/2) | @"*(w)do(w)/a

210 s§m-1
where B(p,q), p >0, ¢ >0, is the Euler beta function, and do is the canonical
measure over S™ !,

The proof of the Main Theorem can be found in Sect. 3, while Sect. 2 contains

some necessary auxiliary results.

1.3 There exists a wide literature on the eigenvalue asymptotics of the same type
for the case W =0 and m = 1, ie. the asymptotics of the quantity N(— oo,
— Al — 4+ V)as 1] 0(see [Roz, Tam]). In the following proposition we formu-
late a result of this type which will be used further on.

Proposition 1.1 Let .4 : R™ - R™, m 2 2, be a symmetric positively definite matrix.
Assume that V satisfies (0.2) and (1.5),. Then we have

N(— o0, — A — (M V, V)+ V)= (2r) ™vol {(x, 0) e R*™
(A0,0)+ V(x) < — A1 +o(1)), A]0. (1.8)

The asymptotics (1.8) would have been contained as a special case in the result
of [Roz, Theorem 1] if we have assumed in addition m > 3, .# =1d and V' < 0.
However, it is not hard to verify (1.8) under the hypotheses of Proposition 1.1.

2 Auxiliary results

2.1 In this subsection we formulate several simple assertions from the abstract
eigenvalue perturbation theory.

We denote by &, the space of compact linear operators acting in a given
Hilbert space. If Te &, and u > 0, then v(y; T) = N(u?| T*T) is the number of
the singular values of the operator T larger than u counted with the multiplicities.
Obviously, if T'= T*, we have

N(p, ol £ T)sv(; T), Yu>0. 21+
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Moreover, if T; € S, i = 1, 2, then the Weyl-Ky Fan inequality
V(s + p2; Ty + T2) S v(py; Th) + v(pg; T2) 22

holds for each y; > 0, i = 1, 2, (see [Goh—Kr, Chap. II, Subsect. 2.3]). We would
also mention some versions of this inequality concerning the eigenvalues of selfad-
joint operators. Namely, if 7; = T¥ € S, i = 1, 2, then the inequalities

T N, o|Ty + T) £ £ N(u(1 F 1), 0|Ty) + N(ut, 05 £ T,)  (2.3).
hold for each u > 0 and 7 € (0, 1) (see [Goh—Kr, Chap. II, Subsect. 2.3]).

Lemma 2.1 [Bir—Sol 2, Chap. 9, Sect. 3, Theorem 3] Let T;, i = 0, 1, be selfadjoint
operators in Hilbert space. Assume rank Ty < co. Then for each — oo <
Uy < Uy < 00 we have

IN(u1, 21 To) — N(py1, p2|To + T1)| S rank 7.

Lemma 2.2 [Bir-Sol 2, Chap. 9, Sect. 4, Lemma 1] Let T;, i = 0, 1, be selfadjoint
operators in Hilbert space. Suppose that T, is bounded and o(T) < [ty,t2]. Then
the estimates

N(iy, p21To) £ N(py + 1, 2 + 12| To + T4)
hold for each — 00 < p; < pp < 0.

2.2 This subsection contains some necessary estimates of the spectrum of integral
operators.

In what follows we denote by &,, 1 < p < oo, the space of compact operators
such that the norm

ITlle,= (Tr|T|7)"/?

is finite (see e.g. [Bir—Sol 2, Chap. 11]). Obviously, if Te €,, 1 £ p < oo, then the
elementary estimate

v(u; T) S uP| T2, (2.4)

is valid for each u > 0.

Let 2 = IR™ be an open set, and G: L*(R™) —» L*(2) be a bounded integral
operator with kernel g e L*(2 x R™). Let fe LP(R™), ae L**(2), be L**(Z), pe
[1, oo]; we denote the multipliers by a, b and f by the same symbols. Define the
operator T;: L*(9) — L*(2) by

T,:= aGfG*b . (2.5)

Lemma 2.3 Let p e [1, o). Then the operator T, defined in (2.5) is compact, and the
estimate

v Ty) < Cop™Pllall e BN L2n | S 2os VRL>0, (2.6)
holds with C,:= ||g | 2/%||G | >®~ 1.
Proof. The estimate (2.6) will follow from (2.4) and the estimate
IT &, £ Cpllalfan bl 721 £ 11105 PELL, 0) . 27
In order to verify (2.7), first of all note that we have
1T < WG Hal g bl el f 1l - (2.8)
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Further, assume p = 1 and write T, = T, T where T:L*(2y) - L*(R™) is an
integral operator with kernel a(0) g(0, x) | f(x)|/2, and T7: L*(R™) - L?(2,) is an

integral operator with kernel g(8, x)(signf(x))| f(x)|}/2b(#). Combining the obvi-
ous inequalities

ITille = I T 21T 52

and
IT 3 < lglielalilflL
IT50E: S Nglilbliallf 1 s
we obtain
IT e S lgliclialoa bl 1l (2.9
Applying standard polylinear interpolation (see e.g. [Ber-Lof, Sect. 4.4]), we find
that the estimate (2.7) follows from (2.8)—(2.9). |

Remark. The result of Lemma 2.3 and its various generalizations are well-known
for the case g(f, x) = exp{ix* 8}, i.. for the case where G is the Fourier transform
(see [Bir-Sol 1, Theorem 6.3] or [Re-Si I1I, Theorem XI1.20]). The author is ob-
liged to Prof. M.S. Birman for drawing his attention to the possible extensions for
general G.

Now, let T,: L*(2) — L*(2) be an integral operator with kernel
a(@)b(0')t(6,0)|0 —0'|""*°, 0,02 .

Lemma 2.4 [Kos, Theorem 1] Assume that 9 is bounded. Let 0 < § <m/2, ae
L*(D), be LY (D), with p>2m/d, and te L*(2 x D). Then the operator T, is
compact and we have

v(u; T) < cp ™™ |lallp b1 32, Yu >0,
where the constant c is independent of u, a, b and t.
Lemma 2.5 Let m/2<8<m, ae L (D), be L), with p=2m/5, and te
L®(D x D). Then the operator T, is compact and we have

v(u; T5) < cu™2llall g b Es Nt e, V>0, (2.10)
where the constant c is again independent of u, a, b and t.

Proof. The estimate (2.10) follows from (2.4) with p = 2 combined with the identity
IT21122 = [ [ 1a(0)1*|b(0")I2(¢(6, 0')%16 — 6’| ~*™* 22 df d6’
(787

and the well-known Sobolev inequality (see e.g. [Re-Si II, Sect. IX.4, Example 3]),
written in the form

[ [1a(®)1216(0")1210 — 6'|72"*2°d0d6" < ciu, sllall L, IbILs - O

22

3 Proof of the Main Theorem

3.1 For definiteness we shall prove the Main Theorem for the case of a minimum
&¢,k=1,..., K The proof in the case of a maximum & is analogous, and the
minor modifications needed are quite obvious.
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For simplicity, we assume that the value &' is taken by the function E;;(0) at a
unique point 6, € Q*. Evidently, no loss of generality follows from this assumption.

First of all we use the operator U (see (1.4)) in order to show that the operator
A is unitarily equivalent to the operator

53:= 50 + B
where §, is introduced in (1.3), and B:= UVU* is defined by

(Bu)(x, 0) = Yo VX +7y) [ exp{i(0 —0)-(x +y)}u(x,0)d0’, ueg,

vol Q2* R™/*
(see (1.2)). Then we have
N &) = N8, ¢ —A19). (3.1)

3.2 Let O = Q* be an open ball centred at f; such that E g (6) is a simple eigenvalue
of the operator by (see (1.1)) for each 8 € 0. Note that we have

inf (Ef(0)—&7)>0. (3.2)
6 e Q*\C

Let y(x,0) be the eigenfunction of the operator by corresponding to the
eigenvalue E;(0), 6 € 0. We assume that y possesses the following properties:

a) [ly(x,0)*dx =1, V0e0;

b) Yy e L*(2x 0);

c) the mapping 6 — (-, 6) is C2-smooth with respect to 8 € @ in the L?*(Q)-
topology.

The existence of an eigenfunction Y with the properties a)—c) follows easily from
[Ka, Chap.II, Sect. 5, Theorem 5.16] and the fact that the eigenvalue Ej;(6) is
simple for 6 € O (see also [Wilc]). As a matter of fact the function y is smoother
than it is pointed in the conditions b) and c). We state these conditions in a form
which is sufficient for our purposes.

For further references we establish here some properties of the function (x, 8)
which is extended when necessary by periodicity for all xe R™. Set

Y, (0):= [ exp{iy’*x}y(x,0)dx, yel* 0eQ*.
Q
Note that we have

= iy Q .
V(x, 0) vole,;*exP{ iy x}y,,0), xeQ 00

Hence, the property a) implies

Y 1¢,0)* =volQ, 0eQ. (3.3)
‘er*
Put !

o(x,0) =exp{ix-0}y(x,0), xeR™ 6el.
Define the operator @: L*(R™) - L*(0) by

(Pw)(0)= | o(x,0)u(x)dx, ueL*(R™).

R™
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Lemma 3.1 The operator @ is bounded.
Proof. Obviously we have
(Pu)(6) = Z U 0)a(0 +7), ue S(R™),
y ‘er*

where

u(y):= [ exp{ —ix-y}u(x)dx, yeR™.

Rm™

By the Schwarz inequality, the identity (3.3) and the Parseval equality, we get

jl(qbu 0)2do < —— ¥ [la6 +y)*do <

lgyel"*('

1
= 2d0 = —— i 240 = 0* 2 gy -
-vomy;m['“‘;”)' do OIQijlu(e)l df = vol ijm(x)l dx ;

in the last inequality we have also used the identity

vol Q vol Q* = 2m)" . (34)
Thus we find that the norm of the operator @ is upper bounded by
(vol Q*)1/2, a

Further, let {(0), 0 € Q*, be the characteristic function of the ball @. Define the
orthogonal projection P: & — € by

(Pu)(x, 6) = L(O)Y (%, 0) [ Y(x, O)u(x, 0)dx’, ue®.
Q

Set Q:=1d — P.
Lemma 3.2 Let fe LP(R™), p e [2, o0). Then we have
PUfU*e&,.
Proof. Assume at first fe L*(IR™). Obviously, we have
IPUSU*| <11 f L= .
Assume now fe L*(R™). Then we have

|PUfU* |2, = TrPUfU*UfU*P TrPU|f]?U* =

§ T ORI dxdd < 1W 12 g0 1 1 2aggom, -

vol Q* gm e
Using a standard interpolation technique, we obtain the estimate

IPUSU* |2, S W I fIE, pel2 ). U

In the sequel we shall say that a function fe C*(IR™)is in the class &,, « > 0, if
the estimates

ID?f(x)| < cp<{x)~* 1l yxeR",
hold for each multiindex f; thus, the estimates (0.2) are equivalent to the inclusion
Ve, a«a€(0,2).
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Moreover, we shall say that a function fe L*(IR™) is in the class L&’a, o> 0, if we
have

f(X)] < codx)>7% VxeR™.

Corollary 3.3 Assume fe 5’,, o> 0. Then we have fe L* n L" with r > max {1,
m/a} and, hence, PUfU* € €, with max {2, r} < p < oo.

In particular, we find that PUfU * is compact. Therefore, if ¥ satisfies (0.2), then the
operator PB = PUVU* is compact.
At the end of this subsection we introduce the integral

ropm=1 gy

Io(Asro,1y)i= rj‘)m, pe[l,0), i>0,ro=20,r < oo .
For further references we state here the following elementary asymptotic estimates
Ip(4;0,7r)=0(1), 1, < ©0,2p<m, (3.5)
Fy4;0,71) = O0(]Ink]), ry < o0, 2p =m, (3.6)
Ip(A;0,r1) = OAPP~™2) r < 00,2p >m, (3.7
IpA; 19,0)=0(1),r0>0,2p>m, (3.8)

which all hold as 4 | 0.
3.3 For e 0 put
x0;2):=(E&L0)—&F + 4~ Y4 1>0.

For a given function fe %5, 6 >0, define the operator & (f):L*(¢0)— L*(0)
as the operator 7, defined in (2.5) with 2 =0, a=b=1 and ¢(0,x)=
(vol Q%)™ 12 p(x, 0). Set

RS 0) = — xDF (N)x(4) .

Note that the operator #(f;A):L*(0) - L*(0) can be regarded as a pseudo-
differential operator with an amplitude

A, 0, ;) = — vol 2 (6, DY (= x,0)f (= x) (= %,0")(0, H)

(see [Tay, Chap. II, Definition 3.5]).
Proposition 3.4 The estimates
tN@,EF —AHD) S £ N F 1, 0|2V, 4) +o(A™"?797%), 4]0, (39).
hold for each 7 € (0, 1).
Proof. First of all, write the identity

H=(P+Q)H(P+Q)=PHP + QHQ + PBQ + 0BP . (3.10)
Next, introduce the selfadjoint operator

A = —i(PB — BP).

In view of Corollary 3.3, " is compact. Fix some real ¢ # 0 and denote by IT = 11,
the spectral projection of X" corresponding to the set (— o0, —&?)uU (g%, o0). Set
HNo=IH, A=A — A, Obviously, we have

rank 4o = N(— oo, —&2|X") + N(e?, oo|X), (3.11)
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and ||, || < &% Denote by Y, (e) the operator generated in € by the quadratic
form

llieQu + e 14" | Pul|?, uef.
Obviously, we have
c(Y.(e)) = [0,422] .
Now we can re-write the identity (3.10) in the form
D=PO e *HA NP+ Q(H+e)QF Yi(e) +i(PHoQ — QA P).

Note that the rank of the last term at the right-hand side of this identity does not
exceed 2 rank /. Applying Lemmas 2.1 and 2.2, we get

TN E—AUD)S £ NEF4LE — AP e 2 A DP +0(H +69)Q) +
+ 2rank ', . (3.12),

The last term at the right-hand side of (3.12) , is independent of A, and, by virtue of
(3.11), is finite.

Denote by Z(0), deIR, the operator P($ + 64 ?)P with domain
PD($) = PL, and by Z,(5) — the operator Q(H + 4)Q with domain @D($). Then
we have

N(& F4e®, 8 —APH e A DP+Q(H£6*)Q) =
=NEF432,EF —AMZ(Fe 2)+ NEFALEF —AZy(Fe?). (3.13),
Obviously the inequalities
N(& F e, 6 —AZ(F &) S N(E F 36580 £6%Z,(0) (3.14),
hold for all 4 = 0. Since the value &' is regular and (3.2) is valid, we have
0ess(Z200) N [8, 6 ]1= & .

Therefore, the quantity at the right-hand side of (3.14), is finite for || small
enough. Hence, the second term at the right-hand side of (3.13) , remains uniformly
bounded as 4 | 0.

Further, write the obvious identities

N6 F46% 6 = UZy(Fe7%) = N(— 00,01Zy( F &™) — & + 1) -
—lim N(— o0, & Fde> +1Z,(F & ).
t}0
(3.15),
The operator Z,(9) is bounded for every fixed é € R, and we have
info.s(Z,(0) =8¢, VoeR.

Hence, the second term of the right-hand side of (3.15) , is finite for |¢| # 0 small
enough. .

Next, denote by Z the operator PUV2U*P with domain P£. Applying the
elementary estimates

(PA 2Pu,u) = |IIHA Pu||® < | # Pu|? <2|BPPul? + 2| PBPu|?
< 4||BPu|® = 4| VU*Pu|?,
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we obtain the operator inequalities
+Z(Fe )2 £2Z,00)—4e72Z.
The operator Z,(0) + 6Z, d € R, is unitarily equivalent to the operator
Ef+FW+6F V)= 2D+ 885 — A+ FV)+6F(V?).
Hence, we have
EN(=00,0[Z(Fe?)= &+ NS £ N(—00, 0y 2+ F (W) F

Fd4e 2F(V?)). (3.16) ,

The Birman-Schwinger principle yields

N(— 0,013 2D+ FV)F4e 2 F (V) =N, o|R(V;) Fde 2RV 1) .
(3.17),

In view of (2.3), we have

T N1, o|Z(V;)F RV3HA)S £ N1 F 1, 0| R(V;4) +

+ N(te%*/4, co | — R(V'%; 7)), VY1e(0,1).

(3.18)

Apply Lemma 2.3 with 2 = 0, g(6, x) = (vol Q*) "2 ¢(x, 0), a = b = x(4), and
f= V?, bearing in mind Lemma 3.1. Taking into account (2.1),, we obtain the
estimate

N(we?/4, 0| — R(V?; 4)) < coFy(4; O, 11) (3.19)

with p = m/2a + 9, 6 > 0 being arbitrarily small, if m = 2a, p = 1, if m < 20, and
some numbers ¢, and r; independent of 4. Employing the estimates (3.5)—(3.7), we
find that the quantity at the right-hand side has order o(1~™2~%2%) a5 } | 0.
Combining (3.12) , «3.19), we come to (3.9) . . O

3.4 In what follows we choose the coordinates on ¢ so that 6, coincides with the
origin. For 6 e R™ set

h(0; A):= (3(A (0:)6,0) + 712, A>0,
and define the operator R(4): L*(0) —» L*(0) by
R(A)= — h(A)e F (V)h(D)e .
Proposition 3.5 The estimates
T NAFrt, 02 V;1))S £ NAFT, 0|R(A), VA>0, (3.20)
hold for each 1 €(0, 1), T’ € (z, 1), and sufficiently small diam O.
Proof. Fix arbitrary ¢ € (0, 1) and choose diam ¢ so small that the inequalities
+h(0;4) £ £ (1 F¢)'2x(6; 4),
hold for each § e @ and each A > 0. Then the minimax principle implies
+ NI F1,0lR(V; )< 2N F1 Fe), o|RA)),VA>0,(3.21),

Fix the pair 7 € (0, 1), " € (1, 1) and choose ¢ € (0, 1) so that we have + (1 F1') <
+ (1 F1)(1 F ¢). Then (3.21), entails (3.20),. . O
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3.4 Let fe ¥5, 0 > 0. Set

1
G 4, xpx 0} () dx (322)

where the integral should be understood in the distribution sense.

Lemma 3.6 [Tay, Chap. XII, Lemma 3.17 Let fe %5, 6 >0, 6 &£ m. Then the
Fourier transform defined in (3.22) satisfies the estimates

Ife)=c,

/)=

if10] = 1, and

- Clo|™™*° S<m,
<
f(9)={c, S>m .,

if |6] < 1, with a constant C which is independent of 6.

Let 2 =< R™ be an open set and fe LP(R™), pe[1, o). Define the operator
F(f;2) as the operator (2.5) witha = b = 1 and g(0, x) = 2n) " ™?exp{ — ix*0).In
particular, if fe &5, § > 0, then F(f; 2) is defined by

(F(f; 2)u)0) = jf(@’ —0)u(0)do’, uel*(2).

Set
R(f;4,2)= — h(A) F(f; D)h(2)q.
Write the operator & (V) in the form
FWV)=FV,0)+ F, + F,
where the operators F;, j = 1, 2, are defined by

1 S -
(Fiu) @)= o I( 2 ¥y (0)Y,(0") — vol Q) V(0" — 0)u(0")do’

¢\ yer*
and
1 > ’
(Fou)(8):= Y O, 0) V(O — 0+ —y")u(0)de .
vol@ =, .
ver*y'er
vy

Here we have used the relations (3.3) and (3.4). Set
Rj(A):= — h(A)cFjh(A)e, j=1,2,A>0.
Then we have
R(A)=R(V;4,0)+ Ri(A) + Ry(4) .
Lemma 3.7 For every fixed 1 > 0 we have
N(u, o] £ Ry(A) = o(A7"C=2/2%) 110 (3.23),
Proof. First of all note the identity

Y U, (0),.(6") = vol @ [ Y(x, )y (x, 6")dx .

yer*
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Applying a second-order Taylor expansion of Y (x, 8) and y(x, 8’) with respect to
0 — @', we find the operator F, can be written in the form

m
= Z(F{lj)l +FU)*)+F1 2
i=1

where
(FPw@0):= —[(0;—0,)V(O — 0)w,(0))u(®')do’ =
(4
= [D;V(0' — 0)w,(0")u(8’)do’
Y
with
ay(x, 0
w;i0)=1%] 'ﬁ( )l//(X Odx, j=1,. m,
Q J
and
(F1,,u)(0):= [ 16" — 01>B(6, 0') V(6" — 0)u(6")do’
o
with
B6,0'):=3%10"—6|"2% Y (85— 6,)0;—6)
j=1l1=1
. O*Y(x, 0 + (@ — 0)) Y(x, 0 +t(6 — 0'))
— )/ 4
j [ o DUl = NGy DU T =D g, ) Java
Note that B(0, 8) is uniformly bounded on O x 0.
Set

R‘l{’l(/l):= - h(ﬂb)mF‘lf,’1 hADe, j=1,...,m,
Ry (A= — h(l)w F1,zh(/1)|¢r .
Then we have
Ri() =Y (R?{(A) +RP¥) + Ry ,(4).
j=1
In view of the inequalities
N(u, | £ Ry(4)) S v(p; Ry(A) =
<2y v(u/@m+ 1; R (D) + v(u/@m + 1; Ry 5(A), Yu>0,

ji=1
(which follow from (2.1), and (2.2)), it suffices to check the estimates

v(1; RY () = o(A™mE"92%) 110,VT>0,j=1,...,m, (3.24)
and
v(t; Ry, ,(A) = o(A™m7®2%) 2 10,V1 >0, (3.25)
in order to verify (3.23) , .
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In order to check (3.24), apply Lemma 2.3. with 2 = 0, a = h(J), b = h()w;,
g(6,x) = 2n)"™*exp{ — ix-0} and f= —D;V, j=1,..., m. Thus we get the
inequality

V(T R (D) S 1 (A 0,ry), j=1,...,m, (3.26)

with p =06 + m/(e + 1), § > 0 being arbitrarily small, if m/(a + 1) =1, p = 1, if
m/(e + 1) < 1, and numbers ¢; and r; < oo independent of i. Employing the
estimates (3.5)-(3.7), we find that the quantity at the right-hand side of (3.26) has
order o(4~™279/2%) a5 2 | 0, so that we come to (3.24).

In order to verify (3.25), apply Lemma 3.6 and write the kernel 2(6, 8’; A) of the
operator Ry ,(4) in the form

’l(o, 9’, A) = h(6, ﬂ,)h(e” A)B'(H, 0')10 _ e,l_m+a+2

where the function B is uniformly bounded on @ x @, and independent of A.
Assume at first o + 2 < m/2, and apply Lemma 2.4 with 2 = 0, a = b = h(}),
t=Band 6 =a+ 2. Thus we get

V(T3 Ry (D) S 025,245 0, 1y )PP 2) (3.27)

where p > 2m/(a + 2) and the numbers ¢, and r; < oo are independent of A.
Obviously, the right-hand side of (3.27) remains uniformly bounded as A |0,
provided that the number — 1 + (« + 2)p/2m > 0O is small enough (see (3.7)).

If « + 2 = m/2, choose ¢ > 0 small enough, and apply again Lemma 2.4 with
D =0,a=b=h(4),1(0,0)=B(6,60)0—0) and 6 = a + 2 — ¢ in order to ob-
tain the estimate

v(t; Ry,2(A) £ 0(1),4 |0,V >0. (3.28)

Next, suppose m/2<a+2<m, and apply Lemma25 with 2 =0,
a=b=h(A),t=Band 6 =« + 2. Thus we get

V(T Ry, 2(A) S 2 F s 2)(430,71)2¢T2m = 0(1), 2|0, (3.29)

(see (3.7)).
Finally, if « + 2 = m, we just use (2.4) with p = 2 which yields

v(t; Ry, 5(A) S 172 Ry (DS, S cq [RA)IT: <

< s (0, 1) = {381);1'2)’ Z i ; .10, (3.30)
(see (3.5) and (3.6)) where the numbers c,4, ¢s and r; < co do not depend on A.
Putting together (3.27)—(3.30), we come to (3.25). O
Lemma 3.8 The estimates
N(y, o] £ Ry(A) = o(A™"C7272%) ] 0, (3.31).

hold for each p > 0.

Proof. Choose an integer n > m/2 and write the kernel of the operator R,(4) in the
form

(=v

h(@; )h(0’; 2) 5 Y, (0'),,(0)

vol Q |01_6+v1_,y//IZn(A"V)(H'_e-f-'y’_,y/,)

Yyel*y'el*
Y *Y"
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where 0, 6’ € ®. Here we assume that diam @ is so small that the vector
0" — 6+ 7y —y” does not vanish if yyel'* y"el'* 7y 9", 60 and 0 € 0.
Moreover, the estimates (0.2) combined with the inequality 2n + « > m imply that
(A V)(y) is uniformly bounded with respect to y € R™ (see Lemma 3.6) . Therefore,
we have

IRy, ()13, < (vol @) 2 sup |(4°F (Y)IZHh(G )2h(0"; 2)?

yeR™

2
[ 5 ool ), o
v’ef*,y”ef*lo — 0+ =
Y EY

Applying the Schwarz inequality and then changing the summation variables, we ‘
get

T 10 =047 = O)I,.0)] <

yel*y'el*
VY
1/2 1/2
( Y @) X I9/~9+ﬁ”l"z"> < 2 @)1 X 19’—9+ﬁ”l‘2">
per* per* per* prerx
B +0 %0
=volQ Z 6" — 6+ B"|~". (3.33)
prer*
B +0

Since the 2n > m, the last series in (3.33) is absolutely convergent with respect to
0 e O and 0’ € 0, provided that diam ¢ is small enough. Inserting (3.33) into (3.32),
we get the estimate

o), mz 3,
O(llna]?), m=2;

(see (3.5) and (3.6)) with numbers cg, c; and r; < oo independent of 1. Now, the
estimates (2.4) with p = 2, and (3.34) imply (3.31) .. . O

The combination of (2.3),, (3.23), and (3.31), yields the followihg result.
Proposition 3.9 The estimates
+ N1 Fr,o/RA))S + NLF 1, c|R(V;40) +o(A~mE012%) 210,
(3.395),

IR2MIZ, < coll B 12 < ¢7F1(4 0,11 ) = { Al0, (3.34)

hold for each t €(0,1), and t' € (t, 1) and sufficiently small diam 0.
3.6 Proposition 3.10 The estimates
+ N1 F 7, 0|R(V;40) £ £ N1 F 7, o|R(V; 4, R™)) + o(4™"C791%2),
210, (3.36) ..
hold for each T €(0,1), t' € (z, 1) and every ball O containing 0,.

Proof. Recall that { denotes the characteristic function of . Let n:=1—{ be
the characteristic function of R™\(@. Define the orthogonal projection
P:L*(R™) - L*(R™) by

(Pu)(0):= [ (O)u(6), ue L*(R™),
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and set 2:=Id — 2, so that we have
(2u)(0) = n(B)u(8), ue L*(R™) .
Further, write the identity
R(V; A, R™)=2PR(V; i, R™P + 2R(V; L, R™2 +
+ PR(V; 4, RM2 + 2R(V; 4, R™M)ZP (3.37)

and apply the elementary estimates

+2Re | V()X (qu)x)dx <

Rm
< [ IVePIGerdc+ T VR I(m)el dx, s, 1)
in order to verify the operator inequalities
+ (ZPR(V; 4, R™2 + IR(V; 4, RMP) <

S +ZR(FIVI*4LR™MZ £ 2R(F VP74, R™)2. (3.38).
Combining (3.37) and (3.38) ., we get
+ R(V;L,R™) £ + PRVF VI, 4, R™)P + 2R(V F V1274, R™) 2 &3 )

27+

Now, note that for each f the operator ZR(f; A, R™)Z is unitarily equivalent to
R(f;4,0) and the operator 2R(f;Z,IR™)2 1is unitarily equivalent to
R(f; 4, R™\0).

Then, by the minimax principle, the estimates (3.39) . imply the inequalities

+ N(u, © [R(V; L, R™) £ + N(u, o|R(V F |VI*; 4,0)) £
+ N(u, o[ RV F V2724, R™NO0)), Yu>0,Yse(5, 1),  (340),

Applying Lemma24 with 2 =R™\0, a=b=hA), g(x,0)=Q2r) ™2
exp{ —ix-0}, and f=V or f=|V|*~%, and bearing in mind the inequalities
(2.3), , we get

£ N, o |R(VF VP72 4, R™M0)) < cgF (4370, 0), >0, (341),

where p > m/a(2 — 2s) > m/o > m/2, and the numbers cg and r, > 0 are indepen-
dent of 1. By the estimate (3.8), we find that the second term at the right-hand side
of (3.40) , remains uniformly bounded as 4 | 0.

The estimates (2.3) .. entail

+NAF 1,0 RVFIVI*ALO))S £ N1 F A TFe), ofR(V;4,0)) +
+ N((1 F1)e, o |R(—|V|*;4,0)), Vre(0,1),Vee(0,1). (342),
Applying Lemma 2.4 with & = 0, a = b = h(), g(x, 0) = 2n) ™ ?exp{ — ix- 6},
and f= — |V|%, we get
N((1 F 1)e, ©|R(— | V]*; 4, 0)) < o F(4; 0, 71) (3.43)
with p = m/2sa + 6, > 0 being small enough, if m/2se = 1,and p = 1if m/2sa0 < 1,

and numbers ¢y and r; independent of A. The estimates (3.5)—(3.7) imply that the
quantity at the right-hand side of (3.43) has order o(4™™?~*/2*) as 4 | 0.
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Fix the pair 7€(0,1), 7'e(r,1) and choose ¢€(0,1) so that we
have + (1 Ft)(l1Fe)= £ (1 F1'). Now the relations (3.40),—-(3.43) entail
(3.36) .. . O

3.7 The Birman-Schwinger principle implies
N —1,0|R(V; A R™) =
=N(—o0, =4 =3MFO@)V,V)+ (1 —7) V), Vre(—1,1). (3.44)
Forte(—1,1) and 4 > 0 set
E(A;1)= Q2mn) ™ol {(x, ) e R*™: $ (M (6,)60,0) + (1 — 1) ' V(x) < — A} .
Using Proposition 1.1 with # = M, (), we establish the following asymptotics
N(— o, —A=3MF@)V,V)+ (1 —1) V)= E(A; 1) + o(A~ ™2~ 0/2e),
Al0,Vte(—1,1). (345
Set
Dv(t)={xeR™ V(x)+t<0},teR.
Writing the identity

Eh1)—E(0 =%, {[(1 -9 —1] | (=Vx)-—(1—-0A)*dx+
2,((1- 97
m A .
+= [ dt | (- V(x)—t))"‘/z‘ldx}, A>0,te(—1,1),
2 @i @0
where the quantity €, is introduced in (1.7) ., we find that under the hypotheses of
the Main Theorem, the estimate

IE(A; 1) — E(A; 0)] < c(r)A~m@-0/2a

holds for A > 0 small enough and a quantity c(zr) which tends to zero as t — 0.
Hence we have

limsup limsup + E(4; £ 7)/E(4;0) < + 1. (3.46) .
tl0 Al0

Now the asymptotics (1.6) , follow from the sequence of estimates (3.1), (3.9). ,
(3.20), , (3.35) 4, (3.36) . and (3.44)—(3.46) .. .
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