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Introduction

The aim of this article is to present some of the authors’ recent results on the asymptotic behaviour
of the discrete spectrum of the Schrodinger, Pauli, and Dirac operators in strong magnetic fields
perturbed by electric potentials which decay at infinity. Since the article is oriented towards readers
who are not necessarily specialists in the field, we allocate considerable attention to the physical
prerequisites concerning the quantization scheme of classical Hamiltonians involving magnetic fields
(see Subsections 2.1 and 2.2). Moreover, we describe some general, mainly well-known, spectral
properties of the unperturbed quantum magnetic Hamiltonians: in Subsection 2.3 we deal with
constant magnetic fields, while in Subsection 2.4 we treat special cases of non-constant ones. Although



we have described those spectral properties of the unperturbed Hamiltonians which are needed to
present our results in the spectral asymptotics of the perturbed Hamiltonians, we have tried to
consider briefly also some other features of the unperturbed Hamiltonians, which we find especially
important.

Sections 2 and 3 contain our main results. In the theorems of Section 2 we obtain only the main
asymptotic term as the coupling constant of the magnetic field tends to infinity, of the appropriate
spectral counting function for a given quantum Hamiltonian.

On the other hand, in Section 3 we aim at assumptions concerning the perturbation V' which are
as general as possible. The methods we use here are of variational nature. Moreover, we apply
the approach due to Kac-Murdock-Szego and developed by H.-Widom to the spectral asymptotics of
compact operators of Toeplitz type. As a matter of fact, one of our main purposes was to reveal the
relation between the spectral theory of quantum Hamiltonians with the theory of holomorphic spaces
of Segal-Bargmann type and the associated Toeplitz operators. It seems to us that this relation is
not understood deeply enough yet.

Section 4 is devoted to precise spectral theorems containing a sharp remainder estimate or even
complete asymptotic expansions. However, the assumptions in this case are by far more restrictive
than those in the previous section. The methods applied in this chapter are of Tauberian nature.
They are closely related to the microlocal analysis and, in particular, the functional calculus due to
Helffer-Sjostrand.

With very few exceptions, the variational and the Tauberian methods rarely co-exist in one and the
same article. One of our purposes was to overcome the gap between these two types of methods.
We have tried to give the reader the opportunity to compare the two types of results which can be
obtained by them, dealing with the problem of the asymptotic behaviour of the discrete spectrum of
quantum Hamiltonians in strong magnetic fields perturbed by decaying scalar potentials.

There exist many other interesting problems in the spectral theory of quantum Hamiltonians in
strong magnetic fields which we have not considered just in order to avoid an unreasonable increase
of the size of the article. Among these problems we would mention the asymptotics of the ground
state of atomic Hamiltonians in strong magnetic fields (see [Ba.S0.Y]), and the asymptotics of the
integrated density of states for the Schrédinger operator with ergodic scalar potential and strong
constant magnetic field (see [Br.Hu.Le|, [Wal, [Ki.R]). We hope that we will discuss these, and other
interesting problems in a future second part of this article.

2  Quantum magnetic Hamiltonians

2.1 Classical magnetic Hamiltonians

2.1.1. Let us begin with the equations of motion of a three-dimensional classical non-relativistic
particle in an electromagnetic field (E, B). Here E : R® — R? is the electric component of the field,
and B : R? — R3 is its magnetic component. We assume that the field is stationary, i.e. independent
of time ¢t. Moreover, we suppose that the medium is uniform and isotropic, so that the electric
permeability and the magnetic permittivity are scalar constants.

Let x = (x1,x2,23) be the coordinates of the particle, and M be its mass. Then the equations of
motion of the particle can be written in their Newtonian form

M% = ux AB+ gE (2.1.1)
(see [La.Li]). Here p € R is the coupling constant of the magnetic field, and g € R is the coupling
constant of the electric field. Moreover, x := %’t‘ is the velocity of the particle, and X := % is

its acceleration. Finally, “A” denotes the vector product. Notice that the vector appearing at the
right-hand side of (2.1.1) is the Lorentz force acting on the particle.
In order to pass to the Lagrangian version of (2.1.1), we introduce the electromagnetic potential



(A,V) with A : R — R3 V : R3 — R, satisfying B = curl A, E = —VV, and the Lagrangian

function
%/

L(x,x%) := + pA(x).x — gV (x). (2.1.2)

Evidently, (2.1.2) admits an immediate generalization to an arbitrary dimension m; in this case
x=(T1,-..,%m), A :R™ - R™ and V : R™ — R. The equations of motion of the m-dimensional
particle can be written in their Lagrangian form

d OL oL
= = 2= i=1,....m. 2.1.
dt 8.13] 833j 07 J ’ ’ ( 3)

If m = 3, (2.1.3) is equivalent to (2.1.1).

2.1.2. In order to pass to the canonical Hamiltonian formulation of the equations of motion of our

m-dimensional particle, let us introduce the generalized momentum p = (p1,...,pm), with p; := %,
j=1,...,m, write X = X(x,p) as a function of x and p, and compose the Hamiltonian function
H(Xa p) = p.).((X, p) - L(Xa X(Xa p))
Taking into account (2.1.2), we get p = Mx + pA(x) or X = (p — pA(x))/M. Therefore,
1
H(x,p) = 51olp ~ HAGIP +gV(x), (x,p) € TR = R*™. (2.1.4)
The Hamiltonian function H is related to the canonical system of Hamiltonian equations
OH OH
i = ;= ji=1,....m, (2.1.5)

—@7 Dy _87%-’

which is equivalent to (2.1.3) (see [A, Section 15]). System (2.1.5) can be re-written in the form

( E ) — (JT)'VH = JVH, (2.1.6)

0 I

— Ty—-1 ._ m
where J = (J*)7! = (_]m 0

), I, being the unit m X m-matrix. Introduce the canonical

symplectic form

w = Zda:j Adp;. (2.1.7)

j=1

In the coordinates (x, p) € R?™ the matrix of w is equal to J, and the co-tangent bundle T*R™ = R?™
equipped with the symplectic form w is a symplectic manifold (see [A, Section 37]). We can re-write
(2.1.6) using another Hamiltonian function

H(x,p) = ﬁ|p|2 + gV (x), (2.1.8)

which is independent of the magnetic field, and another symplectic form @,. In order to define w,,,
we introduce at first the 1-differential form of the magnetic potential A: = Z;"‘:l Aj(x)dz;, and the
2-differential form of the magnetic field B:= dA = ., Bjk(x) dx; A dx), where

0A, 0A;
Bjj=—"— 2 L k=1,...,m. 2.19
J.k 8:01 axku Js ) , M ( )



We shall use the same notation for the antisymmetric matrix-valued function B = B(x) = {B;, k}?jk:r
Notice that in the three-dimensional case there exists a standard way of identifying the components
of the vector B with the coefficients of the 2-differential form B, namely By = By 3, Bs = B3,
B3 = Bj 5. Introduce the magnetic symplectic form

Oy =w—puB = dej Ndp; — /LZBj’k(X) dzj ANdxk, peR. (2.1.10)
=1 i<k

Notice that w is equal to @, for ¢ = 0. In the coordinates (x,p) € R?™ the matrix of w,, is equal to

Ju(x) = ( _’li?ix) I(T)" > Then (2.1.6) can be re-written as

% R .
( b ) =(J})"'VH =K,VH, (2.1.11)
0 I,
I, uB
[Ma, Subsection 2.10]). Notice that H is transformed into H under the change of the variables x — x,
p — p — pA(x). In other words, we have H(x, p — 1A (x)) = H(x,p). Under the same change of the
variables, the differential form @), is transformed into w. Thus the passage from the couple (w,H) to

(D, H) is related to a non-degenerate coordinate change in the underlying symplectic manifold.
Let F,G € CY(T*R™). Introduce the canonical and the magnetic Poisson bracket

where K, := (jHT)_1 = ( _ ), and the Hamiltonian function H is defined in (2.1.8) (see

{F,G} =VFIVG=>" (a;rag - afag> , (2.1.12)
J
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{F,G}, =VFK\NG={FG}+ Mj;l Bj,k(x)g;gi. (2.1.13)

In particular, if j,k =1,...,m, we have
{zj, 21} = 0,{pj,pr} = 0,{xj, pr} = k> (2.1.14)
{zj, 21}, = 0.{pj i}, = 1Bjk(x),{;, P}, = Gjk- (2.1.15)

Denote by (x(t),p(t)) the solution of (2.1.6) related to fixed initial data, and by (X(t), p(t)) — the
corresponding solution of (2.1.11). Then the dynamics of F(t) := F(x(t),p(t)) is governed by the

equation % = {F,H}, while the dynamics of F(t) := F(x(t), p(t)) - by ‘f{f = {]:",ﬂ} .
w

2.1.3. Next, we solve explicitly the equations of motion of a classical particle in constant magnetic
field, and zero electric potential (i.e. V = 0), and investigate the asymptotics of its trajectory as
w — 0o. We shall consider dimensions m = 2,3, and assume M = 1.

Let at first m = 2. We suppose that By 2 = 1. Then the coordinates (z,y) € R? of the particle satisfy
the equations

{ P (2.1.16)
Yy = —px,
and the initial conditions 0 o
x(0 :{I}O’jjo =21,
; 2.1.17
{ y(0) = 0,9(0) = y1. ( )



The solution of Cauchy problem (2.1.16)—(2.1.17) is given by

S = z1 g 1] _
{ a(tp) = xo + L sin pt + 2(1 — cos pt), (2.1.18)

y(t; ) = yo + L sin pt — ZL(1 — cos pt),

Vaityt
o

(o +y1/1, yo — x1/1). Evidently, for each t € R we have lim,, o0 2(t, 1) = xo, lim, 00 y(t, 1) = yo.
If m = 3, we suppose B1s =1, Byg = B31 =0, i.e. B =(0,0,1). Then the first two coordinates
(z,y) in the plane perpendicular to the magnetic field B satisfy (2.1.16)—(2.1.17), and their dynamics
is given by (2.1.18). The third coordinate z along B satisfies the free-motion equation Z = 0, and the
initial conditions z(0) = zg, 2(0) = z;. Therefore,

i.e. unless %x(0) = 0, the trajectory of the particle is a circle of radius centered at the point

z(t) = zp + 2z1t. (2.1.19)

Combining (2.1.18) and (2.1.19), we find that generically our three-dimensional particle moves along
a helix whose axis is parallel to the magnetic field, and whose radius tends to zero as yu — oo.
Therefore, asymptotically as p — oo the trajectory of the particle is a straight line (provided that
z1 # 0), parallel to B and passing through the initial point (zo, Yo, 20)-

More examples of trajectories of classical particles moving in electromagnetic fields can be found in
[Iv, Chapter 6, Appendix F].

2.2 The concept of quantization. Definitions and basic properties of quan-
tum magnetic Hamiltonians

2.2.1. The physical observables are described by the classical mechanics as sufficiently regular func-
tions defined over a given symplectic manifold. Here we shall consider only the case where the
manifold coincides with T*R™ = R?™, m > 1. The symplectic 2-form will be chosen as the canonical
one (see (2.1.7)), or the magnetic one (see (2.1.10)).

The same physical observables are described by the quantum mechanics as linear operators acting in
a given Hilbert space H. The quantization of a classical physical system could be understood as the
construction of a mapping Q : F — Q(F), which puts into correspondence to the function F defined
over T*R™ the linear operator Q(F) acting in H.

In the case where the symplectic manifold on which the classical observables are defined, coincides
with T*R™ equipped with the canonical symplectic form, the mapping Q should satisfy the following
axioms (see e.g. [Ha, Subsection 3.7] and the references cited there):

1. Q is linear, and Q(1) = Id.

2. If 7 and G coincide with one of the components of the vectors x = (z1,...,2;,) or p =
(p1,-.-,Pm), then Q({F,G}) = +[Q(F),Q(G)], where the canonical Poisson bracket {.,.} is
defined in (2.1.12), & > 0 is the Planck constant, and [S,T] := ST —T'S denotes the commutator
of the linear operators S and T. In other words, in agreement with (2.1.14) we have,

[Q(z;), Q(zx)] = 0, [Q(p;), Qlpx)] = 0, [Q(z;), Qlpr)] = ihQ(1) = ih 1d, .k = 1,..~(7m. )
2.2.1

3. H is irreducible under the action of Q(z;) and Q(p;), j =1,...,m.
4. If F is real-valued, then Q(F) is self-adjoint.

The Stone — von Neumann theorem (see e.g. [Re.S, vol.1, Theorem VIII.14]) implies that up to
a unitary equivalence H = L2(R™), Q(x;) is equal to the multiplier by z;, and Q(p;) = —ih=2-

-9
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j =1,...,m. Define the unitary Fourier transform ® : L?(R™) — L?(R™) by

m

(Pu)(p) := (27Th)_m/2/ e XP/Ny (x)dx.

If F(x,p) can be written as the sum
F(x,p) = Fi(x) + Fa(p), (2.2.2)
then at least formally the operator Q(F) can be defined as
Q(F) = Q(F1) + Q(F) := Fi + ©* Fr®. (2.2.3)

Here we use the same notation for the multipliers by F;, 7 = 1,2, and the functions F; themselves.
The attempt to extend straightforwardly this quantization scheme to products F(x,p) = F1(x)F2(p)
meets a difficulty since F (x)Fa(p) = F2(p)F1(x) while the operators Q(F;) and Q(Fz) generically
do not commute, i.e. F1®*Fod #£ &*FodF;. One of the possible ways to overcome this difficulty
is to introduce the Weyl quantization scheme. According to it, if F € C*°(T*R") possesses certain
regularity properties, we define the operator Q(F) by

(Q(F)u)(x) = ﬁ /R F <X+2X p) et =X/ () dx' dp, (2.2.4)

the integral at the right-hand side being an oscillatory one. If F can be written as in (2.2.2), then
the operators defined by (2.2.3) and (2.2.4) coincide, provided that F; and Fy are regular enough.
In this case we shall say that Q(F) is a pseudo-differential operator (¥DO) with Weyl symbol F and
shall use the notation Q(F) : = F*“(x,hD), D = (—ia%l, ey —i%). A detailed theory of the DO
acting in L2(R™), and, in particular, the ¥DO with Weyl symbols can be found in [Shu, Chapter IV]
(see also [HO, vol.3, Section 18.5], and [D.Sj, Chapter 7]).

In the case of general measurable F; and F3 occurring in (2.2.2), the operator Q(F;) = F; ap-
pearing in (2.2.3) is closed on the domain {u € L*(R™)|Fiu € L*(R™)} and is self-adjoint on this
domain provided that F; = F;. Similarly, the operator Q(Fy) = ®*Fo® is closed on the domain
{u e L*(R™)|Fo®u € L*(R™)} and is self-adjoint on this domain provided that 7, = F. In order to
define the sum (2.2.3) as a closed or self-adjoint operator, we need additional assumptions concerning
Fj, 3 =1,2. Let us consider the important example

.0 .
(R, ) = Qlp; — udy) = —ihp— —pd;, j=1,....m, peR.
J
We shall call the operator II(A, u) := —ihV — pA = (i (A, p),. ..,y (k, @) the operator of the

magnetic momentum. Notice the commutation relations
ML (R, p), Oy (R, p)] = ihpuBjk, 4. k=1,....m, (2.2.5)

where the components B; j, of the magnetic field B are defined in (2.1.9).

Assume A € L (R™;R™). The operators I1;(h, u), j = 1,...,m, are symmetric on C§°(R™). In the
sequel we shall denote by IL;(k, ), 5 = 1,...,m, the closure of the operator —ih% — pA; defined
originally on C§°(R™). We could obtain the operator II(#, 1) using another closely related quanti-
zation scheme. We choose the underlying symplectic manifold on which the classical observables are
defined as T*R™ equipped with the magnetic symplectic form (see (2.1.10)). Further, we introduce

the quantization mapping Q,, satisfying the same axioms as Q except that axiom 2 is replaced by:



2,. If F and G coincide with one of the components of the vectors x = (z1,...,%m) Or p =

(p1,...,Pm), then Q.({F,G}.) = %[Qu(F),Qu(G)], where the magnetic Poisson bracket {.,.},
is defined in (2.1.13). In other words, in agreement with (2.1.15), we have

[Qll«(xj)’ Qu(xk)] =0, [Qﬂ(pj)7 Qu(pk)] = ih/’LQH(Bj7k)7 [Q(xj)v Q(pk)] =h1d, Js k=1,.. '(7 m. )
2.2.6
Notice that the only difference between (2.2.1) and (2.2.6) is the second relation, i.e. the commutation
relation between Q(p;) and Q(px), 4,k = 1,...,m. We can define again Q,(z;), j = 1,...,m, as
the multiplier by z;, and consequently Q,(F) with F = F(x), x € R™, as the multiplier by F; in
particular, Q,(Bj k) = Bjk, j,k = 1,...,m. Further, we set Q,(p;) = —ih% — pA; = 1Li(h, p),
j =1,...,m. Then (2.2.5) coincides with second commutation relation in (2.2.6). In order to
enumerate several spectral properties of the momentum operators, we shall recall some definitions.
Let S and T be two closed linear operators acting in a given Hilbert space H. The operators S and
T are said to be wnitarily equivalent if there exists a unitary operator U : H — H, U : Dom (T') —
Dom (S), such that U*SU = T. Assume in addition that H = L*(R™)%, s > 1. Let I' be the
antilinear operator of the complex conjugation, i.e. (I'u)(x) = u(x), u € H, x € R™. The operators
S and T are said to be anti-unitarily equivalent if the operators I'ST and T are unitarily equivalent.
If S = 5% and T'= T* are unitarily or anti-unitarily equivalent, their spectra, essential spectra, and
discrete spectra coincide, i.e. 0(S) = 0(T), Oess(S) = Tess(T), Tdisc(S) = Taisc(T).
We shall say that two magnetic potentials A() e LIQOC(R"‘; R™), 1 = 1,2, are gauge equivalent if there
exists a scalar function ¢ such that
AW —A®) =y, (2.2.7)

Moreover, we shall say that the linear operators S and T acting in H are gauge unitarily equivalent
if there exists a measurable real-valued function 1 over R™ such that we have

S =e W, (2.2.8)

The components of any two momentum operators corresponding to gauge equivalent magnetic poten-
tials are gauge unitarily equivalent. More precisely, let the potentials A®) e L (R™R™), 1 =1,2,
satisfy (2.2.7). Set TV (R, u) := —ihpuV — uA®, 1 =1,2. Then we have

I (h, ) = e~/ (m, p)ee/m, G m, (2.2.9)

i.e. (2.2.8) holds with S = Hf)(h, w), T = Hg-l)(ﬁ, w), and 1 = pep/h. Moreover,
T (h, )T = —IL; (B, —p), j=1,...,m. (2.2.10)

In particular, the operators II;(k, 1) and —II;(h, —u), j = 1,...,m are anti-unitarily equivalent.

2.2.2. Our next goal is the construct the operator H corresponding to the Hamiltonian function
H(x,p) defined in (2.1.4); in other words, H = Q(H). Assume at first g = 0. Then the operator
Ho (R, p) corresponding to the kinetic part Ho := 5+-|p — pA(x)|? of the Hamiltonian function can
be written as Ho(%, p) := Q(Ho) := 717 Z;nzl I1;(h, u)?. In order to define a self-adjoint realization
of Ho(h, i) in the general case A € L2 _(R™;R™), let us introduce the quadratic form

loc
1 m
WZ/R L (R, pul® dx,  u € C3°(R™), (2.2.11)
j=17R™

and close it in L?(R™). Then Hg(h, i) is the unique self-adjoint operator generated in L?(R™) by
the closed quadratic form (2.2.11) (see [Av.H.S, Section 2])). In our further considerations of Hy we
shall use such a system of units that M = 1/2 so that 1/2M = 1.

The operator Hj satisfies the diamagnetic inequality, presented below in a convenient form.



Lemma 2.1 Let A € L2 _(R™,R™), h>0, A >0, u € R, and v > 0. Then for each u € L*(R™),

loc

and for almost every x € R™ we have |(Ho(h, p) + X) " 7u(x)| < ((—R*A + )" u]) (x).

Before we proceed with some corollaries of Lemma 2.1, let us recall again some definitions.

Let S and T be two self-adjoint operators acting in Hilbert space. The operator T is called S-bounded
(respectively, S-compact) if the operator T'(S+1i) ! is bounded (respectively, compact). Assume now
that S is lower bounded so that for some A > 0 the operator S + X is positive definite. Then the
operator T is called S-form-bounded (resp. S-form-compact) if the operator |T|*/2(S + \)~1/2 is
bounded (resp. compact).

If T is S-bounded, then the limit limy o ||7(S + i\) 71| exists and is called the relative S-bound
of T. 1If this relative bound is smaller than one, the operator S + T is self-adjoint on Dom (S).
Notice that if the operator S is lower bounded, then the S-bound of the operator T' can be written
as limy oo | T(S + A) 7.

Similarly, if T is S-form-bounded, then the limit limy_, o |||T]Y/2(S + A)~/2||? exists and is called
the relative S-form-bound of T'. If this bound is smaller than one, the quadratic form of the operator
S+ T is closed on the domain of the quadratic form of the operator S, and hence the operator S+ T
is well-defined and self-adjoint as a form sum.

Finally, if T is S-compact (respectively, S-form-compact), then the relative S-bound (respectively,
S-form-bound) of T is equal to zero. Moreover, in this case we have gess(S + T') = 0ess(S).

Corollary 2.1 Let A € L} (R™;R™), u € R. Let V : R™ — R be measurable function.

a) Assume that the multiplier by V is h*A-bounded with relative bound oe. Then V' is Ho(h, u)-bounded
with relative bound at most .. If |gla < 1, then the operator

H(h, p1, g) := Ho(h, ) + gV’ (2.2.12)
is self-adjoint on Dom (Hy). Moreover, if V is A-compact, then it is also Ho(h, pu)-compact, and

ess(H (R, 11, 9)) = Oess(Ho (R, 1)) (2.2.13)

b) Assume that V is —h*A-form-bounded with relative bound . Then V is Ho(h, p)-form-bounded
with relative bound at most . If |gla < 1, then the quadratic form of the operator (2.2.12) is closed
on the domain of the quadratic form of Hy and generates a unique self-adjoint operator H in L*(R™).
Moreover, if V is —A-form-compact, then it is also Hy(h, p)-form-compact, and (2.2.13) holds.

Next, we give explicit examples of potentials V' which are A-compact and —A-form-compact. We
shall say that the function V is in the class £, = L,(R"), p > 1, n > 1, if for every € > 0 we have
V =Vi+ Vo with Vi € LP(R™) and supycgn |Va(x)| < e.

In contrast to the usual Lebesgue spaces LP(R™), the classes £, are embedded, i.e. £, C L, if p > r.

Lemma 2.2 a) Let V € L,(R") withp =2 ifn=1,2,3, p>2ifn=4, and p=n/2 ifn > 5.
Then V is A-compact.

b) Let Ve L,(R") withp=1ifn=1,p>1ifn=2 andp=n/2 ifn>3. ThenV is —A-form-
compact.

The operator H(h, i, g) defined in (2.2.12) is called the Schrédinger operator. It is the Hamiltonian of
a quantum non-relativistic particle of zero spin. Notice that (2.2.9) implies that two Schrodinger op-
erators corresponding to gauge equivalent magnetic potentials, are gauge unitarily equivalent. More-
over, (2.2.10) entails T'H(A, u, g)T" = H(k, —u, g). Hence, the operators H(#, 1, g) and H(A, —u, g) are
anti-unitarily equivalent.

2.2.3. The Schrodinger operator H does not take account of the spin effects. The appropriate
Hamiltonian operator of a quantum non-relativistic particle of %—spin is the Pauli operator (see e.g.



[Mes, vol.2, Chapter XII, Section 18]). Although it is possible to define this operator in arbitrary
dimension (see e.g. [Sh]), here we shall consider it only for m = 2,3. Introduce the Pauli matrices
Gj, 3 =1,2,3, which are constant 2 x 2 Hermitian matrices satisfying

6,6k + 06165 =20,k k=1,23. (2.2.14)

In the standard representation which is to be used in the sequel, we have

. (01 (0 —i . (1 0
a1={10) 2=\ o) =\o -1 )

Introduce the unperturbed Pauli operator

2

1 [~
]P)O(hv /j‘) = m ZUjHj(hv M) , m=23,
j=1

acting in L?2(R™)2. In our further considerations of Py we assume M = 1/2, as in the case of the
Schrédinger operator. Notice that if m = 2,

Po(h, ,LL) = Ho(ﬁ, [IJ)IQ - h,ufngLg, (2215)
while in the case m = 3,
3
Po(h, 1) = Ho(h, p) 12 — hp Y _ 65B;, (2.2.16)
j=1

where we have used the standard identification of the entries of the matrix B with the compo-
nents of the vector B. In order to define a self-adjoint realization of Py (%, pt) in the general case
A € L (R™;R™), let us introduce the operator %(h, u) := Z;nzl 6;11; (R, ) defined originally on

Cs°(R™)2, and then closed in L?(R™)2. Then Py(h, ) is self-adjoint on the domain
Dom(Py(fi, 1)) := {u € Dom (X (A, 1)) |E(h, p)u € Dom(X (A, 1)*)},

and Po(A, 1) = X(h, 1)*2(h, ). Notice that if the magnetic field B is bounded, i.e. if B;, € L>(R™),
the operator Py (A, ) — Ho(h, 1)1z is bounded, and Py(h, 1) is self-adjoint on Dom (Hg(h, u))?. Let
V :R™ — R be a measurable function over. Set

P(h, p, g) :=Po(h, ) + gV, ge€R.
Tackling the self-adjointness of P(%, u, g), one can make use of the following assertions.

Lemma 2.3 Let m = 2,3. Assume that A € L?OC(R’”;R’”), and the magnetic field B is bounded.
Then the relative Hy-bound (respectively, Hy-form-bound) of the multiplier by V is equal to the Py-
bound (respectively, Py-form-bound) of the operator VIy. Moreover, V is Hy-compact (respectively,
Hy-form-compact) if and only if VI is Po-compact (respectively, Po-form-compact).

Corollary 2.2 Let m = 2,3. Assume that A € L, (R™;R™), and the magnetic field B is bounded.

a) Let V satisfy the assumptions of Lemma 2.2 a). Then the multiplier by V is Py-compact.
b) Let V satisfy the assumptions of Lemma 2.2 b). Then the multiplier by V is Py-form-compact.

Results on the self-adjointness of P with unbounded magnetic field can be found in [Sob 1] and [Sob 2].
As in the case of the Schrodinger operator, (2.2.9) implies that two Pauli operators corresponding to
gauge equivalent magnetic potentials, are gauge unitarily equivalent.

Put UPauli = ia'z. We have U;aulingPaUIi = —&j, j = 1, 2,3. By (2210), UgauliFP(h,ﬂ,g)FUPauli =



P(h, — 1, g). Hence, the operators P(%, i1, g) and P(h, —pu, g) are antiunitarily equivalent.

2.2.4. The Pauli operator does not take into account the relativistic effects. The appropriate Hamil-
tonian operator of a quantum relativistic particle of %—spin is the Dirac operator. As in the case of
the Pauli operator, we shall consider it only for m = 2,3. First, we introduce the Dirac matrices &,
j=1,...,m, and [3 For Iy = 2, I3 = 4, they are constant Hermitian l,,, X [,,, matrices satisfying

Gjag + by = 2050, G k=1,....,m, &;B+ Ba; =0, j=1,....,m, 3> =1, . (2.2.17)

In what follows we shall use the standard representation of the Dirac matrices: if m = 2, then &; = 65,
j=1,2, 8 =03, and if m = 3, then

. (0 & . - (L 0
aﬂ_(&j 0)? ]_1a2a37 ﬁ_<0 I2)

Introduce the unperturbed Dirac operator
Do(h, i) := ¢y &;T1;(h, p) + Mc?3
j=1

acting in L2(R™)!m. Here c denotes the speed of light in vacuum, and M — as usually, the mass of
the particle. In our further considerations of the Dirac operator, we use such a system of units that
¢=1and M = 1. For simplicity, we shall consider the operator Dg (%, 1) only for A € C°(R™;R™);
in this case D (A, 1) is essentially self-adjoint on the domain C§°(R™)!. Moreover, D (h, 1) satisfies
the identity
Po(hyp) + I if m=2,
Do (h, )2 = Po(h, i) + I> 0 Fom—3 (2.2.18)
0 Po(hp)+ 1 ) & ™

Let V : R™ — R be a measurable function, m = 2,3. Set
D(h, 1, g) := Do(h, ) + gV 11,

Approaching the problem of the self-adjointness of D, one should not forget that Dy is not semi-
bounded so that the self-adjoint realization of D as a form sum is possible only after essential modi-
fications of the method. Hence, the self-adjoint realization of D as an operator sum is more common.
Making use of (2.2.18), we could easily prove the following

Lemma 2.4 Let m = 2,3, A € L% _(R™;R™). Then the relative Dy-bound of the operator VI,

loc
does not exceed the relative Po-form-bound of the operator V2I,. Moreover, if the operator VI is

Py-form-compact, then the operator VI  is Dy-compact.
Taking into account Corollary 2.1, we obtain the following

Corollary 2.3 Let m = 2,3, A € L2 _(R™;R™). Assume that the magnetic field B is bounded. Let

loc

VeLl,wthp>2ifm=2, andp =3 if m = 3. Then the operator VI, is Dy-compact.

As in the case of the Schrodinger and Pauli operators, (2.2.9) implies that two Dirac operators
corresponding to gauge equivalent magnetic potentials, are gauge unitarily equivalent. Put

{0 by
UDII"(IC L < _26—2 0 ) .

We have Uy, d;Ubiac = a5, j = 1,2,3, Ui BUbirac = —B (cf. [Th, Section 1.4.6]). There-
fore, by (2.2.10), U0l D(A, i, )T Ubivac = —D(h, —p1, —g). Hence, the operators D(h, p, g) and
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—D(h, —p, —g) are anti-unitarily equivalent.

In what follows we will be mainly interested in the case i = g = 1; in this case we shall skip & and g
in the notations of the Schrédinger, Pauli, and Dirac operators.

2.3 Quantum Hamiltonians with constant magnetic fields

2.3.1. In this subsection we shall discuss the case where the magnetic field B is constant, i.e. its
entries Bj, j,k = 1,...,m, are independent of x € R"™. In this case B can be regarded as a
antisymmetric linear mapping R™ — R™. Set 2d := dim Ran B, and k := m — 2d = dim Ker B.
Throughout the subsection we assume that B # 0, and hence d > 1. The spectral theory of the
operators Ho (), Po(p), and Do () is quite different in the case k = 0 and k > 1; that is why we shall
consider them separately. The two leading examples illustrating these two cases, are respectively
m=2ie.d=1and k=0,and m=3,i.e. d=1and k= 1.

Let by > ... > bg > 0 be such numbers that the non-zero eigenvalues of B coincide with —ib; and b;,
j=1,...,d. Then there exist Cartesian coordinates X = (z1,¥1,...,74,v4) € R?¢ = R™ = Ran B
if k = 0 (respectively, (X,2) = (21,Y1,---,Td,Yd, 21, - -, 2k) With X = (z1,y1,...,74,yq) € R* =
Ran B, and z = (21,...,2;) € R¥ = Ker B if k > 1), in which the operator Hp(p) can be written as

d 2 2
, 63?]‘ 2 6yj 2 ’

d
Oz, 2 8yJ le

In both cases k=0 and k > 1 we have B = Z;l:l bidx; A dy;.

2.3.2. First, we consider the case k = 0; then (2.3.1) is valid.

Let us start with the leading example m = 2, i.e. d = 1. In this case we shall assume without any
loss of generality that b := b; = 1; we can always restore the general formulae with arbitrary b > 0
by substituting u for pb. Hence, (2.3.1) reduces to Hg(p) = II; ()% + Ila(p)? where

0 .0 x
(1) = =i+ 57, () = —ig- = &

with (z,y) = (z1,41). Set
a(p) =1y (p) — iz (p), a(p)” = I (p) + ilz (). (2.3.3)

We have [a(p)*, a(p)] = 2u Id. The operators a(u) and a(p)* play the role respectively of creation
and annihilation operators in the spectral theory of Hy(u) since

Ho(p) = a(p)a(p)” + p1d = a(p) a(p) — p 1d. (2.3.4)

Introduce the operators
X 0 - . PR 02
My o= =i, Ty o= =, Ho = 12 + 112 = —W—i—x
acting in L?(RZ ). Further, define the unitary operator W, : L*(R2 ) — L*(RZ ) by

W, g) 1= Y0 [ contews' s utat, o o' dy (2.3.5)
R
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where ¢, (z,y;2,y') == p — pt/%(zy’ +ya') + 2'y’, p > 0. Evidently,
WL ()W, = !PT, j = 1,2, (2.3.6)

and, hence, R
Wi Ho ()W, = pH. (2.3.7)

The unitarity of W, as well as the validity of (2.3.6) can be easily checked by direct calculations but
there are exist a deeper reason for these facts which we are going to discuss now.

On T*R¢ @ T*RY = R?? @ R?? introduce the symplectic bilinear form w(x, p;x’,p’) := Z?zl(xjp; —
piz}), (X,p) € R24 (x',p’) € R??, which corresponds to the canonical symplectic differential 2-form
(2.1.7). We shall say that the linear mapping S : R?¢ — R?? is symplectic if w(S(x,p); S(x/,p’)) =
w(x, p;x’, p’) for each (x,p) € R¥ (x/,p’) € R4,

Lemma 2.5 [D.Sj, Chapter 7, Theorem A2] Let T} and Ty be two pseudo-differential operators acting
in L2(R?), and having the Weyl symbols ay and as, respectively. Assume that there exists a linear
symplectic mapping S : R?? — R2? such that as(x,p) = a1(S(x,p)), (x,p) € R2?. Then there exists
a unitary operator U : L*(R?) — L2(R?) such that

Ty = U*THU. (2.3.8)

Remark: We do not claim that the unitary operator U satisfying the assertion of Lemma 2.5 is unique.
For example, if there exists another unitary operator A’ commuting with 77, then (2.3.8) is valid again
if we replace U by U = U'U.

Let us consider the linear symplectic mapping S, : R* — R* by

Vi Vi

1 - v, Y +y), -2

1
S xX,P) = ( r—="n),—F=
u(X,P) \/ﬁ( ) 7i
The Weyl symbols of the operators IIy (u), IIo (), and Hy(p) are transformed under .S, into the Weyl
symbols of the operators \/u I, N ﬂg, and /,LH(J, respectively, while W, defined by (2.3.5) is a
unitary operator generated by S, according to Lemma 2.5.

oﬁxﬁ,x@wxp@m» (2.3.9)

Since the operators Ho(u) and pHy are unitarily equivalent (see (2.3.7)), they have identical spectral
properties. On the other hand,

H, = / Shdy (2.3.10)

R
where h := f% + 2 is the standard harmonic oscillator acting in L?(R,). Let us recall its spectral
properties. Introduce the creation and annihilation operators a := fi% + iz, o = fz'd% — iz,

We have h = aa™ + 1, [@*,a] = 2. Moreover, Ker o* = {cfl, c€E (C} where fl(a:) = e’“”z/z7
x € R. Hence, o(h) is discrete, it consists of simple eigenvalues 2q — 1, ¢ € N, := {1,2,...}, and the
corresponding eigenfunctions can be written as f, := a?7! fi, ¢ € N,. Evidently, the system { fadosa
is an orthogonal basis in L?(R). Introduce the orthonormalized basis

I-Iq_l(:v)(fg“’z/2
(Vrrig— D)7

where Hy(z) := (—1)569”2 d‘fs e z€R, seN:= {0,1,2,...} is the Hermite polynomial of order s
(see e.g. [Mes, vol.1, Appendix B, Section III]). Summarizing, we get

foi=Ta/lfall = z€R, geN., (2.3.11)

uw=§3mm4wwnwmmueﬁm»

12



Z 2q — 1) fy(x / uw(@') fq(2")dz', u € Dom(h).
q=1 R

By (2.3.10) we find that Hp has purely point spectrum, its eigenvalues are equal to 2¢ — 1, ¢ € N,,
each of them being of infinite multiplicity. The corresponding eigenfunctions have the form v,(x,y) =
f4(x)w(y), ¢ € N, with arbitrary non-zero function w € L?(R,). In other words,

(Hou)(2,y) = Y (2q — 1)(hgu)(2,y), u € Dom(Hp), (2.3.12)
q=1
where
(Pqu)(z,y) = fq(I)AU(I’,y)fq(m’)dr’, g€N., uweL*R],). (2.3.13)

In view of the unitary equivalence of uHy and Hy () (see (2.3.7)), we get
o (Ho(pt)) = 0ess(Ho (1)) = opp(Ho(pt)) = U (2 —1)} (2.3.14)

and all the eigenvalues u(2g — 1), ¢ € N, are of infinite multiplicity. Moreover, (2.3.12) implies

o0

(Ho(u)u)(z,y) = 13 (20 — 1)(pgu)(,y), u € Dom(Ho(u)), (2.3.15)
q=1
where pg := W,p,W,,, ¢ € Ni. Denote by K, the integral kernel of py, ¢ € N, i.e.

(pqu)(,y) =/ Kou(z,y; 2’y u(a’,y)da'dy’, ue L*(R?).
]RQ

Taking into account (2.3.5) and (2.3.13), we get

quﬂ(.’E,y;l'/,y/) = (2’:_)2 /R3 exp {7’[@#(1'73/’52,77) - Soﬂ(xlvyl;flan)]}fq(gl)fq(£2)d£1d€2dn =

3

e {~Ll@ -+ - y)? + 2ilay — g Lo (5 (@ -2+ —y)?) seN.,

4
(2.3.16)

where Ly(§) := i—f j; (55675), £ € R, s € N, is the Laguerre polynomial of order s.

There exists yet another interpretation of the orthogonal projection p;. Since pyu = u is equivalent
to Ho(p)u = pu, (2.3.4) implies that u € Ran p; is equivalent to a(u)a(u)*u = 0, or to a(p)*u = 0.
Therefore, p; projects onto Ker a(p)*. Introduce the complex variable ( = x + éy. Then a(u)*u =0
if and only if Ou/9¢ + uCu/4 = 0. The general solution of the last equation is u = ve*“|c‘2/4,
where v is an arbitrary holomorphic function, i.e. 9v/9( = 0. Hence, the system {us}3°, with
us(z,y) == (x +iy)se P +¥)/4 5 € N, forms a basis of Ran p; = Kera(u)*. Moreover, the basis
{us}32 is orthogonal, and the basis {w,}32 with w, := /555 (%)8/2 ug, s € N, is orthonormalized.
Therefore the integral kernel K ,, of pi(u) can be written as

= — W 1 ,
Ky p(z,y;a,y) =Y waz y)w(a’,y) = o e {=7 @ =) + (y =) + 2i(ay - ya')l}
s=0

which coincides with (2.3.16) for ¢ = 1.
Let Q C R2¢ d > 1, be an open non-empty set. Assume that w € C(£2) is a strictly positive function
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on . Let L?(£; w) be the standard weighted space over 2 with weight w. Denote by H(Q;w) be
the weighted holomorphic space

H( G w) == {f € L* (G w)[0f/0(; =0, (G == +iy;, j=1,...,d} (2.3.17)

(see [Ha, Definition 2.1]). Therefore, Ker a(u)* coincides with the weighted holomorphic space
H (RQ;e_“(””2+yQ)/ 2) called, up to minor variations, the Segal-Bargmann space (see [Ha, Section
3.2]), or the Fock space (see [B.Sol 2]).

Let us go back now to the general case k = 0 and d > 1 where Hy(x) is a sum of d pairwise commuting
two-dimensional operators (see (2.3.1)). Hence, in this case (2.3.14) should be replaced by

o(Mo(w) = J - |J {251 = b1+ ... + (250 — 1)ba) } (2.3.18)
s1=1 sq=1

Let us re-write (2.3.18) using the strictly increasing sequence of the Landau levels {Ag4}, ¢ > 1:

{ Ay i=bi+...+bg=1Tr VB*B,

2.3.1
Ay = inf{AeR|A>Aq,l,Azzjzl(Zsj — )by, (s1,-.-,54) 6N2}7 g>1. (2:3.19)

Lemma 2.6 Assume that B is constant, and B # 0. Let k = 0. Then we have

o (Ho(1)) = Gess(Ho(n)) = opp(Ho(p)) = UgZy {plg} - (2.3.20)

For further references, we introduce here the orthogonal projections P, = P,(u), ¢ > 1, onto the gth
Landau level. In other words, Pyu = u implies v € Dom (Hy(u)), and HO( Ju = uA u. Let K, ,
be the integral kernel of the operator P,, ¢ > 1. For X = (X1,...,X4) = (z1,Y1,---,%4,Ya) € R??,
X' =(X{,..., X)) = (@, v}, ..., 2 y,) € R¥, we have

Kq7N(X;X/) — /det B>< Z H 5J7M 1/2 J’b;/Qyj’bJ/2 ! b1/2 /)

T 05 Yj
(81,-.-,84) € NI J=1
(281 — l)bl “+ ... (28d — l)bd = Aq

(see (2.3.16)). In particular,

K, . (X;X) = piC,(B), X € R*, (2.3.21)
where
Cy(B) := (21) "%k, Vdet B, (2.3.22)
and
d
Kg=#s=(s1,...,50) ENI[D (25, = )by =Ny p, > 1, (2.3.23)

is the multiplicity of the Landau level A,.
2.3.3. Next, we describe the spectra of the two-dimensional Pauli and Dirac operators in constant

magnetic field. At first we consider Pauli operator Py(r). Without any loss of generality we assume
Bi,2 > 0 so that we have b = by = By 2. Hence, (2.2.15) reads

Po () = ( HO(’%_“I) HO(M())-i—Mb ) . (2.3.24)

Therefore, (2.3.14) implies o(Po(p)) = o(Ho(p) — pb) Jo(Ho(u) + ub) = UEO:O{Q/Abq}. We have
established the following
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Lemma 2.7 Let m = 2. Assume that B is constant, and B # 0. Then we have
o(Po(1)) = Tess(Pol1)) = opp(Pol1e)) = | ] (21aba) (2.3.25)
q=0

In order to describe the spectrum of the two-dimensional Dirac operator with constant magnetic field,
let us introduce the Dirac-Landau levels

—/2quBi12+1 ¢geN if uB;, <0,
A 2.3.2
a (1) = { —\/2quBi2+1 qeN,:=N\{0} if pBis>0, (2:3.26)
v 2quBi2+1 gqeN, if pBis <0,
AT 2.3.2
q (1) = { V2quBi2+1 qeN if pBys>0. (2.3.27)

Lemma 2.8 Let m = 2. Assume that B is constant, and B # 0. Then we have

o (Do(1)) = Tess (Po(1)) = 7 Bo(i) = {Uy {87 ()} U {0, (AT )} ) (2:3.28)

Sketch of the proof. By the antiunitary equivalence of Dg(u) and —Dg(—p), it suffices to consider the
case > 0 and 0 < By = b = b;. In this case the operator Dy(xt) is unitary equivalent under the
abstract Foldy-Wouthuysen transformation to the operator

( a(pa(p)* +1 0 >: ( Ho (1) — pb + 1 0 )
0 —Va(p)*a(p) +1 0 Ho(p) + pb+1

(see [Th, Theorem 5.13]). Therefore, o(Do(p)) = o(v/Ho(p) —pb+1) |J o(—+/Ho(p) + pub+1)
which combined with (2.3.14) implies (2.3.28). <

2.3.4. Further, we discuss o(Hp()) in the case where the constant magnetic field B has a non-trivial
kernel, i.e. k= dim Ker B > 1. In this case we have Ho(x) = Ho 1 (1) + Ho 2(p) where

d 0 biy; 2 0 b\ 2 ko2
H = —i— + p2 —i— — L H S
0.1(1) = {( o, Ty ) +( By M > } 0,2(1) > 977
(see (2.3.2)). Moreover, the operators Hy 1 (u) and Hg o(p) commute. Hence it is easy to see that

o(Ho(p)) = o(Ho,1 (1)) + o (Ho2(p)) =
{A € Rp\ = Al + )\2, )\1 € O'(HQJ(,U,)), )\2 S O'(HQQ([L))} . (2329)
Lemma 2.6 implies that

o (Ho,1 (u U{uA 2 (2.3.30)

q=1

The operator Hy o(p) is unitarily equivalent under the partial Fourier transform with respect to the
variable z € R”, to the multiplier by |¢|?, ¢ € R¥, acting in L*(R? , ). Therefore,

o (Ho2(1)) = Gac(Ho,2 (1)) = [0,50). (2:3.31)
Combining (2.3.29), (2.3.30), and (2.3.31), we get
Lemma 2.9 Assume that B is constant, and B # 0. Let k > 1. Then we have

o (Ho(1)) = ess(Ho(1)) = 7ac(Ho()) = [A1, +00). (2.3.32)
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2.3.5. Finally, we describe the spectra of the three-dimensional Pauli and Dirac operators in constant
magnetic fields. If m = 3, and B = (0,0,b), b > 0, (2.3.24) holds again (see (2.2.16)), and we have

7(Po(1)) = Oess(Po(1) = o(Po () — pb) |_J o (Hlo (1) + pb) = [0, +00). (2.3.33)

The operator Dg(u) is unitarily equivalent under the abstract Foldy-Wouthuysen transformation to

the operator < PO((/;) 1 _\/W ) (see [Th, Theorem 5.13]). Therefore, we have o(IDg(1))
=0 ( Po(u) + 1) Uo (—W) which combined with (2.3.33) entails

o (Do(12)) = Gess(Do (1)) = Tae(Dio(11)) = (0, —1] U [1, +00). (2.3.34)

2.4 Quantum Hamiltonians with non-constant magnetic fields

2.4.1 Let m = 2. We shall use the short-hand notation b(X) = By 2(X) = aé‘f - 8521 , X = (z,y) € R?,
(cf. (2.1.9)).

Lemma 2.10 Let b € L _(R?). Then there exists a function ¢ € HZ (R?) where HZ (R?) denotes

the second local Sobolev space, such that Ap = b in the distributional sense.

Remarks. (i) HZ_(R?) is embedded in C(R?).
(ii) The function ¢ introduced in Lemma 2.10 is not unique.

By analogy with (2.3.3) introduce the creation and the annihilation operators a(u) and a(u)*. As in
the case of constant magnetic field we have

_( Po(w) O _ ( Ho(p) —pub 0 _ ( alpa(p)” 0
PW”<°O PM@)'( o Hmm+w>( 0 ammw) |
2.4.1

(cf. (2.3.4)). Hence, Ker (Py(1)) = {u = (u1,u2) € Dom(Po(p))|ur € Ker a(u)*, us € Ker a(u)}.

Lemma 2.11 Under the assumptions of Lemma 2.10 we have
dim Ker a(u) = dim {f € L*(R?)|f = ge/?,0g/9¢( =0}, (2.4.2)

dim Ker a(p)* = dim {f € L*(R?)|f = ge™"¥,09/0¢ = 0}, (2.4.3)

where ¢ is any function introduced in Lemma 2.10, and ¢ := x +iy. Moreover, the dimensions at the
right-hand side of (2.4.2)-(2.4.3) are independent of the choice of ¢.

Proof: At first we prove the independence of the dimensions appearing at the right-hand sides of
(2.4.2) and (2.4.3) of the choice of ¢. Let p; = @;, j = 1,2, satisfy Agp; =b. Set o = ¢1 — 2. Then
the Green formula and A¢gg = 0 imply that the function y(X) := f7 (—%dm + %dy) where ~y
is an arbitrary piecewise smooth path connecting a fixed arbitrary point X, € R? with X € R?, is

well-defined and, in particular, independent of the choice of . Moreover, we have
90 _ 0% Opo _ %o
Ox oy’ Oy Ox

Hence, the function g+ i1 is holomorphic with respect to to (. Assume that f € L?(R?), f = get#1,

dg/dC = 0. Set f :=e o f G.= e rleotivo)y Evidently, f € L2(R?), f = get?>, and 8§/8C = 0.
Therefore, the sets {f € L*(R?)|f = ge™*#',0g/0( =0} and {f € L2(R?)|f = ge #¥2,09/0( = 0}
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are isomorphic under the mapping f — f = e %0 f and hence their dimensions coincide.
Analogously, the sets {f € L*(R?)|f = ge'¥*,0g/0¢ = 0} and {f € L2(R?)|f = ger?2,09/0¢ = O}
are isomorphic under the same mapping and their dimensions coincide.

Now fix the function ¢ introduced in Lemma 2.10, and choose A = (A;, A3) = (—0¢/dy, 0p/0x).
Up to gauge unitary equivalence we have

(0 dy . 0 _ [0 Oy .0
=2 [ = — p=L | = —24ere —eHe =25 [ = 4 p=L ) = —2ie M ek
“(e) Z(@c ”84) o Al ’(agwac) ot
Hence, in the particular gauge chosen we have
_ 2 2 _ He ag _ * 2 2 _ — e ag _
Kera(p) =< f € L*(R?)|f = ge ,—aC—O , Kera(p)* =< f € L*(R?)|f = ge ,—aZ—O )

which entails (2.4.2) and (2.4.3). ¢

Remarks: (i) The assumptions of Lemma 2.11 do not exclude the cases Ker a(u) = {0} and/or
Ker a(p)* = {0}.
(ii) Up to gauge equivalence, Ker a(u) = H(R?; e?#¢), Ker a(u)* = H(R?; e 2#¢) (see (2.3.17)).

The following result is an important example of the application of Lemma 2.11.

Proposition 2.1 [Ah.C] Assume that 0 <b(X) < C(1+|X])727%, X € R?, C >0, ¢ > 0. Then

dim Ker a(p) = 0, dim Ker a(p)* = {;/ b(X)dX} ,
T JR2

where [t] denotes the largest integer strictly smaller than t if 0 <t € R, and [0] = 0.

Proof: We can choose ¢ = 2= [, In|X — X'|b(X')dX’. Then we have o(X) = X [ b(X")dX" +
O(|X|7¢) as |X| — oo with €1 = min{l,e}. Therefore, by (2.4.2), dim Kera(u) = 0. Similarly, if
£ [ b(X)dX < 1, then Kera(u)* = {0}. However, if 2 [0, b(X)dX > 1, the linearly independent

functions (z + iy)le #?(@¥) with [ = 0,..., [£ [b. b(X)dX] — 1, form a basis of Kera(u)*. &

Lemma 2.12 [Sh, Lemma 3.4] Assume that b € C'(R?), and | X|?b(X) — +o0 as | X| — oco. Then
dim Ker a(p)* = co.

Remark: The dimension of dim Ker a(p)* can be infinite, even if the hypotheses of Lemma 2.12 do
not hold. Assume, for example, that b is a periodic function. Denote by I' its lattice of periods.
Set T := R?*/T. If £ [ b(X)dX is a positive integer, then dim Ker a(u)* = oo (see [Du.No] and
[Sob 3, Theorem 7.1]), although | X|?b(X) may not tend to infinity as | X| — co. On the other hand,
if [1b(X)dX = 0, then o(Po(u)) is purely absolutely continuous (see [B.Sus]), and, in particular,
Ker Po(u) = {0}.

Lemma 2.13 Assume that there exist constants ¢c; > 0, j =1,2,3, such that

c1 <b(X) < ey, |VH(X)| <3, X € R (2.4.4)

Then
0 € Oess(Po(12)), (2.4.5)
o(Po(p)) \ {0} € [2pcq, 00). (2.4.6)
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Proof By Lemma 2.12, dim Ker a(p)* = oco. Hence, 0 € gess(a(p)a(p)*) C 0ess(Po(p)) which entails
(2.4.5). On the other hand, a(p)*a(p) = a(p)a(p)* + 2ub, a(p)a(p)* > 0, and b > ¢; > 0 imply
olal) a(m) C 2ucs, 00). (2.4.7)

An elementary supersymmetric argument yields

ola(p) a(p)) = ola(pw)a(p)™) \ {0} = a(Po(p)) \ {0} (2.4.8)
Combining (2.4.7) and (2.4.8), we get (2.4.6). &

Let P(u) = Ppauli(t) be the spectral projection onto Ker a(p)* = Ker Py (). Denote by K, =
K, pauli the integral kernel of P(u), i.e.

(P(pu)(X) = | K, (X, X)u(X")dX' (2.4.9)
R2
The function K,(X, X), X € R? is continuous since K, (X, X")e?**(X") is the reproducing kernel of
the weighted holomorphic space H(R?; e~2#¢) (see [BAM.Sj]) and [Ha, Section 1, Theorem 3)).

Proposition 2.2 [E, Main Theorem] Let W € C§°(R?). Assume that (2.4.4) holds. Then we have

1
lim g [ W(X)K, paui(X, X)dX = — [ W(X)b(X)dX. (2.4.10)
H—00 R2 ™ JRr2
In the case where R? is replaced by a compact manifold, an analogue of (2.4.10) can be deduced from
the general theory of Toeplitz operators developed in [BAM.Gu]. In the case where R? is replaced by
a bounded pseudoconvex domain, an analogue of (2.4.10) is obtained in [Eng].

2.4.2. Let m = 3. Assume that the magnetic filed b has a constant direction. i.e.

B = (0,0,b). (2.4.11)

Since div B = 0, we have % =0, i.e. b =5b(X). Performing, if necessary, a gauge transformation,

we can find a magnetic potential A such that curl A = B, and A = (44, 42,0) with A; = A4;(X),
j = 1,2; for example, we can choose 47 = —d¢/dy and Ag Op/0x where ¢ satisfies the assertion
of Lemma 2.10.

Lemma 2.14 Let m = 3. Assume that (2.4.11) is valid, and b satisfies (2.4.4). Then

o(Bo(1)) = [0, ). (2.4.12)
Proof: Evidently, Py(u) > 0, and hence
o(Po(p)) C [0, 00). (2.4.13)
Py . 0
On the other hand, Py(u) = o (1) =5z - g2 | where P3(u) == [, & Pgdz. Hence,
0 Py (w) — 722
o(Po(p)) = o (I@’a(u) — 88—;) Uo (If”ar(u) aa ) The operators PZ(y) and —08—; commute. By
Lemma 2.13, 0 = inf o(P; (11)). Moreover, o ( dz2) = [0, 00). Therefore,
- 0?
o Py (p) — 5.2 =[0,00) C o(Po(p)). (2.4.14)

Now (2.4.13) and (2.4.14) entail (2.4.12).

Remark: Analyzing the proof of Lemma 2.4.12, we find that if B has a constant direction, then
Ker Py (1) = {0}. In the case of non-constant direction of B this is not always true; counter-examples
in this respect can be found in [E.So 3].
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3 Spectral asymptotics for quantum Hamiltonians in strong
magnetic fields: rough theorems

3.1 Formulations of main results

In this section we shall study the asymptotic behaviour as g — oo of the discrete spectrum of the
Hamiltonians introduced in Subsection 1.2, i.e. the Schrodinger, the Pauli, and the Dirac operator,
with electric potentials V' which decay at infinity.

Let T be a self-adjoint operator in a Hilbert space. Denote by P;(T) the spectral projection of T'
related to the interval I C R. Set

N(I;T) :=rank P;(T) = Tr P;(T).

If the spectrum of the operator T' situated on [ is discrete, i.e. if I N 0ess(T) = 0, then N(I;T)
is equal to the number of the eigenvalues of T' lying on I, and counted with the multiplicities. If
A1, A2 € R) and A\ < Ay, we shall write N()\l, Ao T) instead of ./\/((/\17 )\2);T). Similarly, if A € R,
we shall write N(\;T) instead of N ((—o0, \); T).

Let T be a linear compact operator which is not necessarily self-adjoint. For s > 0 set

N (8;T) := rank P(s2 o0) (T*T). (3.1.1)

If, moreover, T = T, put
n+(s;T) = rank P o) (£T), s> 0. (3.1.2)

We shall choose intervals I = I(p) which satisfy I(p) N oess(H(p)) = @ for p large enough, and shall
investigate the asymptotic behaviour as u — oo of N'(I(p); H(p)). The phrase “rough theorems”
appearing in the title of the section, means that we shall derive asymptotic formulae containing only
the main term and no remainder estimate; on the other hand, we shall consider maximally general
perturbations V. On the contrary, in the next section we shall aim at asymptotic formulae involving
a sharp remainder estimates, or even at expansions containing several asymptotic terms, imposing
more restrictive assumptions on V.

3.1.1. Let us begin with the Schrodinger operator in constant magnetic fields. In this case we shall
consider arbitrary dimensions m > 2. We refer the reader to (2.3.20) and (2.3.32) in order to recall
the structure of the spectrum of Hg(u), and, in particular, the fact that this structure is essentially
different for k£ = dim Ker B = 0, and for k£ > 1.

First, we state our results concerning the case k = 0. Fix the Landau level Ay, ¢ > 1 (see (2.3.19)).
Choose the real numbers A; and A2 such that A; < A2, and A;Ao > 0. Since (2.3.20) with £ = 0
implies (uAg + A1, pAg + A2) No(Hp(w)) = 0 for sufficiently large p, we shall study the asymptotic
behaviour as p — 00 of N (g + A1, pAg + Ao H(p)).

Assume now that V € L,., r > 1 (see the definition before Lemma 2.1). For A # 0 set

Vdet Byol {x e R™|V(x) < A} if A <0,

kcr)\:kcr)\;v = e
Schr(A) Schr ( ) {WVOI{XGR"L|V(X)>)\} ift A>0,

where vol £ denotes the Lebesgue measure of the measurable set £ C R™. Evidently the function
kschr is non-decreasing on (—oo,0) and (0, 00).

Theorem 3.1 (cf. [R 2, Theorem 2.1]) Assume that B is constant, and k = dim Ker B = 0. Let
Vel withr=2ifm=2r>2ifm=4andr =d if m=2d > 4. Suppose that the real numbers
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A1 and Ay such that A < A2, and A2 > 0, are continuity points of kschy. Fizx the Landau level Ag,
q > 1. Then we have

T = Nl A, gy + Aas B(1)) = iy (senn (02) = Ksenr (M) (3.1.3)

kq being defined in (2.3.23).

Notice that A # 0 is a continuity point of kgep, if and only if vol {x € R™|V (x) = A} = 0. Hence, under
the hypotheses of Theorem 3.1, g (ksenr(A2) — ksenr(A1)) = Cq(B)vol {x € R™|\; < V(x) < A2}, the
quantity C,(B) being defined in (2.3.22).

Furthermore, if we consider the first Landau level A; and deal with the case \; < Ay < 0, i.e. if we
study the asymptotics of the discrete spectrum of H(u) below the bottom of its essential spectrum
then we could replace the bounded interval (A1, A2) by (—oo, A) with A < 0, and could slightly relax
the assumptions on V if m = 2. More precisely, the following assertion is true.

Theorem 3.2 Assume that B is constant, and k =0. Let V € L, withr > 1 ifm =2, andr =d if
m = 2d > 2. Suppose that A < 0 is a continuity point of kKsecnr- Then we have

lim g~ N (uhy + N H(p)) = ksenr (A)- (3.1.4)

p—00

Writing (3.1.4), we have taken into account that always k1 = 1.

Next, we pass to the formulation of our results concerning the Schréodinger operator H(u) in constant
magnetic field B with non-trivial kernel, i.e. £ > 1. If x € R™, we shall write x = (X, 2z), where
X, € R?®* = Ran B, and z € R* = Ker B. Notice that k£ > 1 implies m > 3, so that the inclusion
V € L,,/; guarantees the self-adjointness of the operator H(u) = Ho(u) + V' defined as a sum in the
sense of the quadratic forms.

Assume V € L, /o, fix X| € R2?, and write

X(X1) =-A + V(X4 2), (3.1.5)
where A, = Zle 63722 is the Laplacian defined on the Sobolev space H2(R¥), self-adjoint in L?(R¥).
1

Proposition 3.1 Let k > 1, and V € L,,/5. Then for almost every X, € R2¢ the operator
V(X 1,)|Y2(=A, +1)"Y2 is compact in L*>(R¥).

The proof of the proposition can be found in Subsection 3.6.

Assume V' € L, /2, and set Qgen, == { X1 € R2||V(X 1, )[Y2(~A, +1)~/2 is compact }. If, eventu-
ally, R%4 o Qg,,, for definiteness we set (X ) := —A, if X; € R2%\ Qg
Since for X | € Qgeny the multiplier by V(X ,.) is —A,-form-compact, we obtain the following

Corollary 3.1 Let k > 1, and V € L,,/5. Then for every X | € Qgenr the operator x(X1) is well-
defined by (3.1.5) as a self-adjoint sum in the sense of the quadratic forms. Moreover, for every
X € R* we have

Oess(X(X 1)) = 0ess(—A,) = [0, 00). (3.1.6)

Let A < 0. Then (3.1.6) implies that for every X | € R2? the quantity N(\; x(X 1)) is well-defined
and finite. If, eventually, Qgcnr # R2¢, we have N(\; x(X 1)) = 0 for X| € R??\ Qgepr, A < 0.

Proposition 3.2 Let k > 1, V € L,,/5, and X < 0. Then the function is N(X;x(.)) is measurable
on R??,
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The proof of this proposition is contained in Subsection 3.6.

Fix X| € Qgcnr- Assume at first that the discrete spectrum of x(X ) is non-empty, and denote
by B;(X1), j > 1, its eigenvalues enumerated in a non-decreasing order, i.e. (X 1) < f2(X 1) <
B3(X 1) <...<0. In the case where x(X ) has exactly J negative eigenvalues, 0 < J < 0o, we put

Bj(X 1) =0 for j > J+ 1. Thus the non-decreasing infinite sequence {3;(X L)};; is well-defined for

every X | € Qgenr. If, eventually, Qgcnr # R, we have 3;(X 1) =0 for X; € R%\ Qgepy, j > 1.
For each A < 0 we have N(\; x(.)) : R?¢ — N, and

{X1 e R¥*IN(A; x(X1)) =0} = {X1 e R*|B1(X1) > A},

{XL e R¥IN(\x(X1)) =4} = {X1L € R¥|B;(X1) < A} [ {XL € R¥|B1a(X1) = A}, j> 1.
Therefore,

(X1 eRM|8;(X1) < A} = {X1 e R¥IN(\ x(X1)) > j} =

U {XL eR¥INOx(X1) =1}, A<0, j > 1.
l=j

Hence the measurability of N(A;x(X 1)) for all A < 0 is equivalent to the measurability of the
functions 3;, 7 > 1. In other words, Proposition 3.2 implies

Corollary 3.2 Let k> 1,V € L,,/2. Then the functions 3;, j > 1, are measurable on R24,

Introduce the magnetic integrated density of states

det B+
Ksan(\) = Yo 2% [ NOu (X)) dX ., A<,
Schr(A) 2m)d Jaea (A x(X1))dX 1
where B, is the restriction of the matrix (B*B)'/? on Ran B. Notice that we have

\/det By &
ICSchr(/\) = T)d—i_ ZVOI {XL € RQde(XL) < )\} R A <O.
j=1

Proposition 3.3 Let k> 1, V € L,,/2, and X < 0. Then we have Ksen:(A) < 00.

The proof of this proposition can be found also in Subsection 3.6.

Theorem 3.3 [R 2, Theorem 2.2] Assume that B is constant, and k = dim Ker B > 1. Let
V€ L, /2. Suppose that X < 0 is a continuity point of Ksenr- Then we have

uli_)rr;o M_dN(,uAl + N H(p) = Ksehr(A). (3.1.7)
The assumption that A\ be a continuity point of Kgenr is equivalent to vol £, = 0, where &, :=
{X. € R?*¥|dim Ker (x(X1) —A) > 1}. Notice that the measurability of £y follows from Corollary
3.2 since we have &, = U572, {X1 e R¥|3;(X1) = A}

Let us comment the term magnetic integrated density of states chosen by analogy with the usual
(spatial) integrated density of states (IDOS) (see [R 3, p.3]). Let us recall the definition and the
basic property of this spatial IDOS for the operator H = —A + W where W is a periodic function
over R™. Denote by I" (respectively, by I'*) the lattice (respectively, the dual lattice) of the periods of
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W, and set T := R™ /T, T* := R™/T'*. Define the auxiliary operator (&) := (iV — £)? + W, £ € T*,
on the Sobolev space H?(T). Then the spatial IDOS for the operator H can be written as

D) = (2m)™™ N x(€)ds, NeR. (3.1.8)
T*
Set Tg := R™/RT with an integer R > 1. Evidently, vol T = R™vol T.
Define the operator Hp = —A + W on the Sobolev space H?(Tg). Then we have
N\ Hg)

(see e.g. [Re.S, vol.4, Theorem XIII.101]). Obviously, (3.1.9) is equivalent to

Jim RN(XHg) = (2m) "ol T | N(Gx(€)dé, A€R, (3.1.10)
— 00 T*

while (3.1.7) can be written as

lim p~ N\ H(p) — pAy) = (27) "% /det B+/ N;x(XL)dX, X<O0. (3.1.11)
p— 00 R2d
The formal resemblance between (3.1.10) and (3.1.11) was at the origin of the choice of the term
“magnetic IDOS” used perhaps for the first time in [R 2].

3.1.2. Our next goal is to formulate the analogues of Theorems 3.1 — 3.3 for the Pauli operator P(u)
in strong non-constant magnetic fields.

Let at first m = 2. Assume that b satisfies (2.4.4), and recall the structure of the spectrum of Py (p)
in this case (see (2.4.5) - (2.4.6)). Assume that V € £, r > 1. For A # 0 set

A [ 6O = V(X))B(X)dX if A <0,
Kpaui () = { —;{wa O(V(X) = Nb(X)dX if A>0,

0 if t<0,
a(t)':{l if t>0.

where 0 is the Heaviside function

Evidently, kpay;; is non-decreasing on (—oo,0) and (0, 00).
Notice that A # 0 is a continuity point of kp,yy; if and only if it is a continuity point of kgey, and
recall that the last condition is equivalent to vol {X € R%V(X) = A} =0.

Theorem 3.4 [R 5, Theorem 2.2] Let m = 2. Assume that b satisfies (2.4.4). Let V € Ly. Suppose
that the real numbers A1 and Ao such that 0 < A1 < Ag, are continuity points of kpauii- Then we have

lim 7N (A, A2 P() = kpawi(A2) — kpauti(A1). (3.1.12)

H— 00
Theorem 3.5 [R 5, Theorem 2.1] Let m = 2. Assume (2.4.4) is valid. Let V € L, with r > 1.
Suppose that A < 0 is a continuity point of Kpayi- Then we have

lim p ™' N (X P(k)) = kpauti(A). (3.1.13)

H—00

Let now m = 3. Assume that the magnetic field has a constant direction, i.e. B = (0,0,b(X)), and
b satisfies (2.4.4). Recall that in this case we have o(Po(u)) = [0, 00) (see (2.4.12)).
Since m = 3 (i.e. kK =1), the family x(X 1) (see (3.1.5)) consists of ordinary differential operators

X(X1) = —os + V(XL 2). (3.1.14)



Moreover, the magnetic field can be identified with the vector field B = curl A = (0,0,b) whose
integral curves are straight lines. Hence, the operator x(X ) carries some information about the
magnetic field: it is an ordinary differential operator with respect to the variable z along the magnetic
field B, and depends on the parameters X | on the plane perpendicular to B.

Assume V' € L3/5. Then Proposition 3.1 implies that for almost every X | € R? = Ran B the operator
X(X 1) defined in (3.1.14) is self-adjoint, and for almost every X | € R? we have gess(x(X 1)) = [0, 00).
Moreover, Proposition 3.2 combined with the continuity of b on R? guarantees the measurability of
N(X;x(.))b(.) on R? for each A < 0. For A < 0 set

1
/Cpauli()\) = By - N(/\§X(XJ_))b(XJ_)dXJ_-

Proposition 3.3 combined with the estimate b(X ) < co, X, € R? (see (2.4.4)), implies Kpaui(A) <
oo if V€ L35 and A < 0. Moreover, A < 0 is a continuity point of Kpy; if and only if
vol {X| € R?|dim Ker (x(X1)—A) >1} =0.

Theorem 3.6 [R 5, Theorem 2.3] Let m = 3. Suppose that B = (0,0,b(X 1)), X, € R?, and b
satisfies (2.4.4). Let A <0 be a continuity point of Kpauwi. Then we have

lim p !N P(1) = Kpaui(). (3.1.15)

— 00

3.1.3. Finally, we shall formulate our results concerning the Dirac operator. We shall consider again
only the cases m = 2, 3, and shall discuss just the case of a constant magnetic field.
Let at first m = 2. Recall the definition of the Dirac-Landau levels A (1), and recall that o (Do () =

(UafA7 (1)}) U (Ug{AF ()}) (see (2.3.28)).

Theorem 3.7 Assume that m = 2, B is constant, and B # 0. Let V € L,, r > 2. Suppose that the
real numbers A1 and Ao such that A1 < Ao, and Ao > 0, are continuity points of the function Ksenr.
Fix the Dirac-Landau Level Afzt(,u). Then we have

Hm g ANV (AE (1) + A, AF (1) + A2s P(1) = ksenr(A2) — ksenr (A1) (3.1.16)

H— 00

Let now m = 3. Recall that we have oes5(Do(1)) = (—o0, —1] U [1,00) (see (2.3.34)). Introduce the
auxiliary family of ordinary differential operators

B(XJ_) = 80+V(XL,z)Ig, (3117)

g — &
— dz
o ( ).

acting in L?(R.)?, R, = Ker B, and depending on the parameters X | € R?> = Ran B.

with

Proposition 3.4 [R 4, Lemma 7.1] Let m = 3, and V € L3. For almost every X, € R? the operator
V(X1,.)0;" is compact in L*(R,)?.

Set Qpirac: = {XJ_ eR?|V(X ], .)861 is compact}. If eventually, Qpirac # R2, for definiteness set
6(XJ_) =0 if X, € R? \ ODirac-

Corollary 3.3 Let m =3, and V € L3. Then for each X| € Qpirac the operator (X 1) defined as
an operator sum on the domain H*(R)? of 0y, is self-adjoint in L?>(R)%. Moreover, for each X, € R?

Oess(0(X 1)) = 0ess(0o) = 0(dg) = (—o00, —1] U [1, 00).
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The proof of the corollary is quite similar to that of Corollary 3.1, and that is why we omit it.

Fix the real numbers A\; and A, such that —1 < A\; < Ay < 1. Then Corollary 3.3 implies that for every
X | € Opirac the quantity N(\1, Ao; 3(X 1)) is well-defined and finite. If, eventually, Qpiac # R?, we
have N (A1, A2; (X 1)) =0 for X; € R?\ Qpjrac-

Proposition 3.5 Let m = 3, and V € L3, A\, 2 € R, =1 < A\ < Ay < 1. Then the function
N (A1, A5 0(.)) is measurable on R2.

The proof of the proposition is contained in Subsection 2.6.

Corollary 3.4 Let V € L3, A € (—1,1). Then dim Ker (9(.) — \) is measurable on R?.
For A, A2 € R such that —1 < A1 < Ay < 1 set

b
Kpirac(A1, A2) := — N, A2;0(X 1)) dX

2 R2
where b = b, = \/det B.

Proposition 3.6 [R 4, Corollary 7.2] Under the hypotheses of Proposition 3.5 Kpirac(A1, A2) < 00.

Theorem 3.8 [R 4, Theorem 2.1] Let m = 3. Assume that B is constant, and B # 0. Let V € Ls.
Suppose that the real numbers A1 and Ao such that —1 < A\; < Ao < 1 satisfy

vol {X| € R*|dim Ker (O(X1)—);) >1} =0, j=1,2.

Then we have
lim g N (A, A2 D(1) = Kpirac (A1, Aa). (3.1.18)

H— 00

3.2 Comments

3.2.1. The exposition concerning the Schriodinger operator with constant magnetic fields follows
closely [R 2]. The results concerning the Pauli operator with non-constant magnetic fields are bor-
rowed from [R 5]. Theorem 3.8 dealing with three-dimensional Dirac operator was first proved in
[R 4]. Formally, Theorem 3.7 related to the two-dimensional Dirac operator is new. However, com-
bining the methods applied in the proof of the results concerning the two-dimensional Schrédinger
operator with constant magnetic field (see Theorem 3.1 or [R 5, Theorem 2.1]) and the ones related
to the three-dimensional Dirac operator (see [R 5, Theorem 2.1]), one can easily deduce the proof of
Theorem 3.7.

In this subsection we give alternative formulations of some of the main results, and offer certain gen-
eralizations of them. Moreover, we compare these results with existing ones on uniform semiclassical
spectral asymptotics of quantum Hamiltonians in strong magnetic fields. Subsection 3.3 contains a
summary of variational methods which play an important role in the proofs of the results of this
section. In Subsection 3.4 we give a detailed proof of Theorem 3.1 which is essentially different and
much simpler than the original proof of [R 2, Theorem 2.1] whose assumptions are slightly modified.
The new proof which we present here is based on the generalized Birman-Schwinger principle (see
Lemma 3.7 below). Subsection 3.5 contains a sketch of the proof of Theorem 3.4. We follow mainly
the original proof of [R 5, Theorem 2.2] but offer some minor improvements. Subsection 3.5 is devoted
to the proofs of Propositions 3.1 — 3.3 and 3.5. While the results of Propositions 3.1 and 3.2 and
their analogues for the Pauli operator with non-constant magnetic fields have been discussed in more
or less detail in [R 2] and [R 5], the measurability of N(\;x(X 1)) and N (A1, A2; 9(X|)) treated in
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Propositions 3.2 and 3.5 respectively, has not been considered in the original papers [R 2] and [R 4].
The reason of this seeming neglect is the fact that the measurability of the rank of spectral projections
of quantum Hamiltonians H, depending on a parameter w € 2, € being a measure space, has been
studied within the general abstract framework of the theory of measurable self-adjoint operators (see,
e.g. [Car.Lac]), and could be considered as a standard fact. In order to avoid the impression that
important technical details have been swept under the rug, we offer here an independent proof of the
measurability of N(X; x(X 1)) and N (A1, A2;9(X 1)), based on the Birman-Schwinger principle, and
simple facts from the theory of measurable functions (see [Ko.Fo, Chapter V]). We refer the reader
to the original paper [R 4] for the proof of Propositions 3.4 and 3.6. Finally, Subsection 3.7 contains
a brief summary of the proof of Theorem 3.6, following quite closely the exposition of the original
paper [R 5].

3.2.2. Let us comment the assumptions of Theorems 3.1 — 3.8 that the fixed energy levels A\; and Az,
or A be continuity points of the limiting functions appearing at the right-hand sides of (3.1.3), (3.1.4),
(3.1.7), (3.1.12), (3.1.13), (3.1.16), and (3.1.18). This assumption prompts that all these asymptotic
formulae should be interpreted as limiting relations of measures. In order to discuss thus aspect in
more detail, let us recall some basic facts from the theory of measure.

Let g, ¢ > 0, and g be non-decreasing real-valued functions such that Dom(g,) C R, Dom(g) C R.
Assume that the open interval I C R, independent of 1, is contained in Dom(g), and Dom(g,) for u
large enough. We shall say that the function g is the vague limit as u — oo of the family g, on I if
lim,—o0 94 (A) = g(A) for X\ € I which are continuity points of g.

Evidently, Theorems 3.1 — 3.8 can all be re-formulated in the terms of vague limits.

Lemma 3.1 The function g is a vague limit as u — 00 of the family g, on the open interval I C R
if and only if lim,, .o [; p(N)dgu(X) = [; &( A) for each ¢ € C§(I).

As an illustration of Lemma 3.1, we shall give an alternative formulation of Theorems 3.5 and 3.6.

Theorem 3.9 Fiz ¢ € C§°(—o0,0).
1) Under the hypotheses of Theorem 3.5 we have

lim / VAN (X Py / SNk pai(V),

p—>00

or, equivalently,
. _ 1
lim = Tr ¢(P(n)) =

n—00 2

11) Under the hypotheses of Theorem 3.6 we have

[ V(X)) X)X, (3.2.1)

lim p~ / A(N)AN (N P(p / A(N)dKpaui(A),

p—o0
or, equivalently,

J— 00 2w

fim T 6(B(0) = 5= [ Tr o((XL) X)X (3.2.2)

Limiting relations (3.2.1) — (3.2.2) admit some extensions to the case where the support of the
functions ¢ is not compact. In this case, however, we need some a priori estimates of Tr ¢(P(u)).
We shall not discuss this aspect of the theory in full generality, but will concentrate to the particular
case where ¢(A\) = A7, v > 0; the quantity Tr P(u)” is called the Riesz means of order v > 0 for the
negative eigenvalues of the Pauli operator . Although this case might seem rather too special, it is
quite important from the point of view of the applications to the problems concerning the stability of

matter. The necessary a priori estimates are provided by the following lemmas due to A.V.Sobolev.
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Lemma 3.2 Let m = 2. Assume that the scalar magnetic field b satisfies (2.4.4). Let~v > 1. Suppose
that V € LY*1(R?) N LY(R?). Then we have

TP <o

V(X)) dx + cgu/ V(X)Y b(X)dX, (3.2.3)
R2

RQ
where ¢4 and ¢y are independent of u, b, and V.

Lemma 3.3 Let m = 3. Assume that B = (0,0,b) and b = b(X 1) satisfies (2.4.4). Let v > 1/2.
Suppose that V € LYH3/2(R3) 0 LYH1/2(R3). Then we have

Tr]P’(u)ch;,// V(XL,Z)1+3/2dXLdz+c’5u// V(XL 220X )dX  dz,  (3.2.4)
R JR2 R JR2

where ¢ and ¢ are independent of p, b, and V.

Estimates (3.2.3) — (3.2.4) have been established in [Sob 1] — [Sob 2] (see also [Sob 3, Proposition 2.3]),
under less restrictive assumptions; we reproduce them here in a form convenient for our purposes.

Corollary 3.5 Under the hypotheses of Lemma 3.2 we have

lim g Tr P(u)” L V(X)? b(X)dX. (3.2.5)

J— 00 21 R2

Corollary 3.6 Under the hypotheses of Lemma 3.3 we have

lim g ' Tr P(p)? = L Tr x(X 1) b(X,)dX, . (3.2.6)

H— 00 2m R2

Suppose that the hypotheses of Lemma 3.3 are fulfilled. Then for almost every X, € R?, the Lieb-
Thirring estimate

Trx(X1)Y < 06/ V(XL 2) 24z (3.2.7)
R

holds with ¢g which is independent of V. Therefore, (3.2.6) agrees with (3.2.4).

Proof of Corollaries 3.5-3.6. Under the hypotheses of any of these corollaries we have

0 0
TP = [ (AN = [ (AN (3.23)

— 00 — 00

Notice that the assumptions of Corollary 3.5 imply V' € £, with p > 1, while those of Corollary 3.6
entail V' € L3/5. Hence, (3.1.13) or (3.1.15) hold for almost every A € (—oc,0).
Therefore, the dominated convergence theorem guarantees that (3.1.13), (3.2.3), and (3.2.8), yield

0
lim p~ Ve P()? =~ Tim ! / (=A) "IN (A P(j0))d\ =
H—00 Hn— 00 oo

0 0
5 / (=N ko (V) dX = / N dkpau(A) = — /R VO H(X)dX,

—o0 —00 2m

which is equivalent to (3.2.5). Similarly, (3.1.15), (3.2.4), and (3.2.8), imply

0
lim p~'Tr P(u)? =5 lim u—l/ (=N)TEN(NP(p))dA =
p—00 H—00 —c0
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0 0 1
’7/ (—)\)’Y_ll(:pauli()\) d\ = / )\Z C”Cpau]i()\) = 7/ Tr X(XJ_)Z b(XJ_)dXJ_,
R2

—00 —o0 T

which is equivalent to (3.2.6).

3.2.3. Let us discuss now the correlation between Corollaries 3.5 — 3.6, and the semiclassical asymp-
totics of the Riesz means of the negative eigenvalues of the Pauli operator in dimensions two and three.
Set P(h, u) := P(h, u, 1), A > 0, u > 0. Obviously, for an arbitrary A > 0 estimates (3.2.3)—(3.2.4) can
be re-written as

T P(h,p)? <eh 2 [ V(X)) dX +dph™ | VX)) b(X)dX, m =2,
R2 R2

Te B(h, 1)? < esh= / / VX0, 224X dat
R JR2

cguh_Q/ V(X1 2) ™2 b(X 1 )dX  dz, m = 3.
R JR2

For A < 0 put
B(A) = Bo(Ash, p) =
%ﬁhzgio 0g Jr2 0N — V(X)) — 2quhb(X))b(X)dX if m = 2,
@97 2oge0 04 Jpem Jaz 0N — [CPP = V(X 1, 2) — 2quhb(X1))b(X 1)dX 1 dzdC if m =3,

where oo = 1, and g, = 2 if ¢ > 1. Set B, (A, p) :== fi)oo AT dB()N), v > 0, m = 2,3. The quantities
B, (h, 1) are the moments of order 7 of the measure B defined on (—o0,0). Evidently,

B, (1, 1) =

by 0 0q Jue (V(X) + 2quhb(X)) Y b(X)dX if m = 2, >0
% Y020 04 Jpo Jpog (12 + V(X 1, 2) + 2quhb(X 1))” b(X 1) dzd(dX if m =3, '

(3.2.9)
Theorem 3.10 Let m = 2 (respectively, m = 3). Under the assumptions of Lemma 3.2 (respectively,
Lemma 3.3), we have
1
lim
rlo ph+1
uniformly with respect to p > 0.

(™ Te P(h, 1) — By(hypu)} =0 (3.2.10)

Asymptotic formulae of the type of (3.2.10) appeared first in [L.S0.Y 2] (see also [L.So.Y 1]) for the
case of a constant magnetic field. Various versions of (3.2.10) concerning non-constant fields can
be found in [E.So 2] (see also [E.So 1]), and later in [Sob 3]. Asymptotic formulae concerning the
Schrodinger and the Dirac operators, which are similar to (3.2.10) but contain a sharp remainder
estimates can be found in [Iv, Chapters 6-7]; these formulae have been obtained under numerous
supplementary assumptions.

Our Theorem 3.10 is closest to [Sob 3, Theorem 2.2]. There the assumptions are less restrictive than
ours, but the formulation is somewhat lengthy.

The principal merit of (3.2.10) is that it is uniform with respect to p > 0; in particular, it is allowed
that g — oo as h | 0. Notice that if ph < const, then (3.2.10) can be re-written as

. fem v _
17%1{71 Tr P(h, )Y — B(h,pu)} =0, (3.2.11)
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i.e. we can omit the factor (uh + 1)~! in front of the braces in (3.2.10). Moreover, if 4 > 0 is a
constant independent of i > 0, then B, (k, 1) (see (3.2.9)), can be interpreted as the Darboux sums
for the Riemann integrals with respect to the variable ¢ occurring in the following quantities:

1
/ / (V(X)+t) dtdX = —2/ (Ip* +V(x))! dxdp if m=2,
R2 21 T*R2

and

1 e 1
o [ [T e vin s o drzacaxs = 5 [ (V)T dxdpitm=3
R2 *RJO ™ T*R3

Therefore, in this case we have

: _ 2 2 Y
1};{%87(71, p) = @ /T*Rm (Ip]*+ V(x))  dxdp. (3.2.12)

The standard Weyl coefficient (27)™"" [ ..o (|p|2 +V(x ))z dx dp appearing at the right-hand side of
(3.2.12) is the moment of order 7 related to the negative part of the Hamiltonian function |p|? +V (x)
of a m-dimensional classical particle. Notice that the Weyl coefficient is independent of u and b.
Moreover, the additional factor 2 occurring in (3.2.12) is due to the fact that the Pauli operator acts
upon two-component functions). Combining (3.2.11) and (3.2.12), we get

lim K™ Tr P(h, p)” (25) /T*Rm (Ip|* + V(x))! dxdp. (3.2.13)

Asymptotic relations of this type are well-known; see e.g. [R 1, Theorem 2.1] where the semiclassical
asymptotics of the negative spectrum of the Schrodinger operator have been considered, but the
passage to the asymptotics as i | 0 of Tr P(h, u)”, > 0, v > 0, is trivial. However, (3.2.12), and,
hence, (3.2.13) are not uniform with respect to pu.

Let us compare the main asymptotic terms as i — oo of the functionals B, (%, 1) appearing in (3.2.10),
and the quantities at the right-hand sides of (3.2.5) and (3.2.6). Notice that if 4 — oo only the term
corresponding to ¢ = 0 in (3.2.9) survives, while the terms corresponding to ¢ > 1 vanish. In other
words, if m = 2, we have

h

lim p~= ' By (h,p) =
J—00 27T

/ V(X)) b(X)dX, h>0, (3.2.14)
and the right-hand side of (3.2.14) with & = 1 coincides with that of (3.2.5). In other words, in the
two-dimensional case Tr P(u)” is asymptotically equivalent to B, (h, ) as p — oco. In the three-

dimensional case, however, we have

hm w By (b ) /R/TR (IC2+V(X1,2))] dedCb(X1)dX,, h>0. (3.2.15)

Hence, the quantities at the right-hand side of (3.2.6), and (3.2.15) with h = 1, are of essentially
different nature. The right-hand side of (3.2.6) is equal to the integral with respect to X, € R?
of the Riesz means of order v of the bound states of one-dimensional quantum particle described
by the Hamiltonian x(X,) = —% + V(X., %), while the right-hand side of (3.2.15) with i = 1
coincides with the integral with respect to X | of the moment of order ~y related to the negative part
of the energy of a one-dimensional classical particle described by a Hamilton function |(|?+V (X, 2),
(z,¢) € T*R. Evidently, the Hamiltonian operator —% +V (X, z) is obtained from the Hamiltonian
function |¢|? + V(X 1, 2) by the standard quantization scheme (see part 1.2.1).
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3.3 Auxiliary material

This subsection contains some useful tools of variational character which are used systematically in
the proofs of the main results of the section. First, we formulate a suitable version of the minimax
principle for compact operators.

Lemma 3.4 Let T = T* be a compact operator in the Hilbert space H. For s > 0 denote by FE(T)
the linear subsets of H whose nonzero elements u satisfy £(Tu,u) > s||lul|?, where (.,.) and |.|
denote respectively the scalar product and the norm of H. Then we have ni(s;T) = sup dim F*(T),
the quantities ny (T) being defined in (3.1.2).

The next lemma summarizes the well-known Weyl inequalities for the singular numbers and eigen-
values for compact operators.

Lemma 3.5 Let T, j = 1,2, be linear compact operators. Then for each s >0 and t € (0, s)
i (8;T1 + T2) < nu(s — T1) + ni(t; To),

the quantity n.(s;T) being defined in (3.1.1). If, moreover, T; = T7, j = 1,2, then for each s >0
and t € (0, )

ne(s;Ty+T2) <ni(s—6Th) +ne (1), ne(s;Ty +To) > ne(s+t;Th) — ng(t; Io).

In the sequel we shall denote by S, the class of linear compact operators acting in a given Hilbert
space, and by Sp, p > 1, - the Schatten-von Neumann class of compact linear operators for which

the norm ||T'||, := (Tr |T\p)1/p is finite. Evidently, if T' € Sp, p > 1, we have

n.(s;T) < s7P[T[F, s> 0. (3.3.1)
IfT=T*"¢€ S, p>1, then the estimates n+(s;T) < n.(s;t) combined with (3.3.1) imply

ni(s;T) < s7P[T[P, s>0. (3.3.2)
The following two lemmas are devoted to the Birman-Schwinger principle, and a generalization of its.

Lemma 3.6 [B, Lemma 1.1] Let Hy > 0 and V be two self-adjoint operators such that |V|'/?(Ho +
1)"Y2 € S.. For A <0 set
RN\ Ho) == (Ho — \) Y2, (3.3.3)

T (A Ho, V) := R(AHo)VR(A; Ho). (3.3.4)

Then we have N(A;Ho +V) = n_(1; T (\; Ho, V)) where the sum Ho +V should be understood in the
sense of the quadratic forms.

Lemma 3.7 [R 4, Lemma 4.1] Let Hy be a self-adjoint operator, and let Ay and Ao be real numbers
such that A1 < A2, and [A1, A2] C p(Ho) := C\ o(Hp). Set

R(A1, Aoi Ho) == ((Ho — A1) (Ho — A2)) Y2, (3.3.5)
1 .
G(A1, A2 Hp) == <H0 - 5()\1 + )\2)) R(A1, A2; Ho). (3.3.6)
Let V be a symmetric operator on Dom(Hg) such that V(Ho +i)~! € Se. Put

T(/\l, Ao; Ho, V) = 7%,(/\1, Ao; HO)V27~3(/\1, Ao; Ho) + 2Re Q()\l, Ao; Ho)Vﬁ()\l, Ao; HO) (337)

Then we have N' (A1, A\o; Ho+V) = n_(1; T(/\l, A2;Ho, V)) where the sum Ho+V should be understood
in the operator sense.
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Finally, we state a suitable version of the Kac-Murdock-Szeg6 theorem.

Lemma 3.8 [R 5, Lemma 3.2] Let {T(u)},>0 be self-adjoint compact operators satisfying the esti-
mate ||T(p)|| < to with to > 0 independent of . Assume that the function v : R\ {0} — R is
non-decreasing on (—00,0) and (0,00), non-negative on (—o0,0), and non-positive on (0,00). Let
v(t) =0 for |t| > to. Suppose that for some p > 1:

(i) T(u) € Sp for each pn > 0;

(ii) the quantity f]R\{O} [t|Pdv(t) is finite;

(iii) There exists a mon-increasing function ¢ : (0,00) — (0,00) such that lim,_,c ¢(p)Tr T(p)! =
fR\{O} t'dv(t) for each integer | > p.

Let t # 0 be a continuity point of v. Then we have

lim G(u)ny (6T (1) = —v(t), >0,  lim g(uny(—t T (1) = v(t), t < 0.

pH— 00 pU— 00

3.4 Proof of Theorem 3.1

Throughout the subsection we assume that m = 2d with d > 1.

Lemma 3.9 Let W € L"(R™), r > 2, and ¢ > 1. Then we have
WPl < (Bt [ Wi, (3.4.1)

Cq(B) being defined in (2.3.22).
Proof. Assume at first W € L?(R™). Then we have

nw&mﬁ:/

Rm™

WGP Ky xixx = C, (B [ 7 Pax (3.4.2)

m

(see (2.3.21)). Assume now W € L*°(R™). Evidently,

WP ()] < IW|Loe ®m)- (3.4.3)
Interpolating between (3.4.2) and (3.4.3), we get (3.4.1). &
Corollary 3.7 Under the hypotheses of Lemma 3.9 we have

ny(e; WP, (1)) < Cq(B)s_T',ud/ |W|"dx, Ve > 0. (3.4.4)

Proof: Tt suffices to apply (3.3.1) and (3.4.1).
Let A1 and A, satisfy the hypotheses of Theorem 3.1. For p > 0 large enough set r4(p) = rq(p; A1, Az):
= RO\ + g, g + s Ho(p) (sce (3.3.5)).

Corollary 3.8 Under the hypotheses of Lemma 3.9 we have

s (&3 Wrg(1) Py(1)) < Cy(B) (5\/)\1/\2> o ud/ |W|"dx, Ve > 0. (3.4.5)

m

Proof: Tt suffices to notice that n.(e; Wrq(u)P,(1)) = nu(ev/Aha; WP, (1)), and to apply (3.4.4). &

Corollary 3.9 Under the hypotheses of Lemma 3.9 we have

limsup g~ . (e; Wry (1)) < Cq(B)(ex/)\l)\g)_r/ |W|"dx, Ve > 0. (3.4.6)

p— 00
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Proof: Fix § € (0,1). By Lemma 3.5,
(5 Wrg () < (1 = 8); Wry(0) Py(10) + a8 Wrg (I — Py, (3.47)

Applying (3.4.4), we get

limsup =%, (e; Wry (1)) < Cy(B) (5(1 - 5)\//\1/\2)4/ |[W|"dx, Ve > 0. (3.4.8)

Hn—00

On the other hand, ||(Ho () + p)rq(1)(I — Py(p))|| < C with C' > 0 independent of 1 > 0. Therefore,
(28 Wrg ()1 = Py()) < (8 CW (Ho () + o) ™). (3.4.9)

The diamagnetic inequality (see Lemma 2.1) implies ||W (Ho(p) + p) || < |||W](=A + ) 7|. Since
the multiplier by W is A-compact, (see Lemma 2.2), we find that lim,_. |[W(=A + p)~ | = 0.
Therefore, (3.4.9) implies

N (8; Wrg(p)(I — Py(p)) =0 (3.4.10)

provided that u is large enough.
Combining (3.4.7), (3.4.8), and (3.4.10), and letting § | 0 in (3.4.8), we get (3.4.6). &

Lemma 3.10 Let W =W € C§°(R™). Fiz ¢ > 1. Then Py(u)W Py(u) € S1, and we have

lim p=Tr (P, (n)WP,(n) =Cy(B) [ W(x)'dx, 1€N,. (3.4.11)

— 00 R™
Proof: In the proof we follow the strategy of [K.M.Sz] (see also [Gr.Sz]). Let I = 1. Obviously,
Tr P,(u)W Py(p) = 5 W(x)K, . (x;x)dx = C,(B)u* i W (x)dx

which implies (3.4.11) with [ = 1. Let now [ > 2. We have

Tr (P, ()W P,(1))! = Tr (WP, (n)" = - W(x1)Kq u(x1;%2) ... W(x) K, (x;x1)dx1 ... dxg.

—1/2

Change the variables x; = X7, x; = 1 x; +x}, 2,...,0. Then we have

T (R WP p))' = i | W)W + /%) W, + 7 2x)

K, 1(0;x5) ... Kq1(xp;0)dx] . .. dx;.

Therefore,
Jim p AT (P ()W Py ()t = W(xl)ldx1/ . Kg1(05%2) ... Kg1(x1;0)dxz ... dx; =

K, 1(0;0) [ W(x)ldx=Cy(B) [ W(x)ldx
R™ R™

(see (2.3.21)), which is equivalent to (3.4.11) with [ > 2. $
Let W = W be a measurable function. For s > 0 set

Ui(s) = vx(s; W) :=Cy(B)vol {x € R™| £ W(x) > s}.
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Corollary 3.10 Under the hypotheses of Lemma 3.10 we have

lim i~ %n (s; Py ()W Py(p1)) = 0 (s; W),

p—o0
provided that s > 0 is a continuity point of vy (; W).

Proof: 1t suffices to apply Lemma 3.8 with T'(y) = P, ()W Py(p), to = || W|| o rm), (1) = p~%, and

V(S){ v_(—s;W) if <0,

—b(s;W) if s> 0, and take into account Lemma 3.10.

Remark: Since Pj(u) is the orthogonal projection onto (a version of) the Segal-Bargmann space,
Py ()W Py () is a classical Toeplitz operator (see [BAM.Gu], [Ha, Section 8]).

Let V = V be a measurable function. Assume that A\; and Ay satisfy the hypotheses of Theorem 3.1.
For s > 0 set

s 1 2 A1+ Ao
" A1 g A1 Ao

Vi a (8; V) = 17_( V) = Cq(B)VOI{X S Rm|V(X)2 — (/\1 +)\2)V(X) + A1 Aas < O}

Evidently, vx, x,(1; V) = Cq(B)vol {x € R™|(V(x) — A1)(V(x) — A2) < 0}. Hence, the assumption
that the point s = 1 is a continuity point of vy, x,(.; V) is equivalent to the assumption that A
and Ay are continuity points of the function kgen,. Under this assumption we have vy, x,(1; V) =

KRq (kSchr()\Q) - kSchr(Al))- B
Introduce the operator t(u) = t(u; V) = tx, 2, (1) := T (A1 + pAy, A2 + plg; Ho(u), V) (see (3.3.7)).

Proposition 3.7 Assume that the hypotheses of Theorem 3.1 hold. Suppose in addition that V €
C§°(R™). Then we have

lim =% (s3ta, 00 (13 V) = v, 00 (53 V), (3.4.12)

=00
provided that s > 0 is a continuity point of vx, x,(; V).

By the minimax principle (see Lemma 3.4), n_(s; Py(p)t(p)Py(r)) < n_(s;t(n)) for each s > 0.
Obviously, Py(u)t(1)Py(1) = Py(u)W Py(p) with W = (V2 — (A1 + A2)V) /A1 A2. By Corollary 3.10,

liminf =% _(s;t(p)) > lim p=%n_(s; Py(u)W P, (1)) = 0(s; W) = va, 2, (5 V). (3.4.13)
=00

H— 00

On the other hand, for each € € (0, s)
n_(s;t(p)) < n_(s —e; Py(p)t(p) Py(p)) +

n_(s—e; (I = Py(p)t(p)(I — Py(n))) + n—(e;2Re Py(pu)t(p) (I — Py(p))). (3.4.14)
We have

1T = Py ()t (I = Py(p)) | < IV Z oo oy I (1) (T = Py )1 + 2l g ) IV | oo ey I (12) (T = Py (1))

where g(11) == G\ + phg, Ao + phg; Ho(p)) (see (3.3.6)). Since ||r(u)(I — Py(p))|| = O(u~') and
lg(e) |l = O(1) as u — oo, we have

1T = Py(pu)t(u)(I = Py(m)l| = O(u™),  p— oo. (3.4.15)

Further,

Re Py(p)t(p)(I — Py(p)) = Re Py(p)r(u)V2r(pn)(I — Py(p)) 4+ 2Re Py(p)g(u)Vr(p) (I — Py(p))+
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Re Py(p)r(p)[V; ala(p)*r(p)(I = Py(p)) + Re By(w)r(w)a(mw)[V; a®Jr(p) (I — Py(p))-

Since [V, ]| = [|[V, a’][| = supyezm [VV ()], and |2 (w)r(u)ll = O), [|Py(1)r(walp)| = Ou'/?)
as pu — 00, we get

1P, () (1) [V, al| = OQ), [1Py()r(w)a(p)[V,a*]| = O(u'/?), n— .
Similarly, | P,(p)r(p)V?]| = O(1), ||P;(n)g(u)V| = O(1) as p — oco. On the other hand,

la(w)* (1) (I = Py(m)ll = O(u™"2), r(u)(I = Py(u)ll = O(u™), p— oo

Summarizing, we get

12Re Py (1) g()Vr(u)(I — Py(p))| = O(u™?),  pp— oc. (3.4.16)
Combining (3.4.15) and (3.4.16), we find that
n (s — &5 (1 = Py(u)t(u)(I — Pylu))) + (=3 2Re Py(t(u)(I — Py(u) =0 (3.4.17)

for each s > 0 and € € (0, s), provided that p is large enough. Choose a sequence {¢;};>1 such that
lim;_, &, = 0, and for each I > 1 we have ¢; € (0, s), and s — &; is a continuity point of vy, x,(.; V).
Then (3.4.14) and (3.4.17) imply that for each fixed s > 0 and [ > 1 we have

n(s;t(p)) < n—(s — e Py(n)t(p) Py(p)), (3.4.18)

provided that p is large enough. By Proposition 3.7,

lim =% (s — &3 Py(u)t(1) Py(p)) = v, n, (8 — €3 V). (3.4.19)

pr—00
Combining (3.4.18) and (3.4.19), and then letting I — oo, we get

limsup = %n_(s;t(p)) < va, 2, (53 V). (3.4.20)

=00
Putting together (3.4.20) and (3.4.13), we obtain (3.4.12). &

Proposition 3.8 Assume that the hypotheses of Theorem 3.1 hold. Suppose in addition that V €
LT (R™). Then (3.1.3) is valid.

Proof: By Lemma 3.7,
N A1+ phg; Ao + pAgs Hp)) = n(15¢(p; V). (3.4.21)

Fix a sequence {n};>1 such that lim; ... 7 = 0, and for each | > 1 we have n; > 0. Write V =

Vo+ V1 = Vo(l) + Vl(l) where Vo(l) € C§°(R™), and me |V1(l)|rdx < m;. Choose a sequence {e;, }n>1
such that lim,,_,o €, = 0, and for each n > 1 we have ¢,, € (0,1), and 1 £+ ¢,, are continuity points of
the functions vy, 1, (; VO(Z)) for each | > 1. Notice the operator inequalities

(1 —en)t(p; Vo) = (e,2 = () Viar(p) + 2Re g(p)Vir(p) + 267 Re g(u)Vor(u) <
tu; V) <
(L4 e)t (s Vo) + (14 ,.2)r () Viar(p) + 2Re g(p)Vir(p) — 267 Re g(p)Vor ().
Therefore, by Lemma 3.4 and Lemma 3.5,

n_(14en; (142t (5 Vo)) — ny(n/3; (14 £, 2)r(w) Vi (u)—
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n+(en/3; 2Re g(p)Vir(p)) — n—(en/3; 255 Re g(1)Vor (p)) <

n- (Lt V) <
n—(1 = ens (1= e)t(1: Vo)) + np (en /33 (€37 = Dr () Vior (m)+
n-(en/3; 2Re g(u)Vir(u)) + n—(ea/3; 265 Re g(p) Vor (). (3.4.22)

By Proposition 3.7 we have

timsup 1~ (1= ens (1= €05 Vo)) < limp= o (1= enit (s Vo)) = v xa (1= eni (i Vo)),

00
(3.4.23)
lLrg{gfﬂ’dn_(l +eni (L+en)t(p; Vo)) 2 lim Pt (14 g5 t(1 Vo)) = vag s (1 + en; 1115 Vo))
(3.4.24)

Assume that ¢, is small enough, and denote by >\1i,2 = /\fQ(sn) the real solutions of the quadratic equa-
tion A2 — (A1 +A2)A+ A A2(1Fey), such that AT < Ay Evidently, \fAT > 0, and limy, o0 A5 (en) =
A1,2. Then

Vxi,22 (1 Fen; to (M; VO)) = Kq (kSchr(AQi; VO) - kSchr(>\1i§ VO)) . (3425)

Further, for every s1,s2 € R, such that s; < s9, s155 > 0, and 4 > 0 small enough, we have
Kq (Kschr (82 — 0; V) — ksehe (51 + 03 V) — Co(B) vol {x € R™||V4(x)| > ¢} <

Rq (kSChr(SQ; Vb) - kSchr(Sl; VE))) S
Kq (ksenr (82 + 0; V) — ksene(s1 — 05 V) + Cy(B) vol {x € R™||Vi(x)| > d}. (3.4.26)

Moreover, for each § > 0 we have
vol {x € R™||V4(x)| > 6} < 6= / V()" dx < 5~ (3.4.27)
]R?n

Next, by Corollary 3.9 and ||g()|| = O(1) as u — oo, we have

s - (20/3: (6 Dr(u)VEr () = timsup e (16 /31 (62 £ DVar(o) ) = O,

fi—00 fr—00
(3.4.28)
lim sup =4 (en/3; 2Re g(u)Vir(u)) = O(m), (3.4.29)
p—00
as | — oco. Similarly,
ny (£,/3;2e*Re g(u)Vor(u)) = O(eh) (3.4.30)

as n — oo uniformly with respect to n;. The combination of (3.4.21) — (3.4.30) yields

limsup =N (A1 + phg; Ao + plh g H(p)) < kg (ksene (AT + 6 V) — ksene (AT — 6; V) + coel, + ez,

p—o0
(3.4.31)

hMH_l)iOIéf 1 N (A A+ s As + ph g H(p)) > kg (ksene(A3 — 83 V) — ksene (AT + 83 V) — ceely — e,
(3.4.32)

for § > 0 small enough, ¢s > 0 independent of n;, and ¢; = ¢7(ep,0) > 0. Letting at first | — oo
(hence, m; | 0), and then n — oo (hence, €, | 0), and ¢ | 0 in (3.4.31) — (3.4.32), we arrive at (3.1.3)
in the case V € L2(R™).

In order to prove Theorem 3.1 in the general case V € L,, fix € > 0 small enough, and write
V = Vi 4V, with V; € L"(R™) and supycpm [Va(x)| < e. Fix a sequence {€,},>1 such that
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lim,, o €, = 0 and for each n > 1 we have €, € (0,¢), and the points A\; £ e+ e, and Ao e+ ¢,
are continuity points of ksch(.; V7). By Proposition 3.8 we have

limsup g~ N (A1 + phg; Mg + phg; H(p)) < limsup 9N (A — & + phg; Xa + & + phg; Ho(p) + V1) <

H— 00 [— 00

lim g N (A — & —en + phg; da + &+ + phg; Ho(p) + V1) =

H— 00
Rq (kSChI‘(A2 +e+ Ens Vvl) - kSchr()\l — & —&np; Vl)) S
Rq (kSchr()\Q + 25; Vl) - kSchr(Al - 25; ‘/1)) < Rq (kSchr()\Q + 35; V) - kSchr(Al - 35; V)) 5

and analogously

lim inf =N (A + pAg; Aeprg; (1)) > kg (ksenr(A2 — 38, V) — ksenr (A1 + 36 V)

— 00

Letting € | 0, we obtain (3.1.3) in the general case.

3.5 Sketch of the proof of Theorem 3.4

In this subsection we follow the proof of [R 5, Theorem 2.2], shedding additional light on some obscure
details. On the other hand, we only mention the steps in the proof of Theorem 3.4 which are the
same as in the proof of Theorem 3.1 contained in the previous subsection.

Throughout the subsection we assume m = 2.

Lemma 3.11 [R 5, Lemma 4.1] Assume that (2.4.4) holds. Let W € L*(R?). Then

W P()|2 < @ / W 2dX. (3.5.1)
Let p be large enough. Let A\; < Ao, Mg > 0. If A\; < Ao, set 75 () = ri’)\z (1) = R(A1, Ao; PE)
with PE = Ho(u) + ub (see (3.3.5) and (2.4.1)); if A\; = A, extend the definition by continuity.

Corollary 3.11 [R 5, Corollary 4.1] Assume that the hypotheses of Lemma 3.11 hold. Let A1 < Aq,
A A > 0. Then we have

W5, a0 PG < o [ WX, (3.5.2)

and, therefore, n.(e;Wry, (WP (n) < cg€ 2 oo |W[*dX for each € > 0 with cg := yES vy el

Proof: As in the proof of Corollary 3.8, it suffices to notice that Wry , (1) P(n) = (M A2) "2 W P (),
and to apply (3.5.1). &

Lemma 3.12 (cf. [R 5, Lemma 4.2]) Under the hypotheses of Corollary 3.11 there exists a constant
cy independent of p and W such that

W5 a0 = PUOIE < o™ [ WPax, (353)

and, therefore, n.(e;Wry, \, (w)(I = P(1)))coe 2u" [po [W[dX for each & > 0.
Proof: Write r=(u)(I — P(u)) = (Ho(p) + )~ (Ho(p) + p)r~ () (I — P(p)). On the other hand,
[[(Blo () + p)r~ () = P(u)) Il = [|(Py (1) + pb + p)r™ () (I — P(p)) || <
1Bo ()r™ () = P(u) [l + plez + D™ () = P(w)]l-
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Evidently, there exists a constant ¢19 > 0 independent of y large enough such that ||Pg (u)r~ () (I —

P())|| + plez+Dlr= () (I = P())|| < ero. Hence, [Wr™(u)(I — P(u))l[3 < cfol[W (Ho(p) + 1)~ "3
The diamagnetic inequality (see Lemma 2.1) and the Parseval identity entail

1 d¢

1
W (Ho(p) + ) I3 < IW(-A+p) M3 = / W[?dXx 7:—/ WdX.
|| ( O(IU‘) lu) ||2 — || ( lu‘) ||2 (271_)2 R? | | R? <‘§|2 4 u)g 47T,U/ R? | |

Consequently, (3.5.3) holds with ¢g = f—;. &

Corollary 3.12 Under the hypotheses of Corollary 3.11 we have

W5, 0, I < 2w ™) [ WX, (35.4)

and, therefore,

na(e Wy, (1)) < 2can + CQM—l)g—Q/ W[2dX, Ve > 0. (3.5.5)
R2

Proof: 1t suffices to write [Wry, . (w3 < 2[Wry, a, (W) P(p)3 +2[Wry, (W — P(p))||3, and to
apply (3.5.3) and (3.5.5). ¢

Lemma 3.13 [R 5, Lemma 4.3] Under the hypotheses of Corollary 3.11 we have
n.(e;Wry o, () < 095’2,u’1/ |W|2dX, Ve > 0.
; -

The proof is completely analogous with that of (3.5.3).

Lemma 3.14 [R 5, Lemma 6.3] Assume that (2.4.4) holds. Let W be in the Sobolev space H!(R?).
Then there exists a constant c11 independent of u and W such that

IOV PG < ens [ I9WPax. (355

Proof: For y1 > 0 large enough we have P(u) = — 5 [, (Py (1) — w) " tdw with S' := {w € C||w| = 1}
oriented in the anti-clockwise direction. Therefore,

1 _ _ _ _ _
W.PG] = 5 [ (B ) =)™ Vg () () =)' =
1
o [ B0 — ) O + a0 W) (P () )
27 Js
where OW := i% + %L;, oW = i%—g/ — %—V;. Hence

IW, P(w)]l]2 < 2 sup 1Py (1) — w)~'OWa* (Py (1) —w) ™2 <
we
2 sup [[(Pg (1) — w) "' OW ||z sup [|la*(Pg (1) — w) 7" (3.5.7)
weSt weS?t
Estimate (3.5.4) with Ay = Ay = —1 easily implies
(B ) ) "OW I < 2csp+ con™) [ [PWPAX, Vw8, (3.5.8)
R2
provided that g > 0 is large enough. On the other hand,
la* (PG (1) = w)7HI* = (Pg (1) = @) ~'Pg () (P (1) =) = O(™), n—o0,  (3.59)
uniformly with respect to w € St. The combination of (3.5.8) and (3.5.9) yields (3.5.6). <
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Proposition 3.9 [R 5, Proposition 1] Assume that (2.4.4) is valid with ¢; > 0. Let W € C§°(R?).
Then P(p)WP(u) € S1, and we have

lim g Tr (P(u)WP(u))! L W(X)'o(X)dX, 1>1. (3.5.10)

JL— 00 2 R2

Proof: In contrast to the proof of Lemma 3.3, here we follow the strategy of [W] where we do not rely
on an explicit expression of the diagonal value of the kernel of P(u), but rather on the commutator
estimate contained in the previous lemma.

By Lemma 3.11, W € Cg°(R?) implies |W|'/2P(u) € So; hence P(u)W P(u) € S;. By Proposition
2.2 we have

1
lim g 'Tr P(u)W'P(p) = lim g~ [ W(X)'K,paui(X; X)dX = — [ W(X)'b(X)dX, 1 > 1.
H— 00 H—r 00 R2 2 R2

(3.5.11)

Further, for [ > 2 we have
-1
P(u)W'P(u) — (P(m)WP(p))' = > P(m)W*[W, P(u)}(P(1) W)~  P(p).
s=1

Hence, [Tr P()W'P(x) — T (PWP()!| < S [PGOW* al|W, P(o)] W52 5y By

Lemma 3.11 we have ||P(u)W#||s = O(u'/?), u — oo, for any s > 1, and by Lemma 3.14 —
W, P(u)]ll2 = O(1), p — oo. Therefore,

Tr P(u)W'P(p) — Tr (P()WP(p) = 0u'’?), p—oo, 1>2. (3.5.12)

Putting together (3.5.11) and (3.5.12), we get (3.5.10). <

Remark: Since P(u) = Ppawi(p) is the orthogonal projection on the weighted holomorphic space
H(R?; e=2#%) with Ap = b, P(u)W P(u) is a classical Toeplitz operator (see [Ha, Section 8]).

Let W = W be a measurable function. For s > 0 set

VPauli(S§ W) = i 9(—W(X) — S)b(X)dX

™ JRr2
Corollary 3.13 Under the hypotheses of Proposition 3.9 we have

lim g ' (8; Ppawi (1) W Ppawi (1)) = vpaui(s; W)

H— 00
provided that s > 0 is a continuity point of vpawi(.; W).
Let 0 < A; < Aa. Put tpaui(pe) := T (A1, Ao; Po(p), Vo), ti, (1) := T (A1, Ao; P, VIo) (see (3.3.7)).

Proposition 3.10 Assume that the hypotheses of Theorem 3.4 hold. Suppose in addition V €
Cg°(R?). Then we have

lim 1 e (83 tpu (1) = vpawi (5 (V2 — (A1 + A2)V) /A12)

p—o0
provided that s > 0 is a continuity point of Vpaul (s; (V2 — (A + )\Q)V)//\l)\g).

The proof is completely analogous to that of Proposition 3.7 but now we have to use Corollary 3.13
instead of Corollary 3.10.
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Proposition 3.11 Assume that the hypotheses of Theorem 3.4 hold. Suppose in addition V €
L2(R?). Then (5.1.12) is valid.

Sketch of the proof: The proof is very similar to that of Proposition 3.8. By Lemma 3.7,
N O g B(1)) = n (L Epai(12)) = 1= (15 by (1)) + 1= (1 6,0 (00). (35.13)
By Lemma 3.13, we find that

n (L (1)) = 0, (3.5.14)
provided that p > 0 is large enough. By analogy with the proof of Proposition 3.8 we obtain
M (Lt (1) = kpaui(A2) = kpaui (A1) (3.5.15)

The combination of (3.5.13), (3.5.14), and (3.5.15) yields (3.1.12) in the case V € L?(R?). ¢
The passage from V € L?(R?) to general V € Ly in the proof of Theorem 3.4 is elementary and is
quite similar to the final step of the proof of Theorem 3.1 (see the end of the previous subsection).

3.6 Proof of Propositions 3.1 — 3.3 and 3.5

Lemma 3.15 [Re.S, vol.3, Theorem X1.20] Let k > 1, m = k+ 2d, d > 1. Assume that w €
L™/2(R¥). Then for each A\ < 0 we have

2 (=2 = 2) 727 < eraf A7 /Rk Jw(z)|"2d= (3.6.1)

with ci9 := (2m) 7 ka W'

Proof of Proposition 3.1: Let V € L% (R™). Set Q(V) := {X, € R¥| [, |[V(X1,2)|7dz < oo}.
Evidently, vol {R??\ Q(V)} = 0. By Lemma 3.15, [V(X1,.)|"3(-A, +1)72 € S, C S if
X1 € Q(V). Let now V € L,, /5. Fix a sequence {¢;};>1 such that g; | 0. Write V' =V ; + V5 with
Vig € L"™2(R™) and supycgm |Va(x)| < &. Set Q := (72, Q(V1,). Obviously, vol{R2d\Q} =0,

and Vi (X1, )|"2(—A, +1)"/2 € S, for each I > 1 and X € . On the other hand,
VO V2B )72 = V(X V2 (A + )72 <62 X, e d.

Since the operator |V(X 1 ,.)|"/2(=A. +1)"1/2, X € Q, can be approximated uniformly by compact
operators, it is a compact operator itself. Since O C Qgenr, and vol {RQd \ Q} = 0, we find that

vol {R2d \ Qschr} =0if V € L,, /o which completes the proof of Proposition 3.1. $
Proof of Proposition 3.2: Let w = @ € L,,2(R¥). For A < 0set ty(w) 1= (—A—X)"/2w(—A-X)"1/2.
By Lemma 2.2, the operator t,(w) is compact and self-adjoint in L*(R¥). Let {a;(w,\)};>1 be the
negative eigenvalues of the operator ty(w) enumerated in a non-decreasing order, i.e. aj(w,\) <
ax(w,\) < ... <0. If ty(w) has exactly J negative eigenvalues, 0 < J < oo, we set a;(w,\) = 0 for
j>J+1.
Let V. € L;,/2(R™). For A < 0, and X| € Qsenr, set 7a(X1) = tA(V(XL,.)). If eventually,
RQd 7é QSChI‘7 put T/\(XJ_) = 0 for XJ_ S de \ QSchr- Set Oéj(XJ_,/\) = aj(V(XJ_, .),)\), j > 1. By
Lemma 3.6,

N\ x(X 1) =n_(Lm(X1)), A<0, X; € R¥.
Therefore, the measurability of the function N(\;x(X 1)), X1 € R2?? is equivalent to the mea-
surability of n_(1;7x(X1)), X1 € R2?¥ X\ < 0 being a fixed parameter. On the other hand,
n_(1;7a(.)) : R? — N, and we have

{X1 eR*n_(1;7A(X1)) =0} = {X1 € Ry (X1, N) > -1},
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{Xl eR¥n_(1;75(X1)) = l} =
{X1 e R*oy (X1, \) < =1} [ ){X1L € R*|ouy1 (X1, N) > —1}, L€eN,.

Hence, the measurability of n_(1;7x(.)) will follow from the measurability of a;(.,)), j > 1.

Let at first V € C§°(R™). In this case o;j(X,,A)), j > 1, are continuous and hence measurable
with respect to X € R?*?. Assume now V € L™/2(R™). Choose a functional sequence Vy; = Vy, €
C&°(R™) such that V — Vo as I — oo in L™/2(R™). Set

Ul(XJ_) = / |V(XJ_,Z) — VOJ(XJ_,Z)lm/QdZ,XJ_ S R%,
RE

Then Uy — 0 as | — oo in Ll(RQd). Passing, if necessary, to a subsequence, we might assume that
U(X1) — 0asl — oo for almost every X, € R??, For X| € R? A <0, and [ > 1 set

Ti?l)(Xi) = t)\(‘/o,l(Xla ))7 ag(,)l)(XLa A) = aj(voyl(le ')7 >‘)7 j > 1
By the minimax principle and Lemma 3.15, for each j > 1

0 0 _
o (X1 ) = af (XL M| < I (X0) = i (XN < VXL = Voa (X, )2 (=80 = )P <
VXL, = Vou(X 1, M2 (=As = )22, < ™ A2 Uy (X ).

Therefore, lim;_, o oz;f)l)(XJ_7 A) = (X1, A) for almost every X, € R?? and each A\ < 0, and j > 1.

Since ag.?l)(., A), j > 1, are measurable functions, a;(., ) are measurable as well.

Let now V' € L,, /2. Choose a sequence ¢; such that g; | 0. Write V' =V} 1+ V3 with Vi ; € L™M/2(R™)
and supycgm [Va(x)| < &, Set Q == 72, Q(Viy). For A <0, X, € Q, and [ > 1 set TS}(XJ_) =
ta(V1,(X 1, ). If eventually Q # R2 get 7(711)(XJ_) =0 for X, € R\ Q. For X, € R )\ <0,
I1>1,and j > 1 put oz;.}l)(XL,)\) =a,;(V1,(X1,.),A). The functions afl)(XL,A) are measurable on
R2? and, moreover, |o;(X1,\) — O[;}l)(XJ_,)\” < |ma(X1) — T)(\,ll)(XJ_)H <A, X1 € Q. In other

words, we have lim;_, o 045.’11) (X1,A) =0;(X1,A), j > 1, for almost every X | € R24, Therefore, the

functions (., A) are measurable under the general assumption V' € L, /5. ¢

Proof of Proposition 3.3: Fix e € (0, |\]). Write V = Vi +V, with Vi € L™/2(R™) and supycgm
< e. By the minimax principle and Lemma 3.6, we have

Va(x)|

NAX(XL) SNA+e-A, +Vi(X1,.) =
n_ (L (—A, = A=) V2V(X 1, ) (—A = A=) V) <y (1 [VA(X L, )Y (= AL — A —e)72) (3.6.2)
By Lemma 3.15, we have

N (1 [VA(X L, )2 (=A, = XA — &) V2 < e A + a|*d/k VA(X1,2)|™%dz, X, €. (3.6.3)
-

Combining (3.6.2) and (3.6.3), and integrating with respect to X, we get [poq V(X5 x(X1))dX ) <
012|>\ + €|_d me |V1(X)‘m/2dx. <>

Sketch of the proof of Proposition 3.5: The argument is close to that of the proof of Proposition 3.2.

Let m =3,V € L3, =1 < A\ < da < 1. Set 7, 2, (V(X1,.)):= T(M, A; 00, V(X 1, ) ), X, €
QDirac- By Lemma 3.7,

N, A20(X 1)) =n_ (L7, 0, (V(X1,))), X, R (3.6.4)
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Hence, the measurability of N (A1, A2; (X)) will follow from the measurability with respect to
X1 € R? of the negative eigenvalues of the operator 7y, »,(V(X1,.)). At first, we assume V €
Cs°(R3). Then the eigenvalues of 7, x,(V(X1,.)) are continuous and hence measurable with re-
spect to X| € R2  Next, we assume V € L3(R?®), approximate it in L3(R®) by a sequence
Vou € C°(R3), I > 1, and show that limy—eo [|Ta, 20 (V(X1,.)) — Fayne (Vou(X1,.))| = 0 for al-
most every X | € R% Here we make use of the estimate ||7x, x,(V(X1,.)) — Ty ne (Vou (X1, 0)) ||

< {le(V(X 1, ) + Vo (X, DI+ 2[y(} (VXL ) = Vou(X e, ))ell with o := R(A1, Adg;00), 7 =
G(A1,A2;0p) (see (3.3.5) — (3.3.6)), and the following

Lemma 3.16 [R 4, Lemma 7.2] Let w € L3(R), —1 < A\; < A2 < 1. Then we have

lwelld < exs / o (2) Pz

where c13 does not depend on w.

Therefore, the eigenvalues of 7, »,(V(X1,.)), X1 € R? are measurable if V € L*(R3).

Finally, we suppose that V € L3, approximate it in L>°(R3) by a sequence Vi; € L3(R3), | >
1, and show that lim_,oo [|7a; 2, (V(X1,.)) — Tagne (Vii(X1,.))|| = 0. Hence, the eigenvalues of
Tane (V(X1,.)) are measurable with respect to X | € R? under the general assumption V € L3. By
(3.6.4), N (A1, A2;9(.)) is measurable as well. ¢

3.7 Sketch of the proof of Theorem 3.6

In this subsection we follow quite closely the exposition of the original paper [R 5]. Throughout the
subsection we assume m = 3.
Define the orthogonal projection P(u) : L2(R?) — L?(R3) by

(P(p)u)(X1,2) = - Ku(X 15 XDu(X), 2)dX

the function K, being defined in (2.4.9). For A < 0 set RY := R(\;P3 (1)) (see (3.3.3)), where, as
usually, PE (1) := Ho (1) % ub.

Proposition 3.12 [R 5, Corollary 4.4] Let W € L3(R3), A <0, € > 0. Then there exists a constant
c14 tndependent of W, u, and € such that we have

ni(e; WRYP(p)) < erape™ /]1@3 |W (x)[3dx. (3.7.1)

Proposition 3.13 [R 5, Lemmas 4.5-4.6] Under the assumptions of Proposition 3.12 there exists
o = po(A, €) such that p > po entails

ny(e; WRY (I — P(p))) = nu(e; WRY) = 0. (3.7.2)

(0) 2 ~1/2 o? —1/2 L g
Let A < 0. Define the operator Ry’ := (H3 — )\) = (—ﬁ — ) , self-adjoint in L*(R?).
Assume V € C§°(R3), A < 0, and introduce the operator

Ta() = P()RY VR P (1),

compact in L?(R?), and the operator

d22 d22 Cdz?’

aX1) = ( &z )\) 1/21/()1;7.) ( &z )\) v =T(\ & V(X1,))

(see (3.3.4)), compact in L?(R,) and depending on the parameter X | € R2.
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Proposition 3.14 [R 5, Corollary 6.6] Let V € C§°(R?), A < 0. Then Ty(p) € S1 and we have

H—00 2m

1
lim p~ ' Tr Ta(p) = —/ Tr 7 (X )'b(X1)dX 1, | €N,.
R2

For s > 0 set )
KA(S) :

Combining Lemma 3.8 and Proposition 3.14, we get

/Rz n_(s;7A(X1))b(XL)dX .

Corollary 3.14 Under the hypotheses of Proposition 3.14

lim p~'n_(s; Ta(p)) = Ka(s), (3.7.3)

[—> 00
provided that s > 0 is a continuity point of K.

Notice that by Lemma 3.6, we have

Ka(1) = % - N x(X0)b(X1)dX 1 = Kpaui(A).

Moreover, s = 1 is a continuity point of K, if and only if A < 0 is a continuity point of Kpauli.

Proposition 3.15 Assume that the hypotheses of Theorem 3.6 hold. Suppose in addition V €
C§°(R®). Then (8.1.15) is valid.

Proof: For A < 0 set TF (1) := T(\;PE (1), V) (see (3.3.4)). By Lemma 3.6
N(XP(p)) = n—(1; T () +n-(1; Ty (). (3.7.4)
By Lemmas 3.4 and 3.5, for each ¢ € (0,1) we have
n-(LP(u)Ty (0P () <n (LT (p) <n-(1—&Pu)Ty (W)PW) +

n_(1— & (I = P(u))T5 ()(I — P())) +n(c: 2Re (I — P(u))T5 ()P(1). (3.7.5)
Assume that p > 0 is large enough. Then Proposition 3.13 entails

n_ (LTS (1) = n_ (1 — & (I = P(u))T5 (0)(I — P())) = n_(e: 2Re (I — P(u))T5 ()P (w)) = 0.

(3.7.6)

Putting together (3.7.4)—(3.7.6), we get
N P(p) = n- (L, P(p) Ty (1)P (1), (3.7.7)
N P(p) < n-(1 =g P(u) Ty (1)P(n)), Ve € (0,1). (3.7.8)

Now notice that we have P(u)T, ()P () = Tx(p). By assumption, A < 0 is a continuity point of
Kpawi- Hence, s = 1 is continuity point of I%,\, and estimate (3.7.7) combined with Corollary 3.14
yields

liminf =N (A P(1)) > Kpawi(N). (3.7.9)

H— 00

Choose a sequence {e;};>1 such that lim;_,..e; = 0, and for each | > 1 we have ¢ € (0,1), and
s =1—g; is a continuity point of 5. Then (3.7.8) entails

limsup N\ P(p) < Ka(1—¢g), 1>1.

=00
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Letting [ — oo, and taking into account that s = 1 is a continuity pont of Ky, we get

limsup "N (A P(p) < Ka(1) = Kpawi(N). (3.7.10)

p— 00

Combining (3.7.9) and (3.7.10), we obtain (3.1.15) in the case V € C§°(R?). &

In order to prove (3.1.15) in full generality, we assume at first that V' € L3/2(R3), approximate it
by an appropriate sequence Vp; € C§°(R3) and apply Proposition 3.15. Here we use also estimates
(3.7.1)-(3.7.2), as well as (3.6.1). Finally, we assume V € L35, approximate it in L*°(R3) by an
appropriate sequence V;; € L3/? (R?), and apply the previous result. The details concerning these
two approximations can be found in [R 5, Section 8].

4 Spectral asymptotics for quantum Hamiltonians in strong
magnetic fields: precise theorems

The method used to compute the main term in the asymptotic of the counting spectral function in
Section 3 is simple, works in general situations, and seems to be the best if one does not care about
precise remainder estimates (see [Iv, Section 0.2, p.2]).

On the contrary, to get an asymptotic formula involving sharp remainder estimates, one needs to
consider some function ®(7,t) of an operator 7' and an auxiliary parameter t. One then tries to
construct ®(7,t) by means of pseudo-differential operator theory, which involves some regularity
conditions. The case where T is a YDO depending on the small semiclassical parameter A (or, in
brief, a i-TDO) has been studied extensively by this method during the last thirty years. Asymptotic
expansions containing several terms were obtained in many papers [Iv], [He.Ro|, [Ch], [D.Sj].

In the two-dimensional and three-dimensional cases, the asymptotics as 2 | 0 and Ay < 1 with precise
remainder estimate for the counting spectral function of the operator H(%, ), have been obtained
by Ivrii [Iv]. The method of Ivrii uses strongly the fact that k, = 1 (see (2.3.23)) if d = 1, ie. if
m = 2, 3. Ivrii constructs a microlocal canonical form for H(%, 1), which leads to the sharp remainder
estimates. For m > 4, a complete reduction similar to the one obtained in [Iv] seems to be difficult
[Iv, Problem 6.2, p.365]. Then, one can not hope to apply directly the methods of [Iv] for H(u).
Here, we shall make use of a strong field reduction onto the gth eigenfunction of the harmonic oscillator
and a well-posed Grushin problem for H(u). We show that the spectral study of H(u) near some
energy level z can be reduced to the study of an i—\I/DO E_,(2) called the effective Hamiltonian.
Then, sharp remainder estimates can be obtained by the methods of [D.Sj, Chapter 12] and [D].

4.1 Formulations of main results

Throughout the section we assume that, k¥ = dim Ker B = 0 and V is a smooth potential tending to
zero at the infinity and bounded with all its derivatives.

Fix the real numbers A\; and Ay such that \; < Ay and A\; Ay > 0. For ¢ > 1, set Héq) (1) = Ho(p)—pdy,
HD (1) = H(p) — ph,. In this section, we will give an asymptotic expansion in powers of u=! of
Tr(p(H@D (1), 1)) in the two following cases:

a) ®(x,p) = ¢(x), where ¢ € C5°((A1, A2) s R). R

b) ®(z, 1) = ¢p(z)0(u(x — 7)), where 0 € C°(R;R), 7 € R, and 8 is the Fourier transform of 6.

As a consequence, we get a sharp remainder estimates for the counting spectral function of H(?) when
1 — 00. Let us state the results precisely.
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Theorem 4.1 Let ¢ € C°((A1, A2);R). There exists a sequence of real numbers (a;);en, such that

Tr(¢(HW () ~ p? Y Jaju, p— oo, (4.1.1)
7=0
with -
— 1-.-04
a0 = Fiq (2m)d /]R?d P(V(X))dX, (4.1.2)
ar = 27T oy ZZ 2 Jirl /de Az, V(X)9' (V(X))dX, (4.1.3)

the d-uplet (n],....n7), j € {1,...,k,} satisfying Z¢:1 bi(2n) +1) = A,.
Let 0 € C§°(R), and let € be a positive constant. Set

o 1 ) o 1.1
0(r)=— [ e"0(t)dt, 0.(t)=—-0(-).
() =55 [ €0t 8.0 = o)
In the sequel we shall say that A is not a critical value of V' if and only if V(X)) = X for some X € Roqy
implies VV (X)) # 0.

Theorem 4. 2 Fiz X # 0 which is not a critical value of V. Let ¢ € C§((A—e€, A+ ¢€);R) and
0 € C°((—&.4):R). Then there exist € > 0, C > 0 and a functional sequence ¢; € C®(R;R),
j € N, such that for all M, N € N, we have

(T*H(q ) =u (ZC] w0 <u<7_>N> )7 H— 00, (4.1.4)

uniformly in 7 € R. In particular,

Tr(6(H® (1)),

T

by..ba ds,
— g e 6(0 VoV (X))
CO(T) Kq (27T)d f(T) ( )/{X€R2d|V(X)—T} |VXV(X)|

We recall that s, 22 = C,(B) (see (2.3.22)).

(2md

(4.1.5)

Corollary 4.1 Choose A1, s € R such that \y < Az, M2 > 0, and assume that A1, A2 are not
critical values of V. Then we have

N (g + A, phg + AosH(p)) = p?hg (Ksenr(A2) — ksenr(A2)) + O(u*™), 1 — oo. (4.1.6)

Asymptotic formula (4.1.6) is a sharper version of (3.1.3) since it contains the remainder estimate
O(ud=1). However, the hypotheses of Corollary 4.1 are much more restrictive than those of Theorem
3.1. In particular, the assumption that A;, j = 1,2 are not critical points, is much stronger than the
assumption that \; are continuity points of ksepy, i.e. that vol {X € R2¥|V(X) = \;} = 0.

4.2 Classes of symbols

Let h € (0,hy), where g is a small positive constant. For k¥ € R and § € (0,1) we denote by
Sk (R??) the space of functions a(y,n; h) defined on R?¢ x (0, iig) which are smooth in (y,n), and for
all a, 8 € N¢ we have

|a;’a§a(y,n; m| < Cag po(al+B) -k (4.2.1)
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with C,, 5 > 0 independent of h € (0, hg). By S°(R?¢) we denote the space S§(R??). If a = a(y,n; 2, h)
depends also on z € Q C C, we say that a € S¥(R??), if (4.2.1) holds uniformly for z € Q.

Let a(y,n; z, h) € S°(R??). We shall say that a(y,n; z, h) has an asymptotic expansion in powers of A
in SO(R?®), and we write a(y,n; 2, k) ~ 3272 a;(y,m;2)l/  in SO(R*?), if for every N € N we have
h- Nt (0 — Z;V:o a;i7) € SO(R*).

In what follows, we denote by a(y, AD,; k) the ~-¥DO with Weyl symbol a (see (1.2.4)). In order to
prove the above results, we shall recall some well-known results [D.Sj, Chapters 7-8].

Proposition 4.1 Leta; € Sj"(R?*?),i=1,2,6 € [0, %) Then b(y, hDy; h) = a1(y, hDy)cas(y, hD,)
is an h-pseudodifferential operator, and

b(y,mih) ~ > bi(y,m, in S§H2(R) (4.2.2)
=0

with b (y,n) = Z\@IHBI:J' ;T!)man Dgalan Dg(lg.

Proposition 4.2 Let A = A : S(RY) — S'(RY), 0 < h < 1. The following two statements are
equivalent:

(1) A= a(y,hDy;h), for some a = a(y,n; h) € S°(1).

(2) For every N € N and for every sequence l1(y,n),. - .,In(y,n) of linear forms on R*?, the operator
ady, (y,nD,) © --- © adiy (y,nD,)An belongs to L(L?,L?) and is of norm O(RN) in that space. Here,
aduB := [A, B] = AB — BA.

4.3 Reduction to a semi-classical problem

For the simplicity of the notations, we only treat the two-dimensional case m = 2. Without any loss
of generality we may assume that b; = 1.

Lemma 4.1 There ezists a unitary operator W# : L2(R?) — L%(R?) such that
H (1) = W,H (1) W, (4.3.1)

where H@ (1) = ,uH:]I(()Q) + V(h'/?), H:]Io’q = Hy — Ay = Hy — (2 — 1), ¢ € N,, the operator Hy :=
—36—;2 +2? is described in (2.3.10) and (2.3.12), V(h'/?) .= V(hD, +h'/?D,,y—h'/?z), and h := p~!
is our effective semi-classical parameter.

Proof. The linear symplectic mapping

. 1 1 1y op o JE, 1
S = —_— — — _—— _ _— — = =
u(x,p) (\/ﬁ€+ JTY T Tt T Y T E+5n). x=(y), p= (&),
maps the Weyl symbol of the operator H(® () into the Weyl symbol of the operator H(® (1) By
Lemma 2.5, there exists a unitary operator W, : L*(R?) — L?*(R?) such that W, : L?*(R?) — L?*(R?)
is valid. < B

Remark: We have S, (x,p) = (S, 0 5},)(x,p) where S, is the linear symplectic mapping defined
in (2.3.9), and S, (x,p) = (f,—\/ﬁ% —x,—#n), x = (z,y), p = (£,7n). Then the operator
W/, : L*(R?) — L?(R?) defined by

1

Wyu)(z,y) = W/Re_im w(a', —\/uy)da’,
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is a unitary operator generated by the linear symplectic mapping S:L according to Lemma 2.5, and
Wu = W/ W,. Notice that the operator W, commutes with Hy. Therefore, we have pﬂo(ﬂ) =
W;HO(M)WM and pHo(p) = W;HO(M)WM (see the remark after Lemma 2.5).

Introduce the operator R'? : L2(R,) — L2 (R%,) by

(RW0)(x,y) = fo(z)v(y),

where f, is the gth normalized eigenfunction of harmonic oscillator (see (2.3.11)). Further, the
operator R\ : L2 (R2,) — L*(R,) is defined by

(R u)(y) = / fol@yule, y)d.

Notice that Rgf) is the adjoint of R(f) and, moreover, R(f)R(f) = Ir2®) and R@R(f) = Py (see
2.3.13).

Consider the Grushin operator associated with h]ﬂl(()q)(u)

r(q) _ (9) )
Hoq2) = (hHO R@ ;. ) - Dom (B (1)) & L2(R?) — 12(R2) & [X(R)

For |z| < 1, let Ey(z) denote the reduced resolvent of (I — f)q)]l:ﬂ(()q) (1)(I — pg) on the range of I — pg,
Le Eo(z) = (2 — (I — p)H? (1)(I = pg))~ (I — py). Evidently, Ho 4(2) is invertible with inverse

Eo(z) RY
& = .
0.q(2) ( RS?) .

Now, consider the Grushin operator associated with hH(@ (p), i.e.

(@ (1) — » (@) R
Hy(2) = (ﬁH Bfé? Rg ) : Dom(H” (1)) © L*(R?) — L*(R?) & L*(R)
+

Proposition 4.3 For i small enough, the operator Hy(z) is invertible for |z| < 1, and the inverse is
given by
E(z)

Eq(2) = <E_(Z) 5_1((22)))

where E_ () is an h-¥ DO, and h=*E_ (hz) has an asymptotic expansion in powers of h in S°(R?):

G(z,h) == h'E_y(h2) ~ > W Q;(y,n,2), (4.3.2)
>0
with
Qo(y,n,2) =2 —V(n,y), (4.3.3)
2g —1 (0*V 0%V
Qi(y,m, z) = q4 (azy(m y) + aTn(m y)) : (4.3.4)

Proof: Since HH@ (1) = H((Jq)(,u) + BV (h2), for i small enough M, (z) is invertible, and

Hy(z) "' = &,(2) = (1 + hEog(2) (V%ﬁ) 8)) - Eo.(2)- (4.3.5)



So we can give explicit formulae for E(z), Ex(z) and E_(z). In what follows , the explicit formulae
for E(z) and E4(z) are not needed. We just indicate that they are holomorphic in z. Let us write
down the formula for E__ (z). Employing (4.3.5), we deduce that

o0

Boi(2) = 2= 3 (WY RV (E V(1) R

j=1
Making use of Proposition 4.2, we prove easily that G(z, k) € S°(R?").
On the other hand, writing
ov oV
V(h%) = V(hDy.y) + h¥ Dy o (hDy,y) ~ h%xa—ymzﬁy,w +h() + o

and using (4.2.2), we see that G(z,#) has an asymptotic expansion in powers of fi. Notice that the
half-integer powers of & disappear, due to the special properties of eigenfunction of the harmonic
oscillator f,(z) (see [D, Proposition 2.5]). <

Using the fact that £;(2) is a left and right inverse of H,(z) as well as the fact that R(f) are independent
of z, we establish

Lemma 4.2 (cf. [He.Sj]) We have
0.E_,(2) = E_(2)E4(2). (4.3.6)
If z & o(RHD (1)), then
(z = BHD (1)) ™" = E(2) = E4(2)E—1(2) ' E_(2). (4.3.7)

4.4 Proof of Theorem 4.1

Let T be a self-adjoint operator, and ¢ € C§°((A1,A2);R). Then the functional calculus due to
Helffer-Sjostrand (see e.g. [D.Sj, Chapter 8]) yields

HT) = / 36(=)(= — ) L(dz). (4.4.1)

2 o and ¢ € C§° (A1, A2) +
i —1,1[) is an almost analytic extension of ¢, i.e. ¢ = ¢ on R and 04 vanishes on R to infinite order,
i.e. 9p(2) = On(]Im z|V) for all N € N.

Here L(dz) = dzdy is the Lebesgue measure on the complex plane C ~ R2

Proposition 4.4 For = h~! large enough,
T (0(0) =T (=2 [ TG 0.6 L) x(1Dy) ) + O,

where x € C§°(R%;R) is equal to 1 in a neighbourhood of £y, x, := {(y,n) € R*%V(n,y) € (A1, A2)}.

Proof: Applying (4.4.1) to H@ (1), and using that H@ () = W*H(Q)( )W (see 4.3.1), we get:
Wb ()W, = (D ) = 2 [ 33(2) (e — WO () ().

Replacing (hz — RH(@ (1))~ by the right hand side of (4.3.7), and using the fact that E(hz) is
holomorphic in z, we obtain

B (1)) = / D9(2) B (hz, B)G (2, )~ E_ (hz, W) L(dz). (4.4.2)
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Let V € S° (R?) be a real-valued function coinciding with V' for large X, and having the property that
|z — V| > ¢ > 0 uniformly on z € supp ¢ and X € R?. Then for sufficiently small 4 > 0, the operator

G(z,h) == G(z,h) +V (hD,,y) — V(hD,,y), is elliptic, and (z —G) ™! is well defined and holomorphic
for z in some fixed complex neighbourhood of supp ¢. Hence, by an integration by parts, we get

1 [~ -
L / 36(2) B+ (hz, 1) (2, B) = E__(hz, h)L(dz) = 0.
m
Combining this with (4.4.2) and using the resolvent identity for Im z # 0
G(zh) ™t = G(z.h) ™! + Gz 1) (G(2,h) = Gz, W)G (2, H) 7
we obtain

Tr(p(HD (1)) = Tr( — % / A (2) B4 (hz, h)G™HG — G)G E_(hz, h)L(dz)). (4.4.3)

Since the symbol of G — G=V-Visin Cs°(R?), we have G — G € 8. Tt is then clear that we can
permute integration and the operator “Tr” in (4.4.3). Using the property of cyclic invariance of the
trace, and applying (4.3.4), we get

Tr(E4 (hz, )G~ (G — G)G ' E_(hz, h)) = Tr(G~HG — Q)G 19.G(z, h)).

Let x € C§°(R?) be equal to 1 in a neighbourhood of supp (G — é) Using the composition formula for
two h — UDOs with Weyl symbols (see for instance [D.Sj, Chapter 7]), we see that all the derivatives

of the symbol of the operator (G(z,h) — G(z,h))(z — G(z,h)) "1 (1 — x(y, hDy)) are O(AN {(y,n))~)
for every N € N. The S;-norm of this expression is therefore O(h*), and consequently

Tr(Ey (hz, )G~(G — Q)G E_(hz,h)) = Tr(G~ G — G)G~19.Gx) + O(h™). (4.4.4)

Inserting (4.4.4) in (4.4.2), and using the fact that G(z, 1)~ '8.G(z, h) is holomorphic on z we obtain
Proposition 4.4. <

Proposition 4.5 Fiz § in (0,3). Then Ay g := _%fﬂmz\>h5 5$(z)G(z,h)_lazG(z,h)L(dz) is an
h-WDO, and its symbol admits the following asymptotic expansion
Apc = o(V(n,y) + 1" (V(n.y)Q1(y,m) + H°..., (4.4.5)

Proof: For [Im z| > 1%, (0 < § < 3), G(z,h)~! is a -¥DO whose symbol admits the asymptotic

expansion G(z, k)"t ~ 2250 R/ F; in the sense that G(z,h)™1 — Z;V:O WF; € S(;(NH)O_%) for each
N € N. Here Fy = ﬁ €S2, F; = (‘/?ﬁ € ng(lfzé), j >0, @j are functions of Q; with ¢ < 7,
and their derivatives. In particular, Q1 = —Q1. Recall that G(2,h) ~ ;5 " Q;. Since 8,G(z, h) is
also in class S° and has the asymptotic expansion

0:G(z,h) = 1+ hd-Q1(y,n, 2) + 1*0.Qa(y. 1, 2) + -
while

Gz, m) ' 00.G(z,0) = (== V(0.9)) " +h((z=V(.9)) ?Quly,m) + ..+ F" Fra(y,1:.2) + .. (4.4.6)

where F),, has the same properties as F,,. Since d¢(z) = O(|[Imz|>), it follows that

1 - . o
77 /Im I 09(2) Fn(y,m; 2)L(dz) € S°(R?),
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for all m € N. Combining this with (4.4.6) and using the fact that

7¢(2j) (V)v

—%/Ei(z —V)U L (dz) = (22,)!

we get (4.4.5). &

End of the proof of Theorem 4.1: If we restrict the integral in Proposition 4.4 to the domain |Im z| < A’
we get a term of order O(h*°). This follows easily from the fact that d¢(z) = O(|Im z|*°). Hence, it
suffices to compute the trace of the operator A4 ¢ given by Proposition 4.5.

Recall that, if a € SO(R2?) with 8385(1 € LY(R%*) for all o, 8 € N? such that |a| + |3] < 2d + 1, then

a(y,hDy) € &1, and

Tr a(y, hD,) = (27T1h) /YGRM a(Y)dY (4.4.7)

(see [D.Sj, Chapter 9]). Now, (4.1.1), (4.1.2) and (4.1.3) follow from (4.3.4), (4.4.5) and (4.4.7). &
The proof of Theorem 4.2 is similar to that of Theorem 4.1. We refer the reader to [D] for details.

4.5 Proof of Corollary 4.1

Pick ¢ > 0 small enough, so that (A} — o)(A2 +0) > 0. Let ¢1 € C((M — 0, 1 +0);(0,1)),
¢2 € OF((M + g, 22 = §)5(0,1), ¢3 € C®((A2 — 0, X2 +0);(0,1)) satisfy ¢1 + d2 +¢3 = 1 on
(M=%, 22+%). Let y(h) < v1(h) < .. < yn(h) be the eigenvalues of H(? (1) counted with the
multiplicities and lying in the interval (/\1 —0,X2 + o). We have

Nl + A ol + 2 Hp) = Y (61 + 62 + d3)(5(h)

A1 <5 (h) <Az
Yo n(u) +Y ey (M) + D dsly(h)
A<, (R) 75 (R)<Az

A1<v;(h) 75 (R) <Az

According to Theorem 4.1, we have

by...bg ( o:i(V(X)dX + O(h)), i=1,2,3; (4.5.2)

Tr(qi)i(H(q) (ﬂ))) = (27Th)d R2d

we recall that h = p=t. Set M(7;h) := >, (my<r 93(75(h)). Evidently:

M(7) = Z(S 7 — () s (v;(R)). (4.5.3)

In what follows, we choose 0 € C’(‘)x’((f%, %) ;10,1]), (C >> 1), such that,

6(0) =1,
0(t) > 0,t € R, (4.5.4)
0(t) > €o,t € [—00,99] for some &g > 0,¢9 > 0.

Corollary 4.2 There is Cy > 0, such that, for all (A, h) € R x (0, hg), we have:

|M (X + 6ok, B) — M(X\ — ok, h)| < Coht—4.
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Proof: Since ¢3 > 0, it follows from (4.5.4) that

T e X = p()da( () <

A=80h<v; (R)<A+doh [A=v; (R)|<dohu
D On(A = 75(0) (73 () = b x M(r) = Tr(3(H@)bp (7 — H®)).
J
Now Corollary 4.2 follows from (4.1.4).

According to Corollary 4.2, we have

/<T ; )‘>—2M(7’)d7' = Z/{k< <%>_2M(7)d7 < CO(ZUC)_Q)hl_d.

kEZ TR <k} kEZ
On the other hand, since 6 € S(R) and 6(0) = 1, there exists C; > 0 such that:

T—A

A “+o0
[ e =y = 1@ = [ 8wy = 1 (0] < TS

uniformly on 7 € R and % € (0, iip). Consequently,

T—A

I/; éh*M(T)dT/;M(T)dT §01/< V2 M(7)dr.

Putting together (4.5.3), (4.5.5) and (4.5.6), we get
)\ v
/ by M(F)dr = M(A ) + O(h—9),
Note that ), + M(7) = Tr(¢s(HD), (r — H@D)).
As a consequence of (4.1.4), (4.1.5) and (4.5.7) we obtain
M\, R) = b= (m(X) + O(h)),

where

A by...by
m(\) = co(T)dT = Kyg—— V(X))dX.
) / (") *(2m)d /{X6R2d|V(X)<)\} Pa(V(X)

— 00

Here we have the fact that if E' is not a critical value of V(X), then

0 / / dSg
— dX | = ,
oE < (XER2|V(X)<E} ) sp VXV

where Sgp = V71(E) (see [Ro, Lemma V-9]).
Applying (4.5.2), (4.5.8) and (4.5.9) to ¢1 and writing:

PORCICHDED SENCADIED SRS

A1<;(h) 75 (R)<Aa

we get

Y () = A ma (M) + O(h)),

A<y, (h)
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(4.5.6)

(4.5.7)

(4.5.8)

(4.5.9)

(4.5.10)

(4.5.11)



with
b1...bg

(2m)d /{Xemzdwx)»l}
Now (4.1.5) results from (4.5.2), (4.5.8) and (4.5.10).

ml(/\l) = Rq ¢1(V(X))dX (4512)

Acknowledgements

The idea of writing this article was born during second author’s visit to the University of Nantes,
France, in 2000. He is deeply grateful to his colleagues for their warm hospitality. Both authors
attended EURESCO Conference “Geometry, Analysis and Mathematical Physics”, September 22-27,
2000, in San Feliu de Guixols, Spain, where the work on this article marked a substantial progress.
The authors are grateful to the Organizing Committee for financial support. The second author
was supported by the Bulgarian Science Foundation under Grant MM 706/97. The authors thank
Professor M.Englis and Professor A.V.Sobolev for several stimulating discussions.

References

[Ah.C] Y.AHARANOV, A.CASHER, Ground state of spin-1/2 charged particle in a two-dimensional mag-
netic field, Phys.Rev. A19 (1979), 2461-2462.

[A] V.I.ARNOLD, Mathematical methods of classical mechanics, Graduate Texts in Mathematics. 60.

Springer-Verlag. New York - Heidelberg - Berlin, 1978.

[Av.H.S] J.AVRON, I.HERBST, B.SIMON, Schrédinger operators with magnetic fields. I. General interac-
tions, Duke. Math. J. 45 (1978), 847-883.

[Ba.So.Y] B.BAUMGARTNER, J.P.SOLOVEJ, J.YNGVASON, Atoms in strong magnetic fields: The high field
limit at fized nuclear charge, Commun.Math.Phys. 312 (2000), 703-724.

[Be.Shu] F.A.BEREZIN, M.A.SHUBIN The Schridinger Equation. Kluwer Academic Publishers, Dordrecht,
1991.

[B] MS,BIRMAN7 On the spectrum of singular boundary value problems, Mat. Sbornik 55 (1961),
125-174 (Russian); Engl. transl. in Amer. Math. Soc. Transl., (2) 53 (1966), 23-80.

[B.Sol 1] MS.BIRMAN7 M.Z.SOLOMIJAK., Quantitative analysis in Sobolev imbedding theorems and appli-
cations to spectral theory, American Math. Society Translations, Series 2, 114 AMS, Providence,
R.I., 1980.

[B.Sol 2] M.S.BIRMAN, M.Z.SOLOMJAK., Spectral Theory of Self-Adjoint Operators in Hilbert Space, D.
Reidel Publishing Company, Dordrecht, 1987.

[B.Sus] M.S BIRMAN, T.A. SUSLINA, Two-dimensional periodic magnetic Hamiltonian is absolutely con-
tinuous Algebra Anal. 9 (1997), 32-48 (Russian); English translation in St. Petersbg. Math. J. 9
(1998), 21-32.

[BAM.Gu] L.BOUTET DE MONVEL, V.GUILLEMIN, The Spectral Theory of Toeplitz Operators, Ann. of Math.
Studies 99, Princeton University Press, 1981.

[BAM.Sj] L.BOUTET DE MONVEL, J.SJIOSTRAND Sur la singularité des noyauzr de Bergman et de Szego.
Asterisque 34-35, 123-164 (1976)

[Br.Hu.Le] K.BRODERIX, D.HUNDERTMARK, H.LESCHKE Self-averaging, decomposition and asymptotic
properties of the density of states for random Schrédinger operators with constant magnetic field,
In: Path Integrals from meV to MeV, Tutzing '92, World Scientific, Singapore (1993), 98-107.

[Car.Lac] R.CARMONA, J.LACROIX, Spectral Theory of Random Schrédinger Operators, Bikhduser Verlag,
Basel etc. 1990.

[Ch] J.CHAZARAIN, Spectre d’un hamiltoniein quantique et mécanique classigue, Commun.P.D.E. 5
(1980), 595-644.

50



[D.5j]

[Du.No]

(E]

[E.So 1]

[E.So 2]

[E.So 3]

[Gr.Sz]

[La.Li]

[L.So.Y 1]

[L.So.Y 2]

M.Dimassi, Développements asymptotiques de l'opérateur de Schrédinger avec champ magnétique
fort Commun.P.D.E. 26 (2001), 595-627.

M.DiMASSI, J.SJIOSTRAND, Spectral Asymptotics in the Semi-Classical Limit. London Mathemat-
ical Society Lecture Notice Series. 268. Cambridge: Cambridge University Press. (1999)

B.A.DUBROVIN, S.P.NoVIKOV, Ground states in a periodic field. Magnetic Bloch functions and
vector bundles, Sov. Math., Dokl. 22 (1980), 240-244.

M.ENGLIS, A Forelli-Rudin construction and asymptotics behaviour of weighted Bergman kernels.
J.Funct.Anal. 177 (2000) 257-281.

L.ERDOS, Ground state density of the Pauli operator in the large field limit, Lett.Math.Phys. 29
(1993), 219-240.

L.ErDSs, J.P.SOLOVEJ, Semiclassical eigenvalue estimates for the Pauli operator with strong
non-homogeneous magnetic fields. I. Non-asymptotic Lieb-Thirring type estimates. Duke. Math.
Jour. 96 (1999), 127-173.

L.ErRDOS, J.P.SOLOVEJ, Semiclassical eigenvalue estimates for the Pauli operator with strong
non-homogeneous magnetic fields. I1: Leading order asymptotic estimates, Commun. Math. Phys.
188 (1997), 599-656.

L.ErDGs, J.P.SOLOVE], The kernel of Dirac operators on H®> and R®, mp_arc Preprint 00-36;
available at http://www.ma.utexas.edu/mp_arc

U.GRENANDER, G.SZEGO, Toeplitz Forms and Their Applications, University of California Press,
Berkeley — Los Angeles (1958).

B.C.HALL, Holomorphic methods in analysis and mathematical physics, In: First Summer School
in Analysis and Mathematical Physics, Cuernavaca Morelos, 1998, 1-59, Contemp.Math. 260,
AMS, Providence, RI, 2000.

B.HELFFER, J.SJOSTRAND, FEquation de Schrodinger avec champ magnétique et équation de
Harper, In: H.Holden and A.Jensen (eds.), Schrédinger operators, Proceedings, Sonderborg, Den-
mark 1988, Lect.Notes in Physics 345 (1988), 118-197.

B.HELFFER, D.ROBERT, Comportement semi-classique du spectre des hamiltoniens quantiques
elliptiques, Ann.Inst.Fourier 31 (1981) 169-223.

L.HORMANDER, The Analysis of Linear Partial Differential Operators. IV, Springer-Verlag,
Berlin-Heidelberg-New York-Tokyo, 1985.

V.YA.IvRIil, Microlocal analysis and precise spectral asymptotics, Springer. Berlin, etc. 1998.

M.Kac, W.L.MURDOCK, G.SZEGO, On the eigenvalues of certain hermitian forms, Journ. Rat.
Mech.Analysis 2 (1953), 767-800.

W.KirscH, G.D.RAIKOV, Strong magnetic field asymptotics of the integrated density of states
for a random 3D Schrédinger operator, Annales Henri Poincaré, 1 (2000), 801-821.

A.N.KoLmoGORoOV, S.V.FOMIN, Elements of the Theory of Functions and Functional Analysis,
Nauka, Moscow, 1968 (in Russian).

L.D.LANDAU, E.M.LirsHITZ, The classical theory of fields, Pergamon Press, Paris-Frankfurt
(1962).

E.H.LiEB, J.P.SOLOVEJ, J.YNGVASON, Asymptotics of heavy atoms in high magnetic fields: I.
Lowest Landau band regions, Commun. Pure and Appl. Math. 47 (1994), 513-591.

E.H.LIEB, J.P.SOLOVEJ, J.YNGVASON, Asymptotics of heavy atoms in high magnetic fields: II.
Semiclassical regions, Commun. Math. Phys. 161 (1994), 77-124.

J.E.MARSDEN, Lectures on Mechanics London Mathematical Society Lecture Notice Series 174
Cambridge, UK, etc.: Cambridge University Press, (1992).

o1



[Mes|

R 1]

R 2]

R 3]

(R 4]

[R 5]

[Sh]

[Shu]

[Sob 1]

[Sob 2]

[Sob 3]

[Th]

A MEsSIAH, Quantum mechanics North-Holland Publishing Company, Amsterdam, vol.I (1961),
vol.IT (1962)

G.D.RAIKOV Semiclassical and weak—-magnetic—field eigenvalue asymptotics for the Schrodinger
operator with electromagnetic potential, Ann.Inst. H.Poincaré, Phys.Théorique 61 (1994), 163-
188.

G.D.RAIKOV, FEigenvalue asymptotics for the Schrédinger operator in strong constant magnetic
fields, Commun. P.D.E. 23 (1998), 1583-1620.

G.D.RAIKOV, Asymptotic properties of the magnetic integrated density of states, Electr.J.Diff.
Eq. 1999 (1999), No 13, pp. 1-27;

G.D.RAIKOV, Eigenvalue asymptotics for the Dirac operator in strong constant magnetic fields,
Math.Phys.Electr.J., 5 (1999), No.2, 22 pp.

G.D.RAIKOV, Eigenvalue asymptotics for the Pauli operator in strong non-constant magnetic
fields, Ann.Inst.Fourier, 49, (1999), 1603-1636.

M.REED, B.SIMON, Methods of Modern Mathematical Physics, Academic Press, New York, 1972-
1978.

D.ROBERT, Autour de l’approximation semi-classique, Progress in Mathematics 68, Birkhauser,
1987.

I.SHIGEKAWA, Spectral properties of Schrédinger operators with magnetic fields for a spin % par-
ticle, J.Func.Anal. 101 (1991), 255-285.

M.A.SHUBIN, Pseudodifferential Operators and Spectral Theory, Berlin etc.: Springer-Verlag.
(1987).

A.V.SOBOLEV, On the Lieb-Thirring estimates for the Pauli operator, Duke Math. J. 82 (1996),
607-635.

A.V.SOBOLEV, Lieb-Thirring inequalities for the Pauli operator in three dimensions, In: Quasi-
classical methods. Proceedings based on talks given at the IMA workshop, 1995. Springer, New
York. IMA Vol. Math. Appl. 95 (1997), 155-188.

A.V.SOBOLEV, Quasi-classical asymptotics for the Pauli operator, Commun. Math. Phys. 194
(1998), 109-134

B.THALLER, The Dirac Equation, Texts and Monographs in Physics, Springer-Verlag, Berlin-
Heidelberg-New York, 1992.

W.-M.WANG, Asymptotic expansion for the density of states of the magnetic Schrédinger oper-
ator with a random potential, Commun. Math. Phys. 172 (1995), 401-425.

H.WibpoM, Eigenvalue distribution in certain homogeneous spaces, J.Funct.Anal. 71 (1979), 139-
147.

92



