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Abstract. For each real number, we obtain an asymptotics for the
number of partial quotients in the continued fraction expansion that
can be obtained from the first n terms of its β-expansion. A novelty of
our approach is the use of methods of the theory of dynamical systems.

1. Introduction

In this note we establish relations between different forms of writing a
real number, namely its continued fraction expansion and its β-expansion
for β > 1 (both expansions are recalled in the main text). More precisely,
we consider the following problem:

Given x ∈ [0, 1] and n ∈ N, how many partial quotients kn(x)
in the continued fraction expansion of x can be obtained from
the first n terms of its β-expansion?

We give an asymptotics for kn(x) using the theory of dynamical systems.
To formulate a rigorous statement, let G : (0, 1] → (0, 1] be the Gauss

map. It is well known that G is closely related to the continued fraction
expansions (see Section 3 for details). We define the Lyapunov exponent
of G at the point x ∈ (0, 1) by

λG(x) = lim
n→∞

1
n

log |(Gn)′(x)|, (1)

whenever the limit exists. We obtain the following asymptotics.

Theorem 1. For each x ∈ (0, 1) we have

lim
n→∞

kn(x)
n

=
log β
λG(x)

,

whenever the limit exists.

Theorem 1 follows from a much more general statement in Theorem 2 for
repellers of conformal expanding maps.

It turns out that the Lyapunov exponent λG(x) is the exponential speed
of approximation of a number by its approximants pn(x)/qn(x) (see (4)). By
Theorem 1, this implies that if x is well-approximated by rational numbers,
then the amount of information about the continued fraction expansion that
can be obtained from its β-expansion is small. Moreover, the larger β is (that
is, the more symbols we use to code a number x), the more information
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about the continued fraction expansion we obtain. In the particular case
when β = 10, the statement in Theorem 1 was obtained by Faivre [2] for a
particular class of numbers, and by Wu [13] in full generality. We emphasize
that their methods are different from ours. In particular, they never use
methods of the theory of dynamical systems.

An immediate corollary of Theorem 1 (see Section 3 for details) is that

lim
n→∞

kn(x)
n

=
6 log 2 log β

π2
(2)

for Lebesgue-almost everywhere x ∈ (0, 1). This statement was established
by Lochs [5] in the particular case when β = 10. Of course, the almost
everywhere existence of the limit in (2) does not mean that it always exists,
or that the value in the right-hand side is the only one attained by the
limit in the left-hand side. As an application of the theory of multifractal
analysis, for each α we compute the Hausdorff dimension of the sets of points
x ∈ (0, 1) for which

lim
n→∞

kn(x)
n

=
log β
α

.

Moreover, the irregular set K of points x ∈ (0, 1) for which the limit does
not exist has Hausdorff dimension equal to 1. In [13], Wu obtained lower
estimates for the Hausdorff dimension of K.

The structure of the paper is as follows. In Section 2 we prove a general
version of Theorem 1 for conformal expanding maps on smooth manifolds
using the Markov structure of the maps. As a corollary we obtain the
statement in Theorem 1 for any integer β > 1. In Section 3 we recall
several properties of continued fractions and β-expansions, and we prove
Theorem 1 for an arbitrary β > 1. We emphasize that the main difficulty is
that β-transformations need not be Markov. Finally, in Section 4 we apply
the theory of multifractal analysis to obtain the results on the Hausdorff
dimension of certain special subsets.

2. The Markov case

2.1. Basic notions. In this section we prove our main theorem for Markov
maps. Let M be a smooth manifold, and let f, g : M → M be C1+α maps.
We consider a compact set J ⊂M such that

f(J) = g(J) = J.

We assume that f and g are conformal expanding maps, that J is a repeller
for both maps, and that f and g are topologically mixing. This means that:

(1) there exist constants c > 0 and β > 1 such that

‖dxfnv‖ ≥ cβn‖v‖ and ‖dxgnv‖ ≥ cβn‖v‖

for every n ∈ N, x ∈ J , and v ∈ TxM ;
(2) dxf and dxg are multiples of isometries for every x ∈ J ;
(3) given open sets U and V with nonempty intersection with J there

exists n ∈ N such that for every m > n,

fm(U) ∩ V ∩ J 6= ∅ and gm(U) ∩ V ∩ J 6= ∅.
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We recall that a finite cover of J by nonempty closed sets C1, . . . , Cp is a
Markov partition of J with respect to f if:

(1) intCi = Ci for each i;
(2) intCi ∩ intCj = ∅ whenever i 6= j;
(3) f(Ci) ⊃ Cj whenever f(intCi) ∩ intCj 6= ∅.

It is well known that expanding maps have Markov partitions of diameter
as small as desired. Let

A = {C1, . . . Cp} and B = {D1, . . . Dq}

be Markov partitions respectively with respect to f and g (we note that in
general p 6= q). We denote by Cm(x) and Dm(x) respectively the elements of

m−1∨
k=0

f−kA and
m−1∨
k=0

g−kB

that contain x. We call them cylinder sets of level m. Except for countably
many points, the sets Cm(x) and Dm(x) are well-defined for each x ∈ J .

2.2. Main result. For each x ∈ J and n ∈ N we set

kn(x) := max{m ∈ N : Dn(x) ⊂ Cm(x)}.

We can describe kn(x) as the number of symbols in the symbolic representa-
tion of x with respect to f that can be obtained from the first n symbols of
the the symbolic representation of x with respect to g. Moreover, for each
x ∈ J we set

k(x) = lim
n→∞

kn(x)
n

,

whenever the limit exists.
The following is our main result. For each x ∈ J we consider the Lyapunov

exponent of x with respect to f given by

λf (x) = lim
n→∞

1
n

log ‖dxfn‖,

whenever the limit exists.

Theorem 2. For each x ∈ J we have

k(x) =
λg(x)
λf (x)

,

whenever there exist simultaneously the limits k(x), λf (x), and λg(x).

Proof. Since the map f is conformal, if c(x) = ‖dxf‖, then dxf = c(x) Isomx

for each x ∈ J , where Isomx is an isometry. Moreover, since f is a conformal
expanding map of class C1+α, the following holds (see [8, p. 199] for details).

Lemma 3. For each x ∈ J and m ∈ N, there exist positive numbers rm(x)
and rm(x) such that:

(1) the set Cm(x) contains a ball of radius rm(x) and is contained in a
ball of radius rm(x);
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(2) there exist positive constants K1 and K2 (independent of x and m)
such that for every y ∈ Ci0...im we have

K1

m∏
j=0

|c(f j(y))|−1 ≤ rm(x) ≤ rm(x) ≤ K2

m∏
j=0

|c(f j(y))|−1.

Set

`n(x) = max
{
m ∈ N :

n∏
j=0

|b(gj(x))|−1 ≤
m∏
j=0

|c(f j(x))|−1

}
,

where b(x) = ‖dxg‖. By Lemma 3, there exists K > 0 such that

|`n(x)− kn(x)| < K (3)

for every x ∈ J and n ∈ N.

Lemma 4. For each x ∈ J we have
λg(x)
λf (x)

≥ k(x),

whenever there exist simultaneously the limits k(x), λf (x), and λg(x).

Proof. We note that
n∏
j=0

|b(gj(x))|−1 ≤
`n(x)∏
j=0

|c(f j(x))|−1.

Applying logarithms and dividing by n we obtain

1
n

log
n∏
j=0

|b(gj(x))|−1 ≤ `n(x)
n

(
1

`n(x)
log

`n(x)∏
j=0

|c(f j(x))|−1

)
.

Letting n→∞ and using (3) we obtain the desired statement. �

Lemma 5. For each x ∈ J we have

k(x) ≥ λg(x)
λf (x)

,

whenever there exist simultaneously the limits k(x), λf (x), and λg(x).

Proof. We note that
`n(x)−1∏
j=0

|c(f j(x))|−1 ≤
n∏
j=0

|b(gj(x))|−1.

Applying logarithms and dividing by n we obtain

`n(x)− 1
n(`n(x)− 1)

log
`n(x)−1∏
j=0

|c(f j(x))|−1 ≤ 1
n

log
n∏
j=0

|b(gj(x))|−1.

Letting n→∞ and using (3) we obtain the desired statement. �

Theorem 2 follows readily from Lemmas 4 and 5. �

It follows immediately from Theorem 2 that the statement in Theorem 1
holds for any integer β > 1. This corresponds to consider base-m represen-
tations (see Section 3.2).
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3. Continued fractions and β-expansions

This section is devoted to prove Theorem 1 for continued fractions and
β-expansions. We emphasize that Theorem 2 cannot be applied directly
to this setting since in general the β-transformations are not Markov maps
(and thus Markov partitions may not exist).

3.1. Continued fractions. Every irrational number x ∈ (0, 1) has a con-
tinued fraction of the form

x =
1

a1 +
1

a2 +
1

a3 + . . .

= [a1a2a3 · · · ],

where ai ∈ N for each i. We also consider the nth approximant pn(x)/qn(x)
of x given by

pn(x)
qn(x)

=
1

a1 +
1

a2 +
1

· · ·+ 1
an

For a detailed account of continued fractions see [3].
Now we consider the Gauss map G : (0, 1]→ (0, 1], defined by

G(x) =
1
x
−
[1
x

]
,

where [a] denotes the integer part of a. There is a close relation between the
continued fraction expansion and the dynamics of the Gauss map. Indeed,
for each x ∈ (0, 1) with x = [a1a2a3 · · · ] we have an = [1/Gn−1(x)] for
each n. In particular, the Gauss map acts as a shift map on the continued
fraction expansion, that is,

Gn(x) = [an+1(x)an+2(x) · · · ].

This causes that the study of the dynamics of the Gauss map can be used in
particular to understand the distribution of digits in the continued fraction
expansion. It is easy to check that the Lyapunov exponent λG(x) in (1) is
given by

λG(x) = − lim
n→∞

1
n

log
∣∣∣x− pn(x)

qn(x)

∣∣∣. (4)

This shows that the Lyapunov exponent gives the exponential speed of ap-
proximation of a number by its approximants. For each x ∈ (0, 1), the Lévy
constant of x is defined by

L(x) := lim
n→∞

log qn(x)
n

,

whenever the limit exists. We have (see for example [3])

1
2q2n+1

≤
∣∣∣x− pn(x)

qn(x)

∣∣∣ ≤ 1
q2n
,

and hence λG(x) = 2L(x).
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Moreover, the Gauss measure defined by

µG(A) =
1

log 2

∫
A

1
1 + x

dx

is an absolutely continuous ergodic G-invariant measure. By Birkhoff’s er-
godic theorem, for µG-almost every x (and hence for Lebesgue-almost ev-
ery x) we have

λG(x) =
π2

6 log 2
and L(x) =

π2

12 log 2
. (5)

3.2. Base-m representations. Given m ∈ N, the base-m expansion of a
point x ∈ [0, 1] is

x =
ε1(x)
m

+
ε2(x)
m2

+
ε3(x)
m3

+ · · · ,

where εi(x) ∈ {0, . . . ,m− 1} for each i. There is a dynamics associated to
this representation, which as in the case of the Gauss map, acts as a shift
map: consider the map Tm : [0, 1] → [0, 1] defined by Tmx = mx (mod 1).
Clearly, λTm(x) = logm for every x ∈ [0, 1]. The following is an immediate
consequence of Theorem 2.

Corollary 6. For each x ∈ (0, 1) we have

k(x) = lim
n→∞

kn(x)
n

=
logm
λG(x)

=
logm
2L(x)

,

whenever there exist simultaneously the limits k(x) and λG(x).

This generalizes a result of Wu [13], who established it for m = 10. It
also follows from (5) that for Lebesgue-almost every x we have

lim
n→∞

kn(x)
n

=
6 log 2 logm

π2
.

This was obtained by Lochs [5] when m = 10.

3.3. The β-transformations. Now let β ∈ R with β > 1. The beta trans-
formation Tβ : [0, 1)→ [0, 1) is defined by

Tβ(x) = βx (mod 1).

We emphasize that in general Tβ is not a Markov map. It was shown by
Rényi [10] that each x ∈ [0, 1) has a β-expansion

x =
ε1(x)
β

+
ε2(x)
β2

+
ε3(x)
β3

+ · · · ,

where εn(x) = [βTn−1
β (x)] for each n, being [a] he integer part of a. Note

that the digits in the β-expansion may take values in {0, 1, . . . , [β]}. In
general there might exist several ways of writing a number x in the form
x =

∑∞
i=1 ai/β

i, with ai ∈ {0, 1, . . . , [β]}.
We obtain a version of Theorem 2 in this setting.

Theorem 7. For each x ∈ (0, 1) we have

k(x) = lim
n→∞

kn(x)
n

=
log β
λG(x)

=
log β
2L(x)

,

whenever there exist simultaneously the limits k(x) and λG(x).
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Proof. Let β1 := β − [β] and βn := εn−1(β − [β]) for each n. We have

1 =
β1

β
+
β2

β2
+ · · · .

Let ξ be the partition of [0, 1) into the intervals[
0,

1
β

)
,
[ 1
β
,

2
β

)
,
[ 2
β
,

3
β

)
, . . . ,

[ [β]
β
, 1
)
.

The elements of the partition ξn =
∨n−1
i=0 T

−i
β ξ are the sets

⋂n−1
i=0 T

−i
β Ai,

where Ai ∈ ξ for each i. These are intervals of the form[ i1
β

+
i2
β2

+
i3
β3

+ · · · in
βn
,
i1
β

+
i2
β2

+
i3
β3

+ · · · in + 1
βn

)
,

where

(i1, i2 . . . in) < (β1, β2, . . . βn) and (ij , . . . in) < (β1, β2, . . . βn−j+1)

for 2 ≤ j ≤ n, together with[β1

β
+
β2

β2
+ . . .

βn
βn
, 1
)
.

The order considered is the lexicographic order (see [7, 11]). The elements
of ξn are called intervals of rank n, and those which are mapped by Tnβ onto
[0, 1) are called full intervals of rank n. We denote by In(x) the interval of
rank n containing x.

The difficulty in this setting is to control the length of the intervals of the
partition. To overcome this we make use of the following lemma of Walters
in [11, Lemma 1(i)].

Lemma 8. For each N > 0, the interval [0, 1) is covered by the full intervals
of rank at least N .

We also need the following statement. We denote by ∂ξ the set of end-
points of the intervals in

⋃
n ξn.

Lemma 9. For each x ∈ (0, 1)\∂ξ there exists a strictly increasing sequence
of positive integers (ni)i such that

|Ini(x)| = β−ni . (6)

Proof. Let N1 > 0 be a positive integer and denote by ζ1 the cover of [0, 1)
by the full intervals of rank at least N1. Let In1(x) be the element of ζ1
containing x with minimum rank n1 ≥ N1. We assume that Inj (x) is the
element of ζNj containing x with minimum rank. Let Nj+1 > nj and denote
by ζNj+1 the cover of [0, 1) by the full intervals of rank at least Nj+1. Let
Inj+1(x) be the element of ζNj+1 containing x with minimum rank. With
this inductive procedure we obtain a sequence of full intervals Ini(x). Note
that Tniβ restricted to Ini(x) expands distances by a factor βni and that
Tniβ (Ini(x)) = (0, 1). This establishes (6). �

We proceed with the proof of Theorem 7. Let x ∈ (0, 1) be such that
k(x) and λG(x) exist and let (ni)i be a sequence of positive integers as in
Lemma 8. We have

k(x) = lim
i→∞

kni(x)
ni

.
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By Lemma 9 we have

kni(x) = max
{
m : β−ni ≤

m∏
j=0

|Gj(x))|−1

}
.

Note that for each x ∈ [0, 1] has Lyapunov exponent λTβ (x) = log β. There-
fore, we can apply Lemmas 4 and 5 to obtain

k(x) = lim
i→∞

kni(x)
ni

=
log β
λG(x)

=
log β
2L(x)

.

This completes the proof of the theorem. �

Theorem 7 combined with (5) yields the following.

Theorem 10. For Lebesgue-almost every x ∈ [0, 1] we have

k(x) = lim
n→∞

kn(x)
n

=
6 log 2 log β

π2
. (7)

4. Hausdorff dimension of level sets

We established in the former section that k(x) is constant Lebesgue-
almost everywhere. Nevertheless, there exist points x ∈ [0, 1] for which
k(x) is different from the value in (7). Moreover, there also exist points for
which k(x) is not defined. More precisely, for each α ∈ R set

J(α) =
{
x ∈ [0, 1] : lim

n→∞

kn(x)
n

=
log β
α

}
,

and

K =
{
x ∈ [0, 1] : lim inf

n→∞

kn(x)
n

< lim sup
n→∞

kn(x)
n

}
.

We obtain the decomposition

[0, 1] = K ∪
⋃
α

J(α).

Applying the theory of multifractal analysis (see [8, 9, 4]) we compute the
Hausdorff dimension of these sets.

The main tool in the theory of multifractal analysis is the thermodynamic
formalism. LetMG be the set of all G-invariant probability measures. The
topological pressure of the function −t log |G′| (for t ∈ R) is defined by

PG(−t log |G′|) = P (t) := sup
{
hµ(G)− t

∫
[0,1]

log |G′|dµ : µ ∈MG

}
,

where hµ(G) is the Kolmogorov–Sinai entropy of the Gauss map with respect
to the measure µ (see for example [12, Chapter 4] for the definition). The
map t 7→ P (t) is infinite for t < 1/2, and finite, decreasing, real analytic,
and strictly convex for t > 1/2 (see [6]). Moreover, for each t > 1/2 there
exists a unique probability measure µt ∈MG such that

P (t) = hµt(G)− t
∫

[0,1]
log |G′|dµt.

The measure µt is called equilibrium measure for −t log |G′|.
Pollicott and Weiss [9] initiated the study of the multifractal analysis of

the Lyapunov exponents of the Gauss map, which was later completed by
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Kesseböhmer and Stratmann [4]. The following statement is a consequence
of their results in our setting. Let µα be the equilibrium measure of the
potential −tα log |G′| such that α =

∫
[0,1] log |G′|dµα.

Theorem 11. For every α > (1 +
√

5)/2 we have

dimHJ(α) = hµα(G)/α,

where dimH denotes the Hausdorff dimension.

This extends and improves the results obtained by Wu in [13]. Note that

inf{λG(x) : x ∈ (0, 1)} =
1 +
√

5
2

.

The following is a consequence of results of Barreira and Schmeling in [1].

Theorem 12. The set K has Hausdorff dimension equal to one.
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4. M. Kesseböhmer and B. Stratmann, A multifractal analysis for Stern-Brocot intervals,
continued fractions and Diophantine growth rates, J. Reine Angew. Math. 605 (2007),
133–163.

5. G. Lochs, Vergleich der Genauigkeit von Dezimalbruch und Kettenbruch, Abh. Math.
Sem. Univ. Hamburg 27 (1964), 142–144.

6. D. Mayer, On the thermodynamic formalism for the Gauss map, Comm. Math. Phys.
130 (1990), 311–333.

7. W. Parry, On the β-expansions of real numbers, Acta Math. Acad. Sci. Hungar. 11
(1960), 401–416.

8. Ya. Pesin, Dimension Theory in Dynamical Systems: Contemporary Views and Ap-
plications, Chicago Lectures in Mathematics, Chicago University Press, 1997.

9. M. Pollicott and H. Weiss, Multifractal analysis of Lyapunov exponent for continued
fraction and Manneville-Pomeau transformations and applications to Diophantine ap-
proximation, Comm. Math. Phys. 207 (1999), 145–171.
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