FREQUENCY OF DIGITS IN THE LUROTH EXPANSION

LUIS BARREIRA AND GODOFREDO IOMMI

ABSTRACT. In this note we consider the Liiroth expansion of a real
number, and we study the Hausdorff dimension of a class of sets defined
in terms of the frequencies of digits in the expansion. We also study the
speed at which the approximants obtained from the Liiroth expansion
converge. In addition, we describe the multifractal properties of the
level sets of the Lyapunov exponent, which measures the exponential
speed of approximation obtained from the approximants. Finally, we
describe the relation of the Liiroth expansion with the continued fraction
expansion and the S-expansion. We remark that our work is still another
application of the theory of dynamical systems to number theory.

1. INTRODUCTION

Given constants a,, > 2 for every n € N, each real number x € (0, 1] can
be written in the form

1 1 1
ar  aj(a; — 1)ag ai(ay — ag - -ap—1(an—1 — 1)a,

This series expansion, called Liroth expansion, was introduced in 1883 by
Liiroth [12]. Each irrational number has a unique infinite expansion of this
form and each rational number has either a finite expansion or a periodic
one. We denote the Liiroth series expansion of x € (0,1) by

T = [CLl(l’)CLQ(LE) .. ] E [a1a2 .. ]
The series is closely related to the dynamics of the Liroth map T': [0,1] —
[0,1] defined by

nn+1)xz—n, ifze [n%_l, %],

T p—
@) =10, if 2= 0.

Ifxe| , then a1 (z) = n, and

ag(z) = a1 (T} (2)), (1)
that is, the Liiroth map acts as a shift on the Liiroth series. The Lebesgue
measure is T-invariant and is ergodic (see [10]). For other properties of the
map Liiroth see [7, 6].

In this note we exploit the consequences of identity (1). Namely, by study-
ing the ergodic properties of the map T we will deduce number theoretical
properties of the Liiroth expansion.

_1 l]
n+1’n
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We first want to study the Hausdorff dimension of the level sets deter-
mined by the frequency of digits in the Liiroth series expansion. More
precisely, for each n,k € N and x € (0,1) let

Tr(x,n) = card{i e{l,...,n}:ai(x) = k:}

Whenever the limit
Tr(z) = lim L(x’ n)
n—oo n

(2)
exists, it is called the frequency of the number k in the Liiroth expansion
of z. Since the Lebesgue measure is ergodic, by Birkhoff’s ergodic theorem,
for Lebesgue-almost every = € [0,1] we have 7,,(x) = 1/[n(n — 1)]. Now let
a = (ajag---) be a stochastic vector, i.e., a vector such that a; > 0 and

Yoy a; = 1. We consider the set
F(a) = {z €[0,1] : 7¢(z) = ay, for each k € N}. (3)

We have already seen that if a,, = 1/[n(n — 1)] for each n € N, then the
level set F'(«v) has full Lebesgue measure. Of course, any other level set has
zero Lebesgue measure.

However, the sets in (3) can have positive Hausdorff dimension. Our first
objective is to obtain an explicit formula for the Hausdorff dimension of
sets F'(«) for an arbitrary stochastic vector a. Analogous problems were
considered for the base-m representation of a number (with m € N). The
frequency of a digit & € {0,...,m — 1} in the base-m representation is
defined analogously to the one in (2), and we denote it by 74 ,,(x). Let
a = (ai,...,ay) be a stochastic vector. Eggleston [8] proved that the set

Fr(a) ={z €[0,1] : Tem(z) = ay, for k € {0,...,m — 1}}
has Hausdorfl dimension

m—1
B Y e arlogag

dimpg Fp, (o) log m

This result was recovered and generalized by Barreira, Saussol and Schmel-
ing [2, 3] using a multidimensional version of multifractal analysis. In Sec-
tion 3 we show that if @ = (ajaa---) is a stochastic vector satisfying a
certain summability condition, then

— >0 anlogay,
> ey @ log(n(n + 1))

Moreover, we show that there exists an ergodic measure, say i, concen-
trated on F'(«) such that dimy F(«) = dimp e, where dimgrp, denotes the
Hausdorff dimension of the measure (see Section 2.3 for the definition).

The second problem that we want address is to describe the speed of
convergence of the Liiroth series expansion. The n-th approximant of an
irrational number = € (0, 1) is the rational number defined by

Pn
n

dimpg F(a) =

= [a1 - - an]

-1y ! TR ! o
a;  ai(ay — 1)as aj(ar — Dag -+ ap—1(an—1 — ay
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We study in detail the speed at which p, /g, — x when n — co. In partic-
ular, we study the real numbers A\(x) that give an asymptotic exponential
rate

©| < exp(—nA(z)).

PR .
"
We show that the range of possible values for A(z) is the interval [log 2, +00).
Moreover, we compute the Hausdorff dimension of the sets

J(v) ={z € (0,1) : A(z) =~}.

Finally, we compare the Liiroth series expansion with other well known
series expansions of a real number, namely the continued fraction expansion
and the f-expansion.

2. PRELIMINARIES FROM ERGODIC THEORY AND DIMENSION THEORY

We recall in this section all the notions and results form ergodic theory
and dimension theory that are needed in the paper.

2.1. The symbolic model. The dynamical system defined by the Liiroth
map T'|[0,1) can be coded by a full-shift on a countable alphabet. Indeed,
let A= {2,3,4,...} be the alphabet and consider the space of sequences

Y = {(zn)nen : x,, € A for n € N}.
The shift map o: ¥ — 3 is defined by o(z1z923 -+ ) = (z223---). We note
that the map ¢: ¥ — [0,1] \ U;2, T~ "(0) defined by
Q,Z)(ala2a3 . ) — [a1a2a3 .. }

is a topological conjugacy between the symbolic system (3, 0) and the map
T restricted to [0,1] \ U,—, 7~ "™(0). Let

Caragean = {(@Tn)nen € B a1 = 21,00 = Ta, ..., 4 = Tp }, (5)

be the cylinder of length n determined by (ajas - - a,). Then ¥(Cayay-a,,) C
(0,1) is an interval of length

1
|¢(Cala2"’an)‘ =

ai(a; — 1) -ap(an —
where |-| denotes the Euclidean length (see [7, p. 40]).

Given a stochastic vector a = (ayas - -+ ) we denote by v, the o-invariant
Bernoulli measure in ¥ such that v,(Cy) = ay for each k. We denote by 4
the projection via v of this measure onto the interval [0, 1]. The entropy of
the measures v, and pu, is given by

I (6)

h(pa) = h(ve) = — Zan log av,.
n=1

We note that the entropy may be infinite. The Lyapunov exponent of the
map T at the point z € (0,1) is defined by

1 o0
AMz) = lim ~log $|T'(1"
(z) = lim — ognzl\ (T (@),
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whenever the limit exists. By Birkhoff’s ergodic theorem, for pu,-almost
every x € (0,1) we have

M) = Npo) = [ Lon|Tdpa = S cnlogn(n + 1), (D)

) n=1

2.2. Thermodynamic formalism. Let M be the set of T-invariant prob-
ability measures in [0,1]. Given a continuous function g: [0,1] — R, we
define the topological pressure of g with respect to T by

P(g) = 7}1};05 > epog T(z

T (z)=x

This notion was introduced independently by Mauldin and Urbanski [13]
and Sarig [17]. It satisfies the variational principle

P(g) = sup {h(u) +/ gdp : p € My such that — /
[0,1]

gdu < oo} .
[0,1]

A measure pgy € Mr for which the supremum is attained is called an equi-
librium measure of g.

If the function g is locally constant, i.e., for every n > 1 we have g|¢(C),) =
0y, for some 6, > 0, where C), is a cylinder set of length 1 (see (5)), then
there is an explicit formula for the topological pressure of log g. Indeed,

P(—tlogg):JLrgoﬁlog Z H (T%(z
T (x)=x 1=0

.1 -
= lim —log Z (050 05,_1) !

J0sJ25-sJn—1EN

1 0o n oo
= lim —1 ot =1 0t
pn e (S50 =S

=1

In particular, for the function —tlog |T’| we obtain

p(t) := P(—tlog|T"|) logz< T >t.

Hence, if t < 1/2, then p(t) = oo, and if t > 1/2, then p(t) is real analytic,
strictly decreasing, strictly convex, and has a unique zero at ¢ = 1. We note
that expp(t) is a slight variation of Riemann’s zeta function. As a direct
application of results in [5, 17] we obtain that for ¢ > 1/2 there exists a
unique equilibrium measure p; of —tlog|7”|.

2.3. Dimension theory. We briefly recall some basic definitions and re-
sults from dimension theory (see for example [14] for details). We say that
a countable collection of sets {U;}icn is a d-cover of FF C R if F' C |J;cny Us

and U; has diameter |U;| at most 0 for every i € N. Given s > 0, we deﬁne

HA(F) = %i_)néinf {Z |U;|* : {U;}i a 6-cover of F} .

=1
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The Hausdorff dimension of the set F' is defined by
dimpgF =inf{s > 0: H*(F) = 0}.
Given a finite Borel measure p in F', the pointwise dimension of u at the
point z is defined by
1 B
r—0 logr

whenever the limit exists, where B(x,r) is the ball at = of radius r.

Proposition 2.1. Given a finite Borel measure p, if d,(x) < d for every
x € F, then dimpgF < d.

The Hausdorff dimension of the measure pu is defined by
dimgp = inf {dimg Z : (X \ Z) = 0}.

Proposition 2.2. Given a finite Borel measure i, if d,(x) = d for p-almost
every x € F, then dimpgp = d.

3. FREQUENCY OF DIGITS ON THE LUROTH SERIES

3.1. Main result. In this section we obtain an explicit formula for the
Hausdorff dimension of the set F(«) in (3), where @ = (ajag - -+ ) is a sto-
chastic vector satisfying a certain summability condition corresponding to a
finite Lyapunov exponent.

Theorem 3.1. If « = (ajag---) is a stochastic vector such that

o) =Y _ anlog(n(n+1)) < oo,
n=1

then
— >0 janlogay,
o2 aylog(n(n + 1))
Proof. By Ruelle’s inequality, we have h(us) < A(a) < oo. This will

ensure that all the series considered below are convergent. We note that
tao(F(a)) = 1. Moreover, for pq-almost every z € F(a) we have

. log pa(B(x,r
. log o (V(Ciy i)
lim &
n—oo log [Ty |T"(T"(x))| !
= lim —logH =1%;
n—00 logH] 1415 + 1)
Jo o8 @i hiua)

Joalog T dua — Apa)
=Y aplogay,
Y% aylog(n(n+ 1))’
where ¢(z) = ay for each x € (Cy). The second equality follows from
standard arguments in dimension theory (see for example [14]), showing

dimpg F(a) =
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that we can replace the interval B(z,r) by the set ¢(Cj,..;,,). The fourth
equality follows from Birkhoff’s ergodic theorem. This implies that

— >0 anlog ay,
Yoo aplog(n(n+ 1))’
and since pq(F'(a)) =1 it follows from Proposition 2.2 that
— >0 anlog ay,
Yoo aplog(n(n+ 1))
For each x € F(«) we have 1i(z) = oy, for all k, and hence,
. —log H?:l Qg
o (7) = nlggo log [T} 4;(i; + 1)
~ i+ —%22021 7k (z,n) log ag,
n=00 =3 ey Thl(w,n) log(k(k + 1))
- m 2 ket w log o
n—oo 5700 TelBn) Joo(k(k 4 1))
— > anlogay,
- S L aplog(n(n+ 1))
It follows from Proposition 2.1 that

dimppe =

dimHF(Oé) > dimH'ua —

, —> 0 anlogay,
dimgF(a) < n=
aFle) < o2 aylog(n(n +1))
This completes the proof of the theorem. O

It follows from the proof of Theorem 3.1 that the ergodic T-invariant
measure fi, satisfies pq(F (o)) =1 and

h(:uoc)
)‘(F‘a)'

Example 3.1. Let o, = 1/n! for everyn > 2, and let a1 =1 —> 7, auy.
We denote by e the corresponding Bernoulli measure. Then

dimp F (o) = dimpgpe =

dimpg F(a) = dimp e

> logn! 1 +1
= <—alloga1+ Oi'n >/<allog2+20g(n(§‘))>_
! o !

n=2

3.2. Linear relations. We also consider the problem of estimating from
below the Hausdorff dimension of sets defined by linear relations between
the frequencies of numbers in the Liiroth expansion.

Given a sequence a = (ay)neN, we consider the set

R, = {CL‘ S [0, 1] :7'2”_1(17) = anrgn(x)}.

We note that the choice of 2n — 1 and 2n is arbitrary for the purpose of
computing the Hausdorff dimension, and indeed we could have chosen any
other bijection from N to itself. Let us consider the set A, of stochastic
vectors (ajag - -+ ) such that ag,—1 = apag, for each n € N. Each vector o €
A, determines uniquely a Bernoulli measure p,, by the identity pq (¥(Cy)) =
ay, for each n € N. We have 14 (Rq) = 1.
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We note that the Lebesgue measure m satisfies
di {di e Mr} d L 1 !
imgm = sup {dimgpu : and m||——, — = —.
m P HH=H T n+1'n n(n+1)

Since
1 1 2

m@n+1) " @n—12n AP -1

Qop + Qop—1 =

we can consider the unique vector a(a) € A, such that

2

m and Ao2p—1 — ApQon.

Qop + Qop—1 =

This yields

2 q 2a,
n n_1 = .
@2 —D(1+an) 0 T @2 1)1 +an)

Qop =

Let piq(q) be the corresponding Bernoulli measure.
We have the following criterion to obtain a lower bound for the Hausdorff
dimension of R,.

Theorem 3.2. If

>0 aplog ;!
dua(a) () = ==
Y ome o log(n(n+ 1))

=d< o0 (8)

for pia(a)-almost every x € [0,1], then
dimHRa Z dimH,ua(a) =d.
Proof. The statement is an immediate consequence of Proposition 2.2. [

We note that if lim, . (n°/a,) < oo for some € > 1, then d,, (x) < oo
for po-almost every x.

Example 3.2. Consider the set

1
R, = {x € [0,1] : Ton_1(z) = 277%(3:)}.
The unique vector o = a(a) is given by
2n+1 2

and Qop_1 =

Aon =

(27 +1)(4n2 - 1) (2" +1)(4n2 - 1)

Then (8) holds for ps-almost every x, and dimgR, > dimpgpu, = d.

4. MULTIFRACTAL ANALYSIS OF THE LYAPUNOV EXPONENT: SPEED OF
APPROXIMATION

4.1. Main result. Let € (0,1) be an irrational number and denote its
Liiroth expansion by x = [ajag---]. The n-th approximant p, /g, of z is
the rational number defined by (4). We study in this section the speed at
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which p,, /¢, — x when n — oco. Let m be the Lebesgue measure. By (6),
for every = € (0, 1) we have

1 n .1
lim —log |z — 22| = lim = logm((Cay.a,))
n—oo N qn n—oo M
1 n
= lim -1 Cla,
J&n%HmW(J)

=1

— ~lim L log [(T7) (2)] = —A(x).
n—oo n,
This shows that the Lyapunov exponent measures the exponential speed of
approximation of a number by its approximants. Since the measure m is
ergodic, the speed of approximation of number by its approximants is given
m-~almost everywhere by

o0

. log(n(n + 1))
A(m) = nzl T t1)

However, some numbers x € (0, 1) may attain other values for the Lyapunov
exponent. We consider the sets

J(y) = {:1: €(0,1): A(z) = 'y}
for each v € R, and
J'={x € (0,1) : A(z) does not exist}.

We obtain the multifractal decomposition

0,1 =JI v,
v

and we define the multifractal spectrum by L(v) = dimgJ (7).

Theorem 4.1. The following properties hold:
(1) the domain of L is [log2,+00), and

1
L(y) = — inf [P(—tlog|T’ tvy|;
(7) vigﬂ%[ (—tlog |T") + 1] ;
(2) the spectrum L real analytic, has a unique mazimum at v = A\(m),
has an inflection point, and satisfies

1
lim L(y) = =;
i L(y) =

(3) dimyJ' = 1.

Proof. The proof of the first two statements follows the proofs of statements
in [9, 11, 15] with obvious modifications. Indeed, the results in [11, 15] de-
scribe completely the multifractal spectrum for the Gauss map (the Liiroth
map 7 is essentially a piecewise linear version of the Gauss map). We note
that the results in [9] hold in fact in a more general setting (such as for ex-
ample for the Rényi map). The last statement follows from results in [4]. O
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We can also show that for every v € (log2, +00) there exists an ergodic
invariant measure p., such that p(J(v)) = 1 and dimgp, = dimgJ(7).

We emphasize that the results in Theorem 4.1 should be considered sur-
prising, particularly since each level set J(7) is dense in (0,1). Indeed, even
though the multifractal decomposition is extremely complicated, the multi-
fractal spectrum is quite regular. Moreover, with the exception of J(log2),
all levels set have positive Hausdorff dimension.

4.2. Finer decomposition of level sets. In this section we will analyze
further each level set J(y). Let v > log2, and consider the set A, of
stochastic vectors a = (g - - - ) such that

Z aplog(n(n+1)) = 1.

It follows from (7) that the set of points for which the frequency of digits in
their Liiroth expansion is equal to « is contained in the level set J(7), that
is, F'(a) C J(v). In fact we have the following statement.

Proposition 4.1. We have

acA,

Proof. Clearly, by the definition of the set A, we have

U Fle) c (.

€Ay

Now we establish the reverse inclusion. For each = € J(y) we have
1
lim ~ log |(T")(2)| = 7.
n—oo M

Consider the sequence of measures

1n—1
e = = 2 Ori(z)»
1=

where d, is the Dirac measure supported in y. Let 7, € Mp be a weak™*
limit of the sequence {7, ;}n. If xi is the characteristic function of ¥ (C}),
then

n—1

1 ; _
) = fim (o) = [, e

passing eventually to a subsequence. This shows that x € F(«,), where

0y = (/ denm,/ X2d77;m--->,
[0,1] [0,1]

and we obtain the desired statement. O

We recall that there exists an ergodic measure i, such that

Bw) o [hl) |
i) = p{wa)' eAv}'

dimpgJ(y) = dimpgpy =
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5. RELATION WITH CONTINUED FRACTION EXPANSIONS AND
B-EXPANSIONS

We discuss in this section the relation of the Liiroth expansion of a real
number with other expansions of the same number.

Namely, given = € (0,1), let = [ajag - -] be its Liiroth expansion and
let © = [biba---]o be some other expansion of the same number (we give
specific examples below). We are interested in finding asymptotically how
many partial quotients ky(z) of [b1b2---]o can be obtained from the first
n-terms of the Liiroth expansion. We consider the limit

ko(x) = lim M,

n—oo N

whenever it exists.
5.1. The p-expansion. Let § € R with 8 > 1. The beta transformation
T3:[0,1) — [0,1) is defined by
Ts(x) = fxr (mod 1).
It was shown by Rényi in [16] that each = € [0,1) has a S-expansion
bi(r) | ba(x) | b3(x)
— + + _|_...:blb2.‘. ,
CER ata:ls
where b, (z) = [ﬁTg_l( x)] for each n, being [a] the integer part of a. We
note that b,(z) € {0,1,...,[F]}, and that in general there may exist several
ways of writing z = 271 a;/B" with a; € {0,1,...,[8]}. When 3 is an
integer we recover the classical base-3 representation.
The following is an immediate consequence of Theorem 2 in [1].

Proposition 5.1. For each x € (0,1) we have kg(x) = log 3/A(x), whenever
kg(x) is well-defined.

This implies that for Lebesgue—almost every x we have
log(n(n+ 1))
=loz 1/
og f Z nln )

5.2. The continued fraction expansion. Every irrational number = €
(0,1) can be expressed as a continued fraction

1
xzilz[bﬂm---]c,

b1 +

by + -
where b; € N for each i. We consider the Gauss map G: (0,1] — (0, 1] defined
by G(x) = 1/x — [1/z]. We have b, = [1/G" ()] for each n. In particular,
the Gauss map acts as a shift on the continued fraction expansion, that is,

G"(2) = [bny1(2)bni2(2) -+ lo-

We consider the limit
.1 n
Ao(e) = lim —log |(G") (@)

whenever it exists. The following is again an immediate consequence of
Theorem 2 in [1].
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Proposition 5.2. For each x € (0,1) we have kc(x) = Ag(x)/A(x), when-
ever ko(z) is well-defined.

This implies that for Lebesgue-almost every = we have

1]
2]
3]

[4]

(10]

(11]

(12]
(13]
(14]

(15]

(16]

(17]

_ow? > log(n(n +1))
kc<£)_610g2/nz::1 nn+1) °
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