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Abstract. In this note we consider the Lüroth expansion of a real
number, and we study the Hausdorff dimension of a class of sets defined
in terms of the frequencies of digits in the expansion. We also study the
speed at which the approximants obtained from the Lüroth expansion
converge. In addition, we describe the multifractal properties of the
level sets of the Lyapunov exponent, which measures the exponential
speed of approximation obtained from the approximants. Finally, we
describe the relation of the Lüroth expansion with the continued fraction
expansion and the β-expansion. We remark that our work is still another
application of the theory of dynamical systems to number theory.

1. Introduction

Given constants an ≥ 2 for every n ∈ N, each real number x ∈ (0, 1] can
be written in the form

x =
1
a1

+
1

a1(a1 − 1)a2
+ · · ·+ 1

a1(a1 − 1)a2 · · · an−1(an−1 − 1)an
+ · · · .

This series expansion, called Lüroth expansion, was introduced in 1883 by
Lüroth [12]. Each irrational number has a unique infinite expansion of this
form and each rational number has either a finite expansion or a periodic
one. We denote the Lüroth series expansion of x ∈ (0, 1) by

x = [a1(x)a2(x) · · · ] = [a1a2 · · · ].
The series is closely related to the dynamics of the Lüroth map T : [0, 1]→
[0, 1] defined by

T (x) =

{
n(n+ 1)x− n, if x ∈ [ 1

n+1 ,
1
n ],

0, if x = 0.

If x ∈ [ 1
n+1 ,

1
n ], then a1(x) = n, and

ak(x) = a1(T k−1(x)), (1)

that is, the Lüroth map acts as a shift on the Lüroth series. The Lebesgue
measure is T -invariant and is ergodic (see [10]). For other properties of the
map Lüroth see [7, 6].

In this note we exploit the consequences of identity (1). Namely, by study-
ing the ergodic properties of the map T we will deduce number theoretical
properties of the Lüroth expansion.
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We first want to study the Hausdorff dimension of the level sets deter-
mined by the frequency of digits in the Lüroth series expansion. More
precisely, for each n, k ∈ N and x ∈ (0, 1) let

τk(x, n) = card
{
i ∈ {1, . . . , n} : ai(x) = k

}
.

Whenever the limit

τk(x) = lim
n→∞

τk(x, n)
n

(2)

exists, it is called the frequency of the number k in the Lüroth expansion
of x. Since the Lebesgue measure is ergodic, by Birkhoff’s ergodic theorem,
for Lebesgue-almost every x ∈ [0, 1] we have τn(x) = 1/[n(n− 1)]. Now let
α = (α1α2 · · · ) be a stochastic vector, i.e., a vector such that αi ≥ 0 and∑∞

i=1 αi = 1. We consider the set

F (α) =
{
x ∈ [0, 1] : τk(x) = αk for each k ∈ N

}
. (3)

We have already seen that if αn = 1/[n(n − 1)] for each n ∈ N, then the
level set F (α) has full Lebesgue measure. Of course, any other level set has
zero Lebesgue measure.

However, the sets in (3) can have positive Hausdorff dimension. Our first
objective is to obtain an explicit formula for the Hausdorff dimension of
sets F (α) for an arbitrary stochastic vector α. Analogous problems were
considered for the base-m representation of a number (with m ∈ N). The
frequency of a digit k ∈ {0, . . . ,m − 1} in the base-m representation is
defined analogously to the one in (2), and we denote it by τk,m(x). Let
α = (α1, . . . , αm) be a stochastic vector. Eggleston [8] proved that the set

Fm(α) =
{
x ∈ [0, 1] : τk,m(x) = αk for k ∈ {0, . . . ,m− 1}

}
has Hausdorff dimension

dimHFm(α) =
∑m−1

k=0 αk logαk
logm

.

This result was recovered and generalized by Barreira, Saussol and Schmel-
ing [2, 3] using a multidimensional version of multifractal analysis. In Sec-
tion 3 we show that if α = (α1α2 · · · ) is a stochastic vector satisfying a
certain summability condition, then

dimHF (α) =
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

.

Moreover, we show that there exists an ergodic measure, say µα, concen-
trated on F (α) such that dimHF (α) = dimHµα, where dimHµα denotes the
Hausdorff dimension of the measure (see Section 2.3 for the definition).

The second problem that we want address is to describe the speed of
convergence of the Lüroth series expansion. The n-th approximant of an
irrational number x ∈ (0, 1) is the rational number defined by

pn
qn

= [a1 · · · an]

=
1
a1

+
1

a1(a1 − 1)a2
+ · · ·+ 1

a1(a1 − 1)a2 · · · an−1(an−1 − 1)an
.

(4)
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We study in detail the speed at which pn/qn → x when n → ∞. In partic-
ular, we study the real numbers λ(x) that give an asymptotic exponential
rate ∣∣∣x− pn

qn

∣∣∣ � exp(−nλ(x)).

We show that the range of possible values for λ(x) is the interval [log 2,+∞).
Moreover, we compute the Hausdorff dimension of the sets

J(γ) = {x ∈ (0, 1) : λ(x) = γ} .

Finally, we compare the Lüroth series expansion with other well known
series expansions of a real number, namely the continued fraction expansion
and the β-expansion.

2. Preliminaries from ergodic theory and dimension theory

We recall in this section all the notions and results form ergodic theory
and dimension theory that are needed in the paper.

2.1. The symbolic model. The dynamical system defined by the Lüroth
map T |[0, 1) can be coded by a full-shift on a countable alphabet. Indeed,
let A = {2, 3, 4, . . .} be the alphabet and consider the space of sequences

Σ = {(xn)n∈N : xn ∈ A for n ∈ N} .

The shift map σ : Σ→ Σ is defined by σ(x1x2x3 · · · ) = (x2x3 · · · ). We note
that the map ψ : Σ→ [0, 1] \

⋃∞
n=0 T

−n(0) defined by

ψ(a1a2a3 · · · ) = [a1a2a3 · · · ]

is a topological conjugacy between the symbolic system (Σ, σ) and the map
T restricted to [0, 1] \

⋃∞
n=0 T

−n(0). Let

Ca1a2···an =
{

(xn)n∈N ∈ Σ : a1 = x1, a2 = x2, . . . , an = xn
}
, (5)

be the cylinder of length n determined by (a1a2 · · · an). Then ψ(Ca1a2···an) ⊂
(0, 1) is an interval of length

|ψ(Ca1a2···an)| = 1
a1(a1 − 1) · · · an(an − 1)

, (6)

where |·| denotes the Euclidean length (see [7, p. 40]).
Given a stochastic vector α = (α1α2 · · · ) we denote by να the σ-invariant

Bernoulli measure in Σ such that να(Ck) = αk for each k. We denote by µα
the projection via ψ of this measure onto the interval [0, 1]. The entropy of
the measures να and µα is given by

h(µα) = h(να) = −
∞∑
n=1

αn logαn.

We note that the entropy may be infinite. The Lyapunov exponent of the
map T at the point x ∈ (0, 1) is defined by

λ(x) = lim
n→∞

1
n

log
∞∑
n=1

|T ′(Tn(x))|,
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whenever the limit exists. By Birkhoff’s ergodic theorem, for µα-almost
every x ∈ (0, 1) we have

λ(x) := λ(µα) =
∫

[0,1]
log |T ′| dµα =

∞∑
n=1

αn log(n(n+ 1)). (7)

2.2. Thermodynamic formalism. LetMT be the set of T -invariant prob-
ability measures in [0, 1]. Given a continuous function g : [0, 1] → R, we
define the topological pressure of g with respect to T by

P (g) = lim
n→∞

1
n

∑
Tn(x)=x

exp
n−1∑
i=0

g(T i(x)),

This notion was introduced independently by Mauldin and Urbański [13]
and Sarig [17]. It satisfies the variational principle

P (g) = sup

{
h(µ) +

∫
[0,1]

g dµ : µ ∈MT such that −
∫

[0,1]
g dµ <∞

}
.

A measure µg ∈ MT for which the supremum is attained is called an equi-
librium measure of g.

If the function g is locally constant, i.e., for every n > 1 we have g|ψ(Cn) =
θn for some θn > 0, where Cn is a cylinder set of length 1 (see (5)), then
there is an explicit formula for the topological pressure of log g. Indeed,

P (−t log g) = lim
n→∞

1
n

log
∑

Tn(x)=x

n−1∏
i=0

(g(T i(x)))−t

= lim
n→∞

1
n

log
∑

j0,j2,...,jn−1∈N
(θj0 · · · θjn−1)−t

= lim
n→∞

1
n

log

( ∞∑
i=1

(θ−ti )

)n
= log

∞∑
i=1

θ−ti .

In particular, for the function −t log |T ′| we obtain

p(t) := P (−t log |T ′|) = log
∞∑
n=1

(
1

n(n+ 1)

)t
.

Hence, if t ≤ 1/2, then p(t) = ∞, and if t > 1/2, then p(t) is real analytic,
strictly decreasing, strictly convex, and has a unique zero at t = 1. We note
that exp p(t) is a slight variation of Riemann’s zeta function. As a direct
application of results in [5, 17] we obtain that for t > 1/2 there exists a
unique equilibrium measure µt of −t log |T ′|.

2.3. Dimension theory. We briefly recall some basic definitions and re-
sults from dimension theory (see for example [14] for details). We say that
a countable collection of sets {Ui}i∈N is a δ-cover of F ⊂ R if F ⊂

⋃
i∈N Ui,

and Ui has diameter |Ui| at most δ for every i ∈ N. Given s > 0, we define

Hs(F ) = lim
δ→0

inf

{ ∞∑
i=1

|Ui|s : {Ui}i a δ-cover of F

}
.
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The Hausdorff dimension of the set F is defined by

dimHF = inf {s > 0 : Hs(F ) = 0} .
Given a finite Borel measure µ in F , the pointwise dimension of µ at the
point x is defined by

dµ(x) = lim
r→0

logµ(B(x, r))
log r

,

whenever the limit exists, where B(x, r) is the ball at x of radius r.

Proposition 2.1. Given a finite Borel measure µ, if dµ(x) ≤ d for every
x ∈ F , then dimHF ≤ d.

The Hausdorff dimension of the measure µ is defined by

dimHµ = inf {dimHZ : µ(X \ Z) = 0} .

Proposition 2.2. Given a finite Borel measure µ, if dµ(x) = d for µ-almost
every x ∈ F , then dimHµ = d.

3. Frequency of digits on the Lüroth series

3.1. Main result. In this section we obtain an explicit formula for the
Hausdorff dimension of the set F (α) in (3), where α = (α1α2 · · · ) is a sto-
chastic vector satisfying a certain summability condition corresponding to a
finite Lyapunov exponent.

Theorem 3.1. If α = (α1α2 · · · ) is a stochastic vector such that

λ(µα) =
∞∑
n=1

αn log(n(n+ 1)) <∞,

then

dimHF (α) =
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

Proof. By Ruelle’s inequality, we have h(µα) ≤ λ(µα) < ∞. This will
ensure that all the series considered below are convergent. We note that
µα(F (α)) = 1. Moreover, for µα-almost every x ∈ F (α) we have

dµα(x) = lim
r→0

logµα(B(x, r))
log r

= lim
n→∞

logµα(ψ(Ci1···in))
log
∏n
i=1 |T ′(T i(x))|−1

= lim
n→∞

− log
∏n
j=1 αij

log
∏n
j=1 ij(ij + 1)

= −

∫
[0,1] log φdµα∫

[0,1] log |T ′| dµα
=
h(µα)
λ(µα)

=
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

,

where φ(x) = αk for each x ∈ ψ(Ck). The second equality follows from
standard arguments in dimension theory (see for example [14]), showing
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that we can replace the interval B(x, r) by the set ψ(Ci1···in). The fourth
equality follows from Birkhoff’s ergodic theorem. This implies that

dimHµα =
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

,

and since µα(F (α)) = 1 it follows from Proposition 2.2 that

dimHF (α) ≥ dimHµα =
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

.

For each x ∈ F (α) we have τk(x) = αk for all k, and hence,

dµα(x) = lim
n→∞

− log
∏n
j=1 αij

log
∏n
j=1 ij(ij + 1)

= lim
n→∞

− 1
n

∑∞
k=1 τk(x, n) logαk

1
n

∑∞
k=1 τk(x, n) log(k(k + 1))

= lim
n→∞

−
∑∞

k=1
τk(x,n)
n logαk∑∞

k=1
τk(x,n)
n log(k(k + 1))

=
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

.

It follows from Proposition 2.1 that

dimHF (α) ≤
−
∑∞

n=1 αn logαn∑∞
n=1 αn log(n(n+ 1))

This completes the proof of the theorem. �

It follows from the proof of Theorem 3.1 that the ergodic T -invariant
measure µα satisfies µα(F (α)) = 1 and

dimHF (α) = dimHµα =
h(µα)
λ(µα)

.

Example 3.1. Let αn = 1/n! for every n ≥ 2, and let α1 = 1 −
∑∞

n=2 αn.
We denote by µα the corresponding Bernoulli measure. Then
dimHF (α) = dimHµα

=
(
− α1 logα1 +

∞∑
n=2

log n!
n!

)/(
α1 log 2 +

∞∑
n=2

log(n(n+ 1))
n!

)
.

3.2. Linear relations. We also consider the problem of estimating from
below the Hausdorff dimension of sets defined by linear relations between
the frequencies of numbers in the Lüroth expansion.

Given a sequence a = (an)n∈N, we consider the set

Ra =
{
x ∈ [0, 1] : τ2n−1(x) = anτ2n(x)

}
.

We note that the choice of 2n − 1 and 2n is arbitrary for the purpose of
computing the Hausdorff dimension, and indeed we could have chosen any
other bijection from N to itself. Let us consider the set Aa of stochastic
vectors (α1α2 · · · ) such that α2n−1 = anα2n for each n ∈ N. Each vector α ∈
Aa determines uniquely a Bernoulli measure µα by the identity µα(ψ(Cn)) =
αn for each n ∈ N. We have µα(Ra) = 1.
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We note that the Lebesgue measure m satisfies

dimHm = sup {dimHµ : µ ∈MT } and m

((
1

n+ 1
,

1
n

))
=

1
n(n+ 1)

.

Since

α2n + α2n−1 =
1

2n(2n+ 1)
+

1
(2n− 1)2n

=
2

4n2 − 1
,

we can consider the unique vector α(a) ∈ Aa such that

α2n + α2n−1 =
2

4n2 − 1
and α2n−1 = anα2n.

This yields

α2n =
2

(4n2 − 1)(1 + an)
and α2n−1 =

2an
(4n2 − 1)(1 + an)

.

Let µα(a) be the corresponding Bernoulli measure.
We have the following criterion to obtain a lower bound for the Hausdorff

dimension of Ra.

Theorem 3.2. If

dµα(a)
(x) =

∑∞
n=1 αn logα−1

n∑∞
n=1 αn log(n(n+ 1))

= d <∞ (8)

for µα(a)-almost every x ∈ [0, 1], then

dimHRa ≥ dimHµα(a) = d.

Proof. The statement is an immediate consequence of Proposition 2.2. �

We note that if limn→∞(nε/an) < ∞ for some ε > 1, then dµα(x) < ∞
for µα-almost every x.

Example 3.2. Consider the set

Ra =
{
x ∈ [0, 1] : τ2n−1(x) =

1
2n
τ2n(x)

}
.

The unique vector α = α(a) is given by

α2n =
2n+1

(2n + 1)(4n2 − 1)
and α2n−1 =

2
(2n + 1)(4n2 − 1)

.

Then (8) holds for µα-almost every x, and dimHRa ≥ dimHµα = d.

4. Multifractal analysis of the Lyapunov exponent: speed of
approximation

4.1. Main result. Let x ∈ (0, 1) be an irrational number and denote its
Lüroth expansion by x = [a1a2 · · · ]. The n-th approximant pn/qn of x is
the rational number defined by (4). We study in this section the speed at
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which pn/qn → x when n → ∞. Let m be the Lebesgue measure. By (6),
for every x ∈ (0, 1) we have

lim
n→∞

1
n

log
∣∣∣x− pn

qn

∣∣∣ = lim
n→∞

1
n

logm(ψ(Ca1···an))

= lim
n→∞

1
n

log
n∏
i=1

m(ψ(Cai))

= − lim
n→∞

1
n

log |(Tn)′(x)| = −λ(x).

This shows that the Lyapunov exponent measures the exponential speed of
approximation of a number by its approximants. Since the measure m is
ergodic, the speed of approximation of number by its approximants is given
m-almost everywhere by

λ(m) :=
∞∑
n=1

log(n(n+ 1))
n(n+ 1)

.

However, some numbers x ∈ (0, 1) may attain other values for the Lyapunov
exponent. We consider the sets

J(γ) =
{
x ∈ (0, 1) : λ(x) = γ

}
for each γ ∈ R, and

J ′ =
{
x ∈ (0, 1) : λ(x) does not exist

}
.

We obtain the multifractal decomposition

(0, 1) =
⋃
γ

J(γ) ∪ J ′,

and we define the multifractal spectrum by L(γ) = dimHJ(γ).

Theorem 4.1. The following properties hold:

(1) the domain of L is [log 2,+∞), and

L(γ) =
1
γ

inf
t∈R

[
P (−t log |T ′|) + tγ

]
;

(2) the spectrum L real analytic, has a unique maximum at γ = λ(m),
has an inflection point, and satisfies

lim
γ→+∞

L(γ) =
1
2

;

(3) dimHJ
′ = 1.

Proof. The proof of the first two statements follows the proofs of statements
in [9, 11, 15] with obvious modifications. Indeed, the results in [11, 15] de-
scribe completely the multifractal spectrum for the Gauss map (the Lüroth
map T is essentially a piecewise linear version of the Gauss map). We note
that the results in [9] hold in fact in a more general setting (such as for ex-
ample for the Rényi map). The last statement follows from results in [4]. �
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We can also show that for every γ ∈ (log 2,+∞) there exists an ergodic
invariant measure µγ such that µγ(J(γ)) = 1 and dimHµγ = dimHJ(γ).

We emphasize that the results in Theorem 4.1 should be considered sur-
prising, particularly since each level set J(γ) is dense in (0, 1). Indeed, even
though the multifractal decomposition is extremely complicated, the multi-
fractal spectrum is quite regular. Moreover, with the exception of J(log 2),
all levels set have positive Hausdorff dimension.

4.2. Finer decomposition of level sets. In this section we will analyze
further each level set J(γ). Let γ > log 2, and consider the set Aγ of
stochastic vectors α = (α1α2 · · · ) such that

∞∑
n=1

αn log(n(n+ 1)) = γ.

It follows from (7) that the set of points for which the frequency of digits in
their Lüroth expansion is equal to α is contained in the level set J(γ), that
is, F (α) ⊂ J(γ). In fact we have the following statement.

Proposition 4.1. We have ⋃
α∈Aγ

F (α) = J(γ).

Proof. Clearly, by the definition of the set Aγ we have⋃
α∈Aγ

F (α) ⊂ J(γ).

Now we establish the reverse inclusion. For each x ∈ J(γ) we have

lim
n→∞

1
n

log |(Tn)′(x)| = γ.

Consider the sequence of measures

ηn,x =
1
n

n−1∑
i=0

δT i(x),

where δy is the Dirac measure supported in y. Let ηx ∈ MT be a weak*
limit of the sequence {ηn,x}n. If χk is the characteristic function of ψ(Ck),
then

τk(x) = lim
n→∞

1
n

n−1∑
i=0

χk(T i(x)) =
∫

[0,1]
χk dηx,

passing eventually to a subsequence. This shows that x ∈ F (αx), where

αx =

(∫
[0,1]

χ1 dηx,

∫
[0,1]

χ2 dηx, . . .

)
,

and we obtain the desired statement. �

We recall that there exists an ergodic measure µγ such that

dimHJ(γ) = dimHµγ =
h(µγ)
λ(µγ)

≥ sup
{
h(µα)
λ(µα)

: α ∈ Aγ
}
.
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5. Relation with continued fraction expansions and
β-expansions

We discuss in this section the relation of the Lüroth expansion of a real
number with other expansions of the same number.

Namely, given x ∈ (0, 1), let x = [a1a2 · · · ] be its Lüroth expansion and
let x = [b1b2 · · · ]O be some other expansion of the same number (we give
specific examples below). We are interested in finding asymptotically how
many partial quotients kn(x) of [b1b2 · · · ]O can be obtained from the first
n-terms of the Lüroth expansion. We consider the limit

kO(x) = lim
n→∞

kn(x)
n

,

whenever it exists.

5.1. The β-expansion. Let β ∈ R with β > 1. The beta transformation
Tβ : [0, 1)→ [0, 1) is defined by

Tβ(x) = βx (mod 1).

It was shown by Rényi in [16] that each x ∈ [0, 1) has a β-expansion

x =
b1(x)
β

+
b2(x)
β2

+
b3(x)
β3

+ · · · = [b1b2 · · · ]β,

where bn(x) = [βTn−1
β (x)] for each n, being [a] the integer part of a. We

note that bn(x) ∈ {0, 1, . . . , [β]}, and that in general there may exist several
ways of writing x =

∑∞
i=1 ai/β

i with ai ∈ {0, 1, . . . , [β]}. When β is an
integer we recover the classical base-β representation.

The following is an immediate consequence of Theorem 2 in [1].

Proposition 5.1. For each x ∈ (0, 1) we have kβ(x) = log β/λ(x), whenever
kβ(x) is well-defined.

This implies that for Lebesgue-almost every x we have

kβ(x) = log β
/ ∞∑
n=1

log(n(n+ 1))
n(n+ 1)

.

5.2. The continued fraction expansion. Every irrational number x ∈
(0, 1) can be expressed as a continued fraction

x =
1

b1 +
1

b2 + · · ·

= [b1b2 · · · ]C ,

where bi ∈ N for each i. We consider the Gauss mapG : (0, 1]→ (0, 1] defined
by G(x) = 1/x− [1/x]. We have bn = [1/Gn−1(x)] for each n. In particular,
the Gauss map acts as a shift on the continued fraction expansion, that is,

Gn(x) = [bn+1(x)bn+2(x) · · · ]C .
We consider the limit

λG(x) = lim
n→∞

1
n

log |(Gn)′(x)|,

whenever it exists. The following is again an immediate consequence of
Theorem 2 in [1].
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Proposition 5.2. For each x ∈ (0, 1) we have kC(x) = λG(x)/λ(x), when-
ever kC(x) is well-defined.

This implies that for Lebesgue-almost every x we have

kC(x) =
π2

6 log 2

/ ∞∑
n=1

log(n(n+ 1))
n(n+ 1)

.
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Portugal

E-mail address: barreira@math.ist.utl.pt

URL: http://www.math.ist.utl.pt/~barreira/
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