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Abstract

Let n be a diffusion process taking values on the infinite dimensional space
TZ, where T is the circle, and with components satisfying the equations dn; =
oi(n)dW; + b;(n)dt for some coefficients o; and b;, i € Z. Suppose we have an
initial distribution p and a sequence of times t, — oo such that lim,,_, S, =
v exists, where Sy is the semi-group of the process. We prove that if o; and
b; are bounded, of finite range, have uniformly bounded second order partial
derivatives, and inf; , 0;(n) > 0, then v is invariant.

Mathematics Subject Classification: 60K35, 60J60

1. INTRODUCTION.

This paper is an extension of Mountford using the relative entropy method
presented in Ramirez-Varadhan. In [5] and in [8] it was proved that under
some very mild restrictions, limit measures of interacting particle systems are
invariant. Here we show that a similar result is true for a large class of infinite
dimensional diffusions.

The strategy behind the proof presented in [8] was based in the following
idea. If S; is a Feller semi-group with bounded generator

0f (z) = /X (@) — f()]n(z, dy)
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then for any initial distribution y and any fixed 0 < 7 < 00, ||S+r—pSt|| = 0
as t — 00, where ||a|| denotes the total variation norm of the signed measure
a. In fact, considering for some A > 1, the process defined by a speeded up
generator A(), using a Girsanov type formula one can estimate the relative
entropy between this new process and the old one, obtaining a bound of the
form H < Ct(A—1)2, where C is a bound for the generator Q. By making the
choice A = 741 we get H = o(1) as t — oo and fixed 7. Since the marginal at
time ¢ of the speeded up process is uSi;+ and the relative entropy controls the
variational distance, it follows that ||pgSir, — pSi|| = 0. To adapt this idea
to interacting particle systems the first step was to approximate the process
to one corresponding to the above description.

When trying to emulate this method in the context of diffusions defined
on an infinite dimensional lattice some characteristics appear that make the
procedure more difficult. The main one is that a truncation to a finite box
does not produce a probability measure corresponding to a generator €2 that is
absolutely continuous with respect to the probability measure defined by AQ2
for finite time intervals [0,¢]. One can get around this problem constructing
an auxiliary process with some special properties.

A second difficulty appears when the relative entropy H is bounded via
Girsanov: one obtains terms proportional to the relative entropy of the initial
marginal with respect to Lebesgue measure, which need to be controlled.
In particular it is necessary to use estimates of the heat kernel of elliptic
diffusions in terms of the heat kernel of the Laplacian where the dependence
of the constants on the dimension appears explicitly (see [1] and [4]).

The construction of the auxiliary process and the control based on the
heat kernel estimates are carried out in Section 4. In Section 5 an application
is presented.

2. NOTATION AND RESULTS.

Let T be the unit circle. Consider Q := C([0,00); T%2"), the space of
continuous functions on the interval [0, c0) taking values in T%', and endow
it with the topology of uniform convergence in compact subsets of [0, 00). Let
B be the corresponding Borel o-field and define for each finite set F C Z¢
the continuous projections 7 from Q to C([0,00); TF). Then by Kolmogorov
extension theorem we know that there exists a unique probability measure
W on (£, B) such that for each non empty finite set F' C Z%, the probability
measure Wr(-) :== W(rp'+) on C([0,00); TF) is an F-dimensional Brownian
motion starting from 0. We will call W a Wiener measure on (€2, 5).

Identifying T' with the unit interval with periodic boundary conditions, we
let ¢ : {w € C([0, oo);RZd); 0 < wi(0) < 1,k € Z% — Q be the mapping
defined by



b (w)(t) == wi(t) mod 1

where ¢, is the k™" component of ¢. Note that this function is 1 — 1. Let
b,o : T%" 5 RZ’ be Borel-measurable functions. Now for every ( € TZ*

define n(t,¢) := ¢(¥(¢,¢)), where (¢, ) solves

t t
Bilt) = G+ /0 o ((ap(5))) AW, + /O bi($(p(s)))ds, (1)

o; and b; are the i*" components of o and b respectively and W is the coordi-
nate representation process distributed according to W.
We say that a Borel-measurable function a : TZ' 5 RZ" is bounded if

sup |a;(¢)] < oo
iezd
cer®
We will say that a has finite range R € Z7 if for each i € Z? the function
a;(t,¢) depends only on (; for j € [i—R,i+R]?. We will say that the function
a has bounded first order partial derivatives if

0a;(()
¢

< 0
i,j€Zs ‘
¢cerz?

And we will say that it has bounded second order partial derivatives if

9%a;(¢)
¢ 0C;

ijkeZd
cerz

It can be shown that for each finite range, bounded functions b and o with
bounded first order partial derivatives, and { € TZ* there exists a unique
process 7(t,¢) such that ¢—1(n)(t) satisfies (1) (see [2]). We shall call such
a process a finite range infinite dimensional diffusion with bounded coeffi-
cients with bounded first order partial derivatives. To this process there
corresponds a family of probability measures {P;;( € Tzd}, defined by
Pr(A) :=W(n(-,¢) € A) for A € B, which is Feller continuous. We will call
this family an infinite dimensional diffusion family on TZ? with coefficients o
and b. If



inf |oi(n)| >0

UV A

7]ETZd
we will say that this family is uniformly elliptic. By the Feller continuity there
is a Markov semi-group {Si, ¢ > 0} (see [2] or Liggett [3] ) on the space of
continuous functions on T2, C(TZ"), given by S,:f(¢) = E¢(f(n(t)), where
E¢ is the expectation corresponding to F;. Then for each probability measure
[ on (Tzd, B z4), where B, is the Borel o-field of Tzd, we can define uS;
as the unique measure satisfying

/ ) S; fdu =/ ] fduS: fe C(Tzd)
TZ TZ

In this paper, in analogy with a recent result for interacting particles (see
Mountford [5]), we will prove that when d = 1 and under certain conditions
on the coefficients, limit measures of infinite dimensional diffusion families
are invariant. Our approach will be based on the relative entropy method
presented in [8].

Theorem 1. Let Sy be the semi-group of a finite range uniformly elliptic
infinite dimensional diffusion family on T?% with bounded coefficients b and
o. Assume that they have bounded second order partial derivatives. Let u be
some probability measure on TZ such that for some t, — 0o

lim pS;, =v

n—oo

exists. Then v is invariant.

Remark 1. Note that if a : T%" — RZ" has bounded second order partial
derivatives then sup; , ‘g_;;: %‘? . Therefore it follows that bounded
second order partial derivatives imply bounded first order partial derivatives.
Foro; =1, 1 € Z, it is enough to assume that b has bounded first order partial
derivatives [7].

< Sup; g ‘

Remark 2. [t is possible to replace the finite range assumption by the follow-
ing weaker exponential decay conditions [7]:
821)2' 82(1,'

max
{ On;Onk || On;Onk
for arbitrary constants C > 0 and v > 0.

} < Celi=il+i—H)

bl
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Idea of Proof. Let {P;;{ € T?} be the given infinite dimensional diffusion
family and let n be distributed according to F;;. Since 7 satisfies the Feller
property it is enough to show that if f is a local function on  with bounded
second order partial derivatives, then for any fixed 7 > 0:

lim ‘ [ siran- | St+7fdu‘ —0 (2)
t—00
To do this we define a diffusion family 7*(s) that at time ¢ has the same

marginal distribution as 7n(¢ + 7). This can be done by “speeding up” the 7
process so that 7* is given by
S
(| Aurlu)d
0

where ¢ -(s) : [0,00) = [1,00). Therefore A ,(s) has to satisfy the equation

t
/ Ar(s)ds =t + 1.
0

Then (2) can be written as

lim ‘ / Sy fep — / Sé,tfdu‘ =0, (3)

where Sé‘, . is the time change operator of 7*(s), defined for f € C(T?) by

2, 1(¢ / Nyr (w)du))) = Be(F(n*(s)))-

We will prove (3) in two steps. We will define two diffusion families " and
nhA corresponding to 1 and n* respectively with the following two properties:
a) For each local function f with bounded second order partial derivatives we

have

Jim sup [S;f(C) — St f(Q) = 0 (4)
X eTZ

Jim sup |S3,£(C) = S F(QOl = 0 (5)
CeT?



where S(’}’ s and S(})L,’s)‘ are the time change operators corresponding to 7"(s) and
n"A(s) respectively and defined by Sg’sf(C) = BEw(f(n"(s,0)); Sg,’s’\f(g) =
Ew(f(n*(s,¢))) forall f € C(T?%) and ¢ € T? (here E)y denotes expectation
with respect to the Wiener measure W).

b) The variational norm distance || - ||as between the measures p evolved up
to time ¢ according to 7" and u evolved up to time ¢ according to 7™, both
restricted to T M], converges to 0, i.e.

N {8, — nSg3 I =0 (6)

where uS'(’}’ s and /AS&’S’\ are measures on 7% defined by

faushy) = [ Shotd vf € C(T%)
TZ TZ
[, fawstd = [ st vf e C(T?),
TZ TZ
Clearly equations (4), (5) and the variational limit (6) imply (3). O

In the next section we will carry out the first part of the proof of theorem
1 that has been explained above. We will show how to reduce our problem to
a finite dimensional one (i.e. we will prove equations (4) and (5)). In section 4
we will prove the second part of theorem 1 using a relative entropy argument.

3. CONSTRUCTION OF TRUNCATED PROCESS.

Let C%(T%) be the set of continuous functions with continuous and uni-
formly bounded (respect to n € TZ) second order partial derivatives. We
define, for f € C%(T?), the following measure of its dependence on the coor-
dinate 1,

o%f
on?

Ag(i) :== sup
neT?

Then we have the following basic estimate

Theorem 2. Let S; be the semi-group of a finite range uniformly elliptic infi-
nite dimensional diffusion family on TZ with bounded coefficients and bounded
second order partial derivatives. Then for each local function f with support
on [—M, M| such that f € C?(T?%), and for each v > 0, there exist constants
A and B (depending on M, v and f) such that,

6



Ag,r(i) < AePte=l

Proof. Let D(T?%) = {g € C*(T?) : |||g]|] = 3252, Ay(i) < oo}. Note that the
generator () of the process acts on functions g € D(T?%) as

2
) = 3 (ot T + 0 50 )

where a;(n) = 0?(n). Now let u(¢,n) be the solution of the equations

7

ou

— =
ot B
w(0,n) = f(n)
where f is a local function with support on [—M, M] such that f € C?(T%).
Define u; = g—% and u; ; = &I%;m' Then to prove the theorem it is enough to

find for each v > 0, constants A and 8 such that

i (1, m)| < Aete 3D (7

We first begin considering truncated approximations of our process. These are
the infinite dimensional diffusion families with coefficients o and b”, where
al'(n) = (oi(n) = 1)0_1,7(4) + 1, b7 (n) = bi(n)0;_L,1; (i), L € N and 6, is the
indicator function of A C Z. The corresponding generators indexed by L, act
on functions g € D(T%) as

2
() = 3 (parn T2 + ot 200
i€Z @ ¢

where al'(n) = (oF

(n))2. Let uZ(t,n) be the solution of the equations

oul
— QL'U,L
ot
u’(0,m) = f(n)
and define uzL = % and uiL’j = B%igzj' Our first step towards the proof of

(7) will be to find corresponding bounds uniform in L uz-L,j: i.e. for each v >0
there are constants A and 8 independent of L such that

7



|u£j(t’77)| < AePte—3 i+l ®

The second step will be to deduce the bounds (7) from these inequalities.
Note that u; L(t,n) is solution of

duf 10ak oul  9bF
i RV QL
iz > (350 5+ 30 ) ©)

of
L

20 -

WO = 5o

From these equations we will be able to find an upper bound uniform in L
for WE(t,n) := dez 2"l (uk)?(t,n), which we will need to prove the upper
bound (8) for u . Note that WF, 6‘(;[; and QW are well defined, since the
corresponding sums are finite. Now, from (9) we obtain that

2
ow'L out dal [ oul _obF
—olwt = E W —al [ =L | + uk == urul
ot B A\ O on; Y on; on; Uit

L 2
=3 |-aF Y2 (E) ) ‘?9“ Z 27|J\ Ba L) 4 22 Lubelil(10)
1€EZ JEZ i i Z]EZ

At this point let us take a look at the first term on the last expression.
We would like to obtain a bound for it not involving second order par-

tial derivatives of ul. We introduce the constants A’ = supwez gﬂi and

neT?

L

J)
2]l 2 L

sZiez(—a e (am> +8mZeZ€ n; J)

L L 2
= — 274l 1 day | L
= Dicz ( af e (G — gzt e oy g

1 AN
+W(Z a>)

a = min {inf icz |ails 1} and note that,
neT?

oul 2
p 27151 J
Yiez |~ Yjeze ) T am Z ez €




< Sz m (Zjez e27|jl%u§)2
(A’)2 Yz il (E;if_fz e2v\jl|ujL|)2
< YRR (SR peiad)
< WP nR(9R 4 1)2W L (11)

Here, in the first inequality we have kept only the negative term such that
j = i. In the equality that follows we have completed the square. Later, in
the second to last inequality we used the relation 2719l < e7ilevlileli=i And
in the last inequality we have used Cauchy-Schwartz. Using (11) as a bound
for the first term of (10) and using the inequality 2zy < x2 + y? valid for
z,y € R, we see that,

owk
ot

L L L(A) 2R
— QW < WP R2R + 1) +Z
1,JEZ

((uf)? + (uf)?)e*?

77]
(12)

We would also like to obtain a factor of W for the last term of the above
expression. With that purpose in mind and using the assumption that the
coefficients bl are of finite range R and have uniformly bounded first order
partial derivatives, we get that,

abr
> 5| (h)? + @hyDe
ijez 9
L\2 asz 27 ' L
<> @b 5| €+ BIRR+ )W
i€Z JEZ j

<W! (B'e®®2R +1) + B'(2R + 1))

where B’ = SUpi jez ‘gﬂ ‘ Now we can use this estimate on (12) to obtain,
T?

L
ag; —-ofwt < kywt (13)
([ 0Fm)\?
WO = S (_
(0,7) g o,

where K; = (<A ’(OR +1) + B') 2R+ 1)e?® + (2R + 1)B'

9



From inequality (13) it follows that

(2M + 1)627M) eft (14)

Wht,n) < | sup H
(&) (ie[—M,M i || 0o

Now, to derive (8) we define VX (t,7) := 3, 1z (u é )2eY k413D This time
note that

L L L
ot Y g \20n; On 20 Om

1 o%f o ovk O L+8bfuL>

+ U’ U -
20m;0m T o T amgom ¢ oy ok
0’ f
L
uy (0, =
k,j( 77) ankan] n
from where we have,
2
_QlyL— 2e7 k1) [ =i gk Z b BTV ) i P 2
ot ]zkjez an; B om oni Onj Ik
2 On;ony, T ooy
2
— Z eIkl _aLZeWI ( ) _+_2_ZJCZ€7|J| Lyl | (15)
: ~Yk,j
ikeZ jEZ oni On; JEZ Onj
obE d%al b
y(k|+3]) iy SVYY P D) 1 L . L)(16
+ Z € ( 3 ) ,J Zk+3njankukuuz,z+ ankanjuk’]uz)( )

%,J,KkEZ

Here, in the same spirit as the calculations involving W', we want to obtain
a bound for this expression not involving third order partial derivatives of ul.
Thus, we first deal with the term (15) obtaining the following bound,

o dul d
0kl | oL 7|3 .k wk 7|7 €%, L
Dikez € i ( ai’ Y jez € 4 < I ) +2 -2 jez | ‘817; ,k)

2
< S peg DL (Z ez @l am)
< %eVR@R +1)2v7E (17)
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Here in analogy with the steps leading to expression (11), in the first inequality
we have kept only the negative term with j = 4, then completed the square
and finally used Cauchy-Schwartz.

2, 25
Now let us define A” = sup; j kez ‘(%i—g;”c‘ and B" = sup; ; ez ‘6778]'—5;719 .
€TZ neTZ

Then we have the following bound for the second term (16),
ok 1 d%al
dijkez (4“kg an; Wik T B uk] Lt 2ankan
<vk (2B (2R+1)+2B'(2R+1)e"*+ AL (2R+1) (1 +2R+1)e>' ) + B"(2R+ 1))
+WLB"(2R + 1)2e2E

uk uL) e (k[+3))

Using this as a bound for expression (16) and bounding (15) by (17) we obtain
the following inequality,

vl ; )
5 VT S KVE+H KW (18)
2 2
VEO,p) = D e (kD (M)
Jk€eZ OnkOn;

where

(AI)2 AII
K, = eR@2R+1) ( - (2R+1)+2B' + 7fﬂR(zR + 1))

"

A
+(2R+1)(2B" + -+ B")
K3 = B"e?E(2R41)2

Finally, from (14) and (18) we obtain the following bound for V'

2f |7
VL t < 2M 1 2 _2vM Kot
( ’7]) o (,je[sup Hamam ( - ) ‘ ¢
+ e (E[SI;/I[)M H (2M + 1)e27M) 2kt (19)

It follows from the inequality (19) involving V1 that the estimates (8) are
satisfied with

11



2

K K K 2
A% = (—1 + A2 3) (2M + 1)2627M sup H f
K1+ Kj ije[-M,m] || OMi0n; || o
B = Ki+ K>

At this point, note that in particular we have obtained uniform bounds in L
for uiL,i’ which in turn imply the equicontinuity in the variable n; of the family

of functions ur L

7, indexed by L. Now, by remark (1), u; are also uniformly
bounded by the right hand side of inequality (8) with ¢ = j. Therefore, we
can apply the theorem of Ascoli-Arzeld to extract subsequences that converge
uniformly in 7;. Let uZL” be such a subsequence and call v its limit. Then,

since limy,_,o u”(¢,1) = u(t,n) (see [2]), we can conclude that

i
u(t,n) —u(t,n’) = lim [ wl(tn)dn

L—oo 0

n; .
— / lim w;"(t,n)dn;
0

n—00
i ! !
= / U(ta n )dnz
0

where we have defined 7} = 0 and 77;? = 77;- = n; for j # i. Thus, every

subsequence of u} has a uniformly (in 7;) convergent subsequence whose limit
is u;. It follows that,

L—oo

uniformly in 7;. Note also that the uniform bounds on L for uij imply that
the convergence in (20) is uniform in n; for j # 1.

In order to prove the inequalities (7) for the second order partial derivatives
of u we will use (20) and the following argument. First let ¢(z) : T — [0, 0]
be a smooth function such that [.¢@dz = 1, and define ¢,y (z) = %(p (Z4).
Now, note that since the convergence in (20) is uniform in 7;, it follows that,

lim Tsoe,nj(né)%j(t,n’)dn; = /T Pen; (1) ua (¢, 0" )dn);

L—x

This combined with the bound (8) gives us

< Aebte= (il

‘/T%,nj (n)ua,;(t,m')dn;
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Letting € — 0 we obtain the desired bound (7). This completes the proof.
O

In what follows, given an infinite dimensional diffusion family with co-
efficients o and b, and a function h : [0,00) — [0,00) we will define a
truncated version of this process as the infinite dimensional diffusion fam-
ily with coefficients 0" and b", where o(n,s) = (oi(n) — D)) (1) + 1
bi(n,s) = bi(n)Vn(s) (i), and dc(z) : R — [0,1] is a smooth function such
that 9.(z) = 1if |z| < cand 9.(z) =0if |z| > c+ 1.

As a corollary of theorem 2 we are able to prove that for long times, our
infinite dimensional diffusion family differs little from its truncated version
when looked at in a finite box.

Theorem 3. Let S; be the semi-group of a finite range, uniformly elliptic
infinite dimensional diffusion family on TZ with bounded coefficients having
bounded second order partial derivatives. Let S . be the time change operator
of its truncated version, corresponding to a functzon h(s) > c(t — s) + p(t).
Assume that lim;_, o p(t) = o0 and that ¢ > B/vy. Then, for any local function
f € C*(T?) we have

hm sup |SOtf( ) = Sef(Q)] =
® ceTZ

Proof. First note that

SEF(C) — Suf (¢ /smﬂh Q)Si—sf(C)ds

where Q and Q" are the infinitesimal generators corresponding to the semi-
group S; and to S(’)L,t respectively. Now note that for any function g € D(T%)
we have

(25 = Q)g(s)| <D Y- Ay(d)

li|2h(s)

where D = 3 max{1,sup; ; |0:(¢)|*} + sup; ¢ |bi(¢)|). Therefore, from this re-
lationship and theorem 2, we see that,

13



ISEFQ) = Sf(Q)l < D > As_,p(i)ds

O Ji/>h(s)
t
< 2DA/ ePt=5) Z e "ds
0 i>h(s)
—p(t)
< 2pAS !
- cy—pB1l—e™

For the proof of theorem 1 we choose the truncated process 7" as a trunca-
tion of  with coefficients o”(n, s) and b"(n, s), and with a function h satisfy-
ing the hypothesis of theorem 3. Then we let 1 (s) fo At,rds'), where
h'(s) = h(ﬁm( s)) and ﬁm is the inverse of B, = [ /\t,r s')ds'. Notice that

the generator of n* is equal to the generator of n” times Ay, (s).
4. RELATIVE ENTROPY OF TRUNCATED PROCESS.

The following two lemmas will be needed to prove the convergence to
0 of the variational limit (6). We will need to control the relative entropy
of the marginal distribution of an n-dimensional diffusion with respect to
Lebesgue measure, in terms of time and dimension. In turn, for this we
need the following fundamental estimate, which has been proved by Fabes
and Stroock[1]. Following Lu [4], we have kept track of the dependence of
the constants on the dimension. We define C*2([0,00),T™) as the space of
functions f(¢,m) which are smooth in the first variable and have continuous
second order partial derivatives.

Lemma 1. Consider the second order parabolic operator

Q=" 2amaz(t 1)+ n; %, where n € T™. Assume that for 1 < i < n,
a;i(t,n) € C®2([0,00),T™), and that there is a positive constant v such that
v < ai(t,n) < % Then the fundamental solution I'(t,(,n) of the parabolic

operator 2 — & satzsﬁes

(t ¢, ) (u2)n/ l_‘O(Il‘tlt ¢, )

where To(t,(,n) is the fundamental solution of 5V — % onT", up = 11)—6 and
_ 40967
v2

As a corollary of this, we are able to obtain a bound on the relative en-
tropy of the one dimensional marginal distributions of a diffusion process with
respect to Lebesgue measure.

14



Lemma 2. Let {P;¢ € T"} be an n-dimensional diffusion family
with time dependent coefficients coefficients b(t,n) and o(t,n) and call

So¢ the corresponding time change operators. Assume that o(t,n),
b(t,n) € C™?([0,00),T%), that B := SUP;sg perz |Di(t, )| < oo, AT =
1<i<n

SUPy> peT? g—;‘lf(t,n)‘ < oo and that v < o2(t,n) < L for some constant
G<i<n ’

v. Then for each probability measure p on (T",Byn), and t > 0, uSot has
a Radon-Nikodym derivative g(t,n) with respect to Lebesgue measure m that

satisfies the following inequality,

1
/g(t,n) Ing(t,n)dm < Eyn + Eon— t>0

Vi

where By = (%2 +(A)?+/Z+1in (40967’)) and By = /3.

v2

Proof. Let h(t,n) be the marginal distribution at time ¢ of an n-dimensional
Brownian motion on (C([0,00);T™), Brn), with initial distribution p. We
know that h(t,n) has the representation

h(t,’l?) — Z 6_27T2ﬁ2t627rﬁ'm/6_27rﬁ'4id/j,(C)

nezn

Therefore we obtain the bound

hit,g) < Y e 2t < (1 + ﬁ) (21)

neZ"

On the other hand we can always write the second order operator €2 associated
to the given n-dimensional diffusion family {FP;;{ € T"} in the form

n 10 9 0 BO'Z' P
Q= zz:; (58_m0i (t,n)a—n + (bi(t,n) — ai(t,n)a—m(tan)> 8_7h>

2

Now, consider the n-dimensional diffusion family {PCL;C € T"} corresponding
to the operator L = Y 7" | %aimog(t,n)aim. Call e(t,n) the Radon-Nikodym
derivative of the marginal distribution at time ¢ of this process, with initial
distribution u, with respect to Lebesgue measure. And let ELLL denote the
expectation with respect to this process with initial distribution y. Note that
by Girsanov’s theorem we have,

15



dp(|t n t 1 8O'Z 1 ¢ 1 2 80'1' 2
deL|t €xp (§ : (/0 o2 (bi — 8771 - )dni(s) — 9 /0 Uiz (b5 a; o, )ds

=1 ?

where the notation -|; denotes restriction of the corresponding measure to the
o-algebra generated by 7(s) up to time ¢. Therefore it follows that,

dP¢| dP<|t 0o
EE[ A ()i [ S8 / bi— 0= ds (22)
(g ()2 [ S ey
where FE,, denotes expectation with respect to the original process with gen-

erator ) and initial distribution g. On the other hand, by the convexity of
the relative entropy we know that,

[ st (£ am < 5t ( N (jjf(g'ﬁ (m)) (29

Thus, combining the estimates (22) with (23) we derive the following bound

Jattamg (e, mm< E(/ I o @i(s,n(s))—m(s,n(s))g—‘;w,n(s»)fzs)

+ /g(t,n) Ine(t,n)dm (24)

Now, by lemma 1 and estimate (21) we have

2 n
tn) <u? (14 =

It follows using (24) that

/ (t,) In g(t, m)dm(n )<n(——|— (A7) )t+n\/> " I,

where in the second term we have used the inequality In(1 + z) < =z.
particular if I'(¢, {, n) is the fundamental solution of the given diffusion process,

In
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2
[re.comrconimn <n (24 @07)erny2 L B,
(25)

Now, by Chapman-Kolmogorov we have T'(t+1,¢,n) = [ T(1,{, x)T'(t, x, n)dm(x)-
Therefore, by the convexity of relative entropy and inequality (25) we obtain

2
/F(t,C,n) InT(t,¢,m)dm(n) < (% + (4 + \/aJr %lan) n t>1
(26)

Now, note that Eyn + Ezn% is a bound for the right hand side of (25) when

0 < t <1 and for the right hand side of (26) which is valid for ¢ > 1. Therefore,
for t > 0 we have,

/ D(t, ¢,n) InT(t, ¢, n)dm(n) < Eyn + En%

The proof can now be finished noting that g(¢t,n) = [ T'(¢, ¢, n)du(¢) and using
again the convexity of relative entropy.
[l

Remark 3. Let h(s) = [h(s)]+R+1. By shifting time if necessary, by lemma
2 it follows that without loss of generality we can assume for the restrictions
to the interval [—h(0), h(0)] of the measures HS(})L,S and uSg,’;\, where u is the
probability measure of theorem 1, the following linear growth condition,

/gh(s,n) lngh(s,n)dm < 2015(0) s>0

/gh’)‘(s,n) lngh”\(s,n)dm < 2C1h(0) s>0 (27)

where g"(n,s) and g"*(n,s) are the Radon-Nikodym derivatives of uS? and
MSQ’)‘ respectively, restricted to [—h(0), h(0)], with respect to Lebesque measure
m and C1 is a constant.

Consider the processes ¢; = {n} : |i| < h(0)} and ¢ = {n?’)‘ : 3] < h(0)}
taking values on Y = T-m0):(0)] " By their independence with respect to
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the components of " and 7" outside the interval [—h(0), 2(0)], they are
finite dimensional diffusion processes and define for any initial distribution u,
probability measures P and @ respectively on (C([0,00);Y"), By ), where By
is the corresponding Borel o-algebra. These measures are associated to the
second order differential operators

1 h(0) h(0)
le):§ Z (z) 2+ Z bh??a
i=—h(0) i=—h(0

and

0 = A (5)94)

respectively, defined for D = {f € C(Y) : f € C*(Y)}. Now define the
natural projections m,, . as the continuous mappings from C([0,00);Y) to
Y™ given by 7y, ...5,( = (Ci,-.-,(n), and let Fy be the collection of subsets of
C([0,00);Y) of the form n;,! . H for some s1,...,s, € [0,s] and H € Byn,
where By is the Borel o- algebra of Y™. Then B = [, 0(Fs). We will call
P, and Q; the restrictions of P and Q to o(F,). Note that these restrictions
are singular with respect to each other. To prove the variational limit (6), we
will define a probability measure R on (C([0,00);Y), By) with the following
properties:

(i) For every s > 0, P; and Ry are absolutely continuous with respect to each
other. Here R; is the restriction of R to o(F;).

(ii) The one dimensional marginals of R coincide with the one dimensional
marginals of Q.

(iii)For an appropriate choice of the function A\ ,(s), the relative entropy
between R; and P, converges to 0,

Jim H(R|F) =0 (28)
Then the inequalities
11857 = 1Stollar < 6H (uSg ar|S8 ) (29)

and
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H(uSyM ar Skl ar) < H(Ry|Py) (30)

together with the property (iii) above, imply that lim;_, HuS&’t’\ - HS(})l,t| v =
0. Here v|y denotes the restriction of v to T1=">N,

Let m be Lebesgue measure on Y. By remark 3, we can assume that
uS(’},‘S)‘| (o) is absolutely continuous with respect to m for s > 0. Let g(s,n) be
the corresponding Radon-Nikodym derivative. We define R as the probabil-
ity measure on (C([0,00);Y"), By) with initial distribution y, defined by the
generator

3) _ — h\2 . I
Qs - 9 Z (Uz ) (775 3) 87}3 + Z:(O) /82 (77’ 3) 8771

—h
with domain D. Here

(1=Xir(s) 1 8((a})*(n,5)g(n,s))
2 g(n, s) o

/82'(77’ S) = + At,T(S)bf(na 3)

We will denote by 5 the corresponding vector with components §;, and
—h(0) <14 < h(0).

That R satisfies property (i) is a consequence of Girsanov’s theorem. On
the other hand,

9g(n, s)

9s QP g(n,s) = AP g(n, s)

where QgZ’*) and Qg?”*) are the adjoints of Qg) and Qg?’) respectively. Therefore
property (ii) is satisfied. To prove condition (iii) for a good choice of X; -, or
the convergence to 0 of the relative entropy in equation (28) we will need the
following lemma,

Lemma 3. Let h(s) = c(t — s) +t* where ¢ > 0. Assume that A\ ,(s) :
[0,00) — [1,2] is a monotone increasing, differentiable function of s. Then
fort> max{cl/(%a), Bt} we have

H(R;|P,) < Cy /t(l — At;r)2h(s)ds + Cst(1 — M- (t))?
0
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Here Oy := l(#+232+4§§(AA')2+2(AA')2), Cy = 2010 +

a
9bi(n) o

205, B := sup;, |bi(n)], A := sup,,|oi(n)|, B' := sup;;,

da;(n)
on;

)

Sup; ;.p , a:=inf;, 0;(n)? and Cy is the constant on inequality (27).

Proof. By Girsanov’s theorem, the Radon-Nikodym derivative of R; with re-
spect to P; is given by

ARy [rat(@-§h)ant -} fi(Fat-Fra= 15 )ds
dFp;

where a is the diagonal matrix with entries (67)2, for —h(0) < i < h(0). Tt
follows that

t
H(RIP) = 5B (1= Aoy (6)*)E = dPds)

where
1 1 9 ., ., )
ci(n, s —((o;(n,s , S
i(n, ) 207 () 91, ) am(( i (1,8))°g(n, s))
and
di(n,5) = ———b(n,5)
r ol(n,s) """
Therefore,

1 ¢ h(0)
H(R|P,) < EERt (/0 (1 — Mo (5))? Z b?(n,s)st)

1 t Q170 2
vl I RCESYREID - C U ) I BT

1=

For the first term note that,

t h(0) t
Ry _ s 2 f 32 S 2 — A (8 2 T(s)ds
E (/0 (1= At (s)) i:%:(o)bz(n, )d) <2B /0(1 At,r(8))°h7 (s)d

(32)
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where hT(s) := [h(s)] + 2. And to analyse the second one note that

(Bim((o?(n, s)%g(n, s))> < A(AA) (0, )01+ (5) i+ (s)) (i) + A” (8_9')

where 0 4(7) is the indicator function of A € Z. Therefore,

h(0) 2 2t
1 R /t 2 170 h\2 (AA") / 27 +
_ _ - — A < _
" E ( ; (1 >\t,7')._ EB(O)QZ an ((0i)%g)] ds| <8 . | (1=X7)°h" (s)ds

1

%4//;(1—&7 2(% (6—m>2dsdm (33)

(0)

For the second term in (33) we use the following relation,

R(0) )
0 B 10 SN g
0. = 3 Ner (G5 = 50k ) ing +
i=—h(0)
to obtain that
h(0) t hy2
Z / (1 - AtT)Q)\t,T/‘la((gi). g) g—gdmds <
i=—h(0) 0 g i i
h(0)
// (1= M) /\”g Z — | dmds
421245 0))” [ 900.0) I g(n,0)dm +
t
4 [ O =1, [ glo.5) g, s)dmds (34)
0
where A | d)‘t—T() Let € > 0 be arbitrary. Then note that,
18(( o!)’9) 99 _ (oF)’ ( 99 )2 | 91) 9
77' on;i g \9n on; O,

1 [ (3(eh)?\? dg
g < - i) - -
‘/ am 8m ‘ = 2/( oni ) gdm+2/<am> g
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Making use of these relations in (34) we obtain

2 t
/ 1 - /\tT )\t 7-/ Z (%) dmds S4B,/ (1 - )\tyT)Z)\t,Th+(8)d8+
] 0

i=—h(0)

t
2017 (0)° [ 9(0,0) ng(n,0)dm-+4 [ (. =1); [ g, ) g(r, s)ams

n2 gt t h(0) 2
PG /(1_At,T)At,Th+(s)ds+§/(1_At,7)2xt,f/ 3 1((;9_9> dmds
€ 0 0 i=—h(0) g i

So that choosing € = a and using the fact that 1 < X\, .(s) < 2, we obtain

t h(0) 2 n2\ ot
a/(l - At,T)Q/ > ! (@) dmds <16 (B' + @)/(1 — 7))t (s)ds
0 i——h(0) g \ 9 a 0

t
—1—4(1—)\,5,7(0))2/9(77,O)lng(n,O)dm+ 8/0 (/\t,7—1)>\2,7/9(77a s)In g(n, s)dmds

By remark 3 which follows lemma 2, we can assume without loss of generality
that there is a constant C; depending only on B, A’ and a, such that

/mm@mmmﬂ%SZQMM 530

Thus, for t > t*/c and t > (R + 1)/c, since 2h(0) < 6ct, we get the following
bound after substituting in (33)

1 t \ [A(0)] 178 Lo 2
- Py _ | — A <
B [a-nr? ¥ L (ptehra) | <

a ="Th(0)
1\2 4p 4 "2 ¢ !
(8(AA) L1 A gANA4) )/(I—At,r)2h+ds+48%Cclt(1_)‘tﬁ(t))2
0

a a? ad

where we have used the fact that A\ ,(s) is monotone increasing. The proof
now follows by a substitution of this estimate and estimate (32) on the bound
(31) on the relative entropy H(R;|P;). O

The following lemma tells us that for an appropriate choice of A condition (iii)
for the relative entropy of the process R with respect to P is satisfied.
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Lemma 4. Let h(s) = c(t — s) +t%, A r(s) = T ln(ctlEa—l—l) + 1 and
% <a<1l. Then

tli)rgo H(RiP) =0
Proof. The lemma follows from the equations

2

t CT
/0 (1= X7 (s))?h(s)ds = n(cii—a + 1)

and (1 — A\, (2))%t = m(w)%l—m_ O

5. AN APPLICATION.

In this section we present an infinite dimensional diffusion process for
which it can be proved that there is a unique invariant measure. As a conse-
quence of Theorem 1 and the compactness of the state space, it follows that
when the underlying lattice has dimension d = 1, any initial probability mea-
sure evolved according to the semi-group of the process converges weakly to
the unique invariant measure.

Theorem 4. Let S; be the semi-group of an infinite dimensional diffusion
family on TZ with coefficients o and b such that o;(n) = 1 fori € Z¢. Assume
that b is finite range, uniformly bounded and has bounded first order partial
derivatives. Also, suppose that b; are smooth and that g—gi =0 fori € Z4.

Then the Lebesgue measure m on TZ s the unique invariant measure for
this process. Moreover, when d = 1, given any probability measure u on TZ,
one has that

lim puSy=m
t—00

To prove this theorem we will use the following auxiliary lemma,

Lemma 5. Let f(z) : T — R be a continuous function and g(z) : T — [0, 00)
be an absolutely continuous function. Assume that fT fdx =0. Then,

/fgzdx <§/f2g2dx—l-§/ dg 2dm (35)
T _4 T 4 T d.’L'
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proof of Lemma 5. Since the inequality is true for g = 0, we can without loss
of generality assume that [ g%dz = 1. Let a be such that a > 1. First assume
that

1

i > =
wél[i()fl]g(x) 2~ (36)

Then,

2dz

(¢* — 1)da

1 2_12
< a/f292d:c+—/wda:
T da Jr g

where the inequality is a consequence of the fact that |f(¢? — 1)| =

2
‘\/2afg- (9\52——;;)‘ < a(fg)Q—}—ﬁ ((9%1)) . Now, since the average of the square

of g equals 1, there must be some zy € T such that g(z¢) = 1. Therefore,

(¢*(z) —1)? / 1 (/ dg*(a") )
= _——dr = dr' | dx
/T 9*(z) 7 9%(x) \Jzy o’
1 (dg?
dr [ —d
/ ( dzx ) /T 2
where the inequality is a consequence of Cauchy Schwartz and the fact that the
square of g has mean 1: (f;i) dgda(c, ) (fT v (dgw) dac) ([fp g%dz) =

[ P ( ) dz. Thus, from the assumption (36), we conclude that

1 1 (dg?
20%dx + — / (—) dz —dm
/ f 4a Jr g% \ dz T g
2 2 dg 2
a | ffg°dr+a — | dz (37)
T T d.’L'

Now suppose that inf¢(o o) g(7) < % By our previous observation we
know that g(zg) = 1 for some 9 € T. Then, the total variation T, of ¢

satisfies Tg > 2(1 — 1/a). Thus, [, (d—g) dz > T2 > 4(1 — 1/a)?. From here
it follows that

2dz

IA

AN



/ngzdw

Letting a = 5/4 in (37) and (38) it follows that independently of the lower
bound on g, inequality (35), which is what we wanted to prove, is satisfied. O

1 1 a dg 2
< 20%dr + — < 20%d —7/ Y 4
—“/ng $+4a_a/f Tt —a2 Jp\dzs) *

(38)

proof of Theorem /. First note that the second statement of the Theorem, for
d = 1, follows from the uniqueness statement, Theorem 1 and the compact-
ness of the state space TZ'. We therefore proceed to prove the uniqueness
statement. We have followed some ideas presented in Holley-Stroock [2].

Let R be the range of the process and define Ay = [-NR, NR]? and
0AN = ANy/An_1. Let u be a probability measure on TZ, From [2] we know
the existence of the Radon-Nikodym derivative upy(t,n) of uS; restricted to
TAN with respect to Lebesgue measure on TN which for fixed ¢ > 0 has
continuous first and second order partial derivatives with respect to 7 and is
strictly positive.

We begin with some preliminary calculations involving the marginals
un(t,n). Let ¢ be any local function depending on coordinates on Ay and

belonging to C2(TZ"). Then,
19%¢ 0
Z /<—— N + b; ¢’U,N+1> dm
o

/¢3UN
1€EAN

:_Z/¢aUNm_ Z/ BuN Z/¢baUN+l

iIEAN 1EAN_1 1€0A N

where in the second equality we have used integration by parts. Choosing
¢ = Inupy, we obtain the following evolution equation for the relative en-
tropy hn(#) = [un Inundm of p restricted to Ay with respect to Lebesgue
measure:

lnuNdm Z/ lnuNdm Z/ 8uN+1 Inuydm

T3> [
dt 2 EAN 1€EAN_T 1EIAN

1 BuN) / 8UN 1
2 ; /( ud H Z ' on; uN

€A N
Thus, in the case in which g is an invariant measure it follows that
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Y [

i€E0A N

PWIC TS

1€EAN

We divide the rest of the proof into three steps.

STEP 1. Firstly, note that from the equation (39) and Lemma 5 we obtain
the following inequality,

=[G smse| 3 ()

1EAN 1EIAN

RIS
i “N+1

I€SA N i
(40)

where B? = 2 max{1, sup; ,, [bi(n)|°}. Now note that the following convexity

inequality is true,
Oum > 1 uy, 2 1
— ) —du< —d, 41
/(Bm> U, M_/(am) ™ 1)

2
whenever m < nand i € A,,. Therefore, defining b,, = Zie&An i (au”“) —du

on; U 41
we obtain from (40) that

Y by < Chy N>2 (42)

where C = 2B2.
STEP 2. Here we will prove the following polynomial bound,

b, < Kn?t (43)

for some constant K. From the equality (39), note that,

Zz/@ﬂ—wwNz/Qﬂuu<m

n=1¢€dAN 1€EIA N
where Uy = 2(sup; ,, [bi(n)|) 2R + 1)¥2\/(2NR + 1)% 1. Clearly this implies
that
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<
) /(%) <0

1€IAN

Substituting this estimate in equation (44) and using the convexity (41) we
conclude that b, < Kn ! for some constant K.

STEP 3. We finish the proof by a contradiction argument. Assume that
b, > 0 for some n > 1. Let ng be the smallest such n. Then, from inequality
(42) we see that

N-1
Z bn—1+n0 < C'bN—l—{—no N > 2

n=1

Now let ¢,, n > 1, be the unique sequence of real numbers that is a solution
to the system of equations,

N—-1
ch = Cecn N >2
n=1

C1 = b'no

It is easy to check that ¢, = b"—o (1+5)"7, ? for n > 2. But by induction on
n it is clear that b,—14n, > cp, for n > 1. Thus,

b 1\"!
bntng > el 1+ C n>1
However this contradicts the estimate (43) of step 2. It follows that b, = 0
for n > 1. It is easy to see that this implies %“T?’ = 0 whenever i € Ay and
N > 1. O

Remark 4. Theorem 4 can be strengthened as follows: the conditions o; = 1
and ‘%l = 0 can be replaced by 3 6(” = 0 for i # j and the hypothesis that the

Lebesgue measure 1§ an mvarzant measure for the process [6].
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